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Abstract. In this paper, we implemented an Generalized (%) — expansion method for
some soliton wave solution sixth-order Ramani equation and new Konno-Oono equation
system. These solutions are hyperbolic function solutions, trigonometric function solutions,
exponential function solutions and rational function solutions. We also saw that the solutions
provided the equation using Mathematica 11.2. In addition, graphs of some solutions and
numerical explanations of these graphs were given. Recently, this method has been studied
for obtaining exact travelling wave solutions of nonlinear partial differential equations.

Keywords: Sixth-order Ramani equation, new Konno-Oono equation system,

Generalized (%) Expansion Method.

1. INTRODUCTION

Nonlinear partial differential equations have an important place in many areas of the
scientific World. Some of these areas are applied mathematics, optical fibers, physics,
cosmology and fluid dynamics. Many analytical methods have been developed to solve
nonlinear partial differential equations [1-10]. Apart from these methods, there are many
methods in which these equations are solved using an auxiliary equation. Using these
methods, partial differential equations are transformed into ordinary differential equations.
These nonlinear partial differential equations are solved with the help of ordinary differential
equations. Some of these methods are given in [11-24]. Many authors have applied these and
similar methods to various equations [25-34].

We used the generalized (%) Expansion Method for finding the some soliton wave

solution sixth-order Ramani equation and new Konno-Oono equation system. This method is
presented by Manafian et al. [24].

2. ANALYSIS OF METHOD

Let's introduce the method briefly. Consider a general partial differential equation of
two variables,

Q(u, U, Uy, Uy, ... ) = 0, 1)
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Using the wave variable u(x,t) = u(¢), & = x —ut the equation (1) turns into an
ordinary differential equation,

Q' (wu,u",u'",..) =0 )

here u is constant. With this conversion, we obtain a nonlinear ordinary differential equation
for u(¢&). We can express the solution of equation (2) as below,

u(®) = Lizo di®()* + LRk, e (7" ©)

where m is a positive integer is found as the result of balancing the highest order linear term
and the highest order nonlinear term found in the equation, the coefficients d; and e, are

constants. ®(¢) = (%) satisfies the following ordinary differential equation,
leG” - szGI - k3(GI)2 - k4G2 == 0 (4)

’ 1 —k
Substituting solution (3) into Eq. (2) yields a set of algebraic equation for (%) , (%) ,
’ N~k . . . .
then, all coefficients of (%)(%) , have to vanish. After this separated algebraic equation,

we can found dy, ey ki, k,, ks, ks and u constants. The special solutions of Eq. (4) are as
follows:

Family 1. When k, = 0,f = k, — k; and s = k3 + 4k, (k, — k5 ) = 0, then

D(¢) = k_2 + ﬁClsmh <Z_k1€> + Cycosh <2_k1€>
2f 2f Cycosh (Zilcif) + C,sinh (2£é§>

Family 2. When k, = 0, f = k; — k; and s = k3 + 4k, (k, — k3 ) < 0, then

o6 k, \/__S—Clsin (%f) + C,cos (é?{)
==+ :
2of 2t Cicos <F€> + C,sin <\/_ f)

2k 2k
Family 3. When k, = 0,f = k, — ky and s = k3 + 4k, (k, — k; ) = 0, then

G
2f C, + ¢

() =

Family 4. When k, = 0,f =k, —k; and g = fk, = 0, then

e ({F) o (1)
7 ot (26) v com (12¢)

ks kyq

() =
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Family 5. When k, = 0,f = k, —k; and g = fk, < 0, then

a7 s (152

s (T25) v com( 520)

() =

kq kq
Family 6. When k, = 0 and f = k; — k5, then

CikZexp (_—kzg‘)

() = b
fky + Cikikyexp (k—lzf)

Family 7. When k, = 0and f =k, — k; = 0, then

k k
Ma=—é+QwMﬁﬂ.

