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Abstract. In this paper, we implemented a tan(%z))-Expansion Method for traveling
wave solutions of (2+1)-dimensional Burgers equation.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDEs) have an important place in applied
mathematics and physics [1, 2]. Many analytical methods have been found in literature [3-8].
Besides these methods, there are many methods which reach to solution by using an auxiliary
equation. Using these methods, partial differential equations are transformed into ordinary
differential equations. These nonlinear partial differential equations are solved with the help
of ordinary differential equations. These methods are given in [9-16].

We used the tan(@)-Expansion Method for find the traveling wave solutions of the
(2+1)-dimensional Burgers equation. This method is presented by Manafian and Lakestain
[17].

2. ANALYSIS OF METHOD

Let's introduce the method briefly. Consider a general partial differential equation of
four variables,

<p(v, Ve, Vy, Vxy Vxs ) = 0. (@8]

Using the wave variable (x,y,t) = v(z) | z = (x + ay — kt), the equation (1) turns
into an ordinary differential equation,

' =W, v"v" ..)=0. (2
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here k,a are constants. With this conversion, we obtain a nonlinear ordinary differential
equation for v(z). We can express the solution of equation (2) as below,

F@)
2

F(2)

vix,y,t) =v(z) = X2 a [p + tan( )]l +Ym. b [p + tan (T)]_i, a;#0, by #0 )

here m is a positive integer and is found as the result of balancing the highest order linear
term and the highest order nonlinear term found in the equation, the coefficients a; (0 <i <
m, bi1<i<m, are constant. If we write these solutions in equation (2), we obtain a system of

i i
algebraic  equations  for tan(g) ,cot(#) after, if the coefficients of

i i
tan (@) ,cot (%Z)) are equal to zero, we can find the k,a,p,ay, aq,bq, ..., G, by,

constants, where F = F(z) satisfies the first order nonlinear ODE:
F'(z) = asin(F(2)) + bcos(F(2)) + ¢ (4)
and a, b and c are constants. The expressed the solutions by Manafian and Lakestain [25].
Example 1. We consider the (2+1)-dimensional Burgers equation,
U — ULy — Uyy — Uyy =0 (5)

Let us consider the traveling wave solutions (x,y,t) = u(z) , z = (x + ay — kt),
then equation (5) becomes

—ku' —uu' —u’" —a?u" =0 (6)

When balancing u'’ with uu’ then gives m = 1. The solution is as follows.

u(z) =ay+a, [p + tan (F(Z))] + by [p + tan (F(Z))]_l (7

2 2

(7) is substituted in equation (6), a system of algebraic equations for k,a,p, ag, a;, b, are
obtained. If the system is solved, the coefficients are found as

Case 1

2 — 2 —
a=-bp+cp,b—c+0,b, = ba1+ca1+:fca1 Ph o= /%,k = —a, (8)
Case 2

b+ c—2ap — bp? + cp? — by
—b —c+ 2ap + bp? — cp? ’

al=0,(—b—c+2ap+bp2—cp2)b1¢0,a=\/

k =a+bp — cp + aa? + bpa? — cpa? — ay, 9)
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with the help of the Mathematica program. After these operations, the solutions of equation

(5) for case 1 and case 2 are as follows:

Solutions for Case 1

Solution 1
a’?+b*—c?<0andb—-c#0,
(b_c)JZEEZBfIEfaO_2(32+b2_CZ)CO4¢:57:BfIEE<x+Jgégggiy+aot>}h
U (%, ,t) = (b—c)V—aZ_b2+c2
Solution 2
a?+b?>—c?>>0andb—c # 0,
(b—cWaZTbZ=cZag +2(a?+b2—c?)Coth m<x+ J@ymot) a
up(x,y,t) = (b—c)VaZ+b2—c2
Solution 3
a?+b%?—=c?>>0andb #0,c =0,
bVaZ+bZay+2(a?+b?)Coth m(;;%@ y+a0t>]a1
us(x,y,6) = bvaZ+b2
Solution 4

a’+b?—c?><0andc#0,b =0,

C\/Cz—azao+2(az—CZ)COt[VCZ—aZ(X+ ,—C+Cal y+aot>]a1

cVc2—az

u4(xl y’ t) =
Solution 5

a=c=waand b = —wa
2aw(x+ —1—a—1y+a0t> 2aw<x+ —1—Ly+a0t>
—1+e zaw ao—| —1+e zaw a
Us (X, Y t) = ( \/7(11 t)
2aw( x+ [-1—5—L-y+ag
(—1+e zaw >

1
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(14)
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Solution 6
c=da,
u6(x) }’; t) =
bl x+ a—b+a1y+a ¢
b2 N~ b-a 0
an — a + a _—1+(a+b)e a, (15)
0 — —
b(x+ a_bb_+aa1Y+aot>\ a-b b<x+ abb_+aa1y+a0t>
(a—b)(b—a)l a —-1+(a+b)e —1+(a—b)e
T e )|
—1+(a-b)e
Solution 7
a=c,
u7 (x) y; t) =
2 b(x+ C_:%y+aot)
o + b“a, + _Cc + 1+(b+c)e a (16)
° b<x+ £:Eigly+aot) c-b b(x+ C?gfa1y+aot) 1
(b—c)? ¢, 1+(b+o)e b-c —-1+(b-c)e c
AT —)
—1+(b-c)e
Solution 8
c=—a,
2b( x4 -0 g1 t) 2b(x+ [t t)
(a+b)<(a+b)2—e < atb 0 ao—2b| (a+b)?+e a+b 0 a
Ug (xl Y, t) = pry— —— (17)
(a+b)<a+b—eb<x+‘_ atb 1y+a0t>)<a+b+eb(x+ o 1y+a0t>>
Solution 9
b=—c,
_s 221 ) ( _,. 2a1 )
2ax+ [—4 ay+2aapt 2ax+/ 4 ay+2aapt
(—c+c3e( ¢ ° >ao—a 1+cZe ¢ ° )al
(18)

ug(x, y,t) =
" (2ax+/—4—ﬂ%ay+2aaot>
c|l —1+c2e
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Solutions for