Family 8. When k, = k;, k, =0and f =k, — k; = 0, then

@) =C ks
&= 1+k—1<f-

Family 9. When k; = 2k,, k, = 0and k, = 0, then

1
PE) =~

G+ (R-1)¢
We consider the Sixth-order Ramani equation [33]
Uysxxxx T 15uxuxxxx + 15uxxuxxx + 45u926uxx - 5uxxxt - 15uxuxt - 15utuxx - Sutt =0, (5)

If u(x,t) =u(€), €=x—ut conversion is used, the (5) equation becomes the
following ordinary differential equation,

u® + 150" u® + 150w + 45w")?u” + Spu® + 30pu'u” — 5u%u" =0, (6)
When balancing u® with u'"u’" then gives m=1. The solution is as follows,

u(@) =do+di12(§) + e, @)~ (")

If Eq. (7) is substituted in Eqg. (6), we have a system of algebraic equations for
dy, dq, ey, ,kq, ko, ks, ks and p. These algebraic equations system are as follows

su’ek, 30ueik, 45edk, Sueiks  30e?k3 . 45d,e’k3 e k3  5ple kyks
kk ki kKK KB kK K2 +

60ue’kyks . 135edk,k; . Sue k3ks . 60eik3ks;  45diefk3ks | ek3ks  30uelkyk?
%, + %, + K? + k2 Kk + kK K
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135e3k,k?  30efk3k2  45edkyk3  5pPdikyk, | 40ue ky ks | 150eikyk,
K3 k3 k3 k? k? k?
135d,e?kyk, | Sudik3k,
- 4 + ... (8)
kl kl

If the system is solved, the coefficients are found as

Case l
4t 5k5+34/5k5
d1¢0,€1=0,k3=k1_ ,k4=0,k1k2¢0,M=—2
: 10k7
Solution 1
2 2, \/— 2 2 2. \/_ 5
(st i), i) )
k
u(x,t) = dn + 2 ;
(x,t) U \/g(lok%x—(ﬂsx/?)k%t) \/g(mk%x_(ﬂwg)k%t) ( )
Cosh 20k3 C1+Sinh i ¢, ks
Case 2

erkq

k2 = O, k3 = %(Zkl - dlkl); k4. =, €4 * O, U= §(5d1€1 + 3\/§d161)1 k1 #0

Solution 2

u(x,t) =

(5x—2(5+3V5)td1e1) |-die1kF (5x—2(5+3V5)td1e1) [-d1e1kF (5x-2(5+3V5)td1e1) [~die1k?
Cos ) C#+2Sin ) C,C,—Cos 32 c? | |-dieik?

(5x-2(5+3V5)td1eq) [—-die1k? (5x-2(5+3V5)tdyeq) |—dqe k2 (5x-2(5+3V5)tdyeq) |—dqe k2 (5x-2(5+3V5)td eq) [-die1k?
<Sin|: - 1€1 1€1R71 Cl—COS[ 1€1 1€1R1 CZ Cos 1€1 1€1Rq C1+Sin 1€1 1€1R71 Cz k1
0kq 10kq 10kq 10kq
(10)
u(x,t) =
do +

(5x-2(5+3V5)td1eq) /d1e1k§ . (5x-2(5+3V5)td1e1) [die1k? (5x-2(5+3V5)td1e1) |die1kd ) "
Cosh 5 C{+2Sinh 5k, C1C3+Cosh 5k, Cy | |dieikf
(5x-2(5+3V5)tdqeq) [die1k (5x-2(5+3V5)tdeq) /d1e1k§ (5x-2(5+3V5)tdeq) [die1kF (5x-2(5+3V5)td1eq) [die1kF
Sinh C1+Cosh Cy || Cosh C1+Sinh Cy |kq

10kq 10kq 10kq 10kq

(11)
Case 3
e kq 3
d1 = dl' eq * O, kz = 0, k3 = li kl * 0,k4, = T; U= E(dlel + \/Zdlel)
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Solution3

1 16
u(x,0) = do + Crdy +2ey (Zdlx —3(1+VE)diest + o ﬁ)dlelt)) (12)
Case4

30e1k‘1‘—30e1kfk3—\/15JIZOelzkf—24Oelszk3+120efkfk§

d1:0, €1¢O, k2:0, k4:0, kl#:o, U=

10k$
Solution4
3V2e /ezkst
u(x,t) =dy— e (x + C; + 3e,t) — % (13)
1
Case 5

~30d, k> ky+30VZ |dikS k]

d1¢0, 61:0, k2:0, k3:k1, k1¢0,[1=—

10k}
Solution 5
k4<k‘1‘x—3d1k§k4t+3\/5 d%k?kﬁt)
u(x, t) = do + dl Cl + %5 (14)
1
We consider the new Konno-Oono equation system [29]
Ve + 2uu, =0
Uy — 2vu = 0. (15)

If u(x,t) =u(€), £€=x—ut conversion is used, the (15) equation becomes the
following ordinary differential equation,

—uv' + 2uu’ =0,
—uu' —2vu = 0. (16)

When balancing v’ with uu’ and u'" with uv then givesm; = 1andm, =2 . The
solutions are as follows,

u(@) =do +d1(9) +e,@()7"

v(§) = fo+ [12() + £,2(8)* + 1 @) + g,2() 17)
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If Eq. (17) is substituted in Eqg. (16), we have a system of algebraic equations for
do,d1,e1, for fir f2, 91,92, k1, ko, k3, ks and p. These algebraic equations system are as
follows

2doesks | pgiks | 2dodiks _ Ml iky Ze1k4+2ﬂ92k4 0 — 291k2+2ﬂ92k2 2doerks 4
)

2doer = 1g = k1 k1 k1 keq =0- kq kq kq kq ky
ugiks _ 2 __2dgejky; | pgike 2e1k3 2ugks _ .
o 0, 2eZ —2ug, K, + ' ] + K, =0 (18)
If the system is solved, the coefficients are found as
Case 1
2(—dokq+dgk
dl =W, el == O,f() ES 0,k4 = O,kz * 0,k1 * O,do * Olgl == Ong = O,fl =
2
. 2
2ido(—kq+k3) _ 1f1 _
Ky 'fZ nu fz
Solution 1
F(Zld0k1t+k2x) \/7(21d0k1t+k2x)
Sinh T C1+Cosh|——————— TN C, do\/IT%
u(x,t) = — 19
\/7(21d0k1t+k2x) ) \/7(21d0k1t+k2x) ( )
2k1kz C1+Sinh Zk1kz > |k2
i(C2-c2)dok
(x, ) = dGat L 2 (20)
\/7(21d0k1t+k2x) \/E(Zidoklt+k2x)
2| Cosh T C1+Sinh T Cy | k1
Case 2
kqi+ifok
dO = O,d1 = Olfl = O,fz = Olgl = O,kz = 0,81 * 0,k3 =elle—lf01,f0 F* 0,k4_ =
1
—ky+k k3
92(=k4q 3)’k4¢0,‘u:_912{ 1
0 4
Solution 2
(x ﬁ) _fog2K3 x_té’1) _fog2k3 \
g2 e% X g2 e%
il Cos %q C1+Sin| X; Cy |fok1
u(x,t) = l / (21)
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v(x,t) = (C12+C%)f° (22)
] 2 5 2
] 92)] & g2 es
| slniTicl-cOsiTicz )
\ | ] | ]
(e e
LkCosh T |C1+Sll’1h| |C2/|f0k1
| L |
Jt) = — 23
u(X ) / [( tel>jf0g2k1] [(x tel)\jfogzk ] \ ( )
Sinh| | 1+Cosh |C2 | fogzkl
k J
[ | L |
v(x,t) = i+ (24)
/ [(x_ﬁ> fogzk%-l [(x t€1> fogzkl] \
Mw) [T a) e
| Slnh|T|61+Cosh| T |Cz
\ | ] | | /
Case 3
el = Zd;k4,f0 = 0, kz * O,kl = k3,d0 * O,dl = O,gz * O,fl = O,fz = O,k3 * 0,92 =
2
€191 _ 21d0k4 — e_l
2do 91 = ks ' 9,
Solution 3
2k,
u(x,t) =do| 1+ T (25)
2idgt+—— 7
e 3 Clkz k4_
2ie21d°t+k’<3 Crdok2k
v(x,t) = oz 26
(x, ) ( o >2 (26)
k3 —e 3 C1k2+k4
Case 4
1—Of0—0 k2—0k4 Odo—o fl_OfZ#:Okl#:Ogl O 2=0,f2=
ldl( k1+k3) — d_%
k1 ! fr
Solution 4
__ 4
ulxt) = x+Cy+idt 27)
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idq

v(xt) = (x+Cq+id,t)2

(28)

Case 5

fo=0,k;=0,dy=0,dy =0, ky=ks, 1=0, /,=0,k3#0,9,=0, g, #0, g, =

2

ielk4 _ e_l
ks ’ )
Solution 5
€1
ulx,t) = ———— 29
( ) C1+i€1t+k,f—1x ( )
_ ierkiky

v(x’ t) - (C1k1+i€1k1t+k4x)2 (30)

3. GRAPHS AND NUMERICAL EXPLANATIONS OF SOME SOLUTIONS

The graphical performance of found some solutions are demonstrated Figs. 1-7. These
figures have the following physical explanations.

a) b)

Figure 1. a) The 3 Dimensional surfaces of Eq. (9) for k; = 1,k, =2,dy =1,; =2,C, = 3.b) The 2
Dimensional surfaces of Eq. (9) for k; = 1,k; =2,dy =1,;, =2,C, =3 and t = 1.
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30 ¢
25|
20 |

15+

-20 -10 10 20
a) b)

Figure 2. a) The 3 Dimensional surfaces of Abs( Eq. (10)) for k; =2,dy =2,dy =1,e, =1,C; = 3,C, =
2. b) The 2 Dimensional surfaces of Abs( Eq. (10)) for ky = 2,d; =2,dg =1,e,=1,, =3,C, =2 and

t=
-5

5 -

;:’- 006
0.008
0.0061
0.004 .004 -
0.002
0.000 <

o 4 002

~-20 -20 -10 10 20
a) b)

Figure 3. a) The 3 Dimensional surfaces of Abs(Eqg. (20)) for k; =1,k, =2,dy =1,C, =2,C, =3.Db)
The 2 Dimensional surfaces of Abs(Eq. (20)) for k;y = 1,k, =2,dy =1,C; =2,C, =3 and t = 1.
212 ¢
210 |
208 r

206 |

204 /
202

-20 -10 10 20
b)

Figure 4. a) The 3 Dimensional surfaces of Abs(Eq. (21)) for k, =2,e1 =2,f4=1,9,=1,,=3,C, =
2. b) The 2 Dimensional surfaces of Abs(Eqg. (21)) for k, =2,e4=2,fo=1,9,=1,, =3,C, =2 and
t=1.
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a) b)

Figure 5. a) The 3 Dimensional surfaces of Eq. (24) for k; =2,e; =2,fo=1,9, =1, =3,C, = 2.
b) The 2 Dimensional surfaces of Eq. (24) fork; =2,e;=2,fg=1,g, =1, =3, =2andt =1.

100 +
095 -
0.90 -
0.85

a) b)

Figure 6. a) The 3 Dimensional surfaces of Abs(Eq. (25)) for k, = 2,k; =3,k, =1,dy =1,C; = 2. b)
The 2 Dimensional surfaces of Abs(Eq. (25)) for k, = 2,k; =3,k, =1,dy =1,(; =2andt = 1.

030
0.25
020
015
0.10
005
~10 : 10 20
a) b)

Figure 7. a) The 3 Dimensional surfaces of Abs(Eq. (26)) for k, = 2,k; =3,ky, =1,dy =1,C; = 2.b)
The 2 Dimensional surfaces of Abs(Eq. (26)) for k, = 2,k; =3,k, =1,dy =1,; =2 andt = 1.

WWW.josa.ro Mathematics Section



Two new applications of ... Ibrahim Enam Inan and Unal Ic 657

Sixth-order Ramani equation: The shapes of Eqgs.(9)-(10) are represented in Figs. 1-2
within the interval —20 < x <20,—5 <t < 5. New Konno-Oono equation system: The
shapes of EQs.(20)-(21)-(24)-(25)-(26) are represented in Figs. 3-7 within the interval
-20<x<20,-5<5t<5.

4. CONCLUSIONS

We used the generalized (%) — expansion method to find the some soliton wave
solution sixth-order Ramani equation, new Konno-Oono equation system. The solutions
found as a result of the application of the method are hyperbolic function solutions,
trigonometric function solutions, exponential function solutions and rational functional
solutions.

The accuracy of these solutions was seen by using Mathematica 11.2 computer
program. In addition, graphs of some solutions and numerical explanations of these graphs
were given. Many nonlinear partial differential equations and system of equations can be
solved using this method.
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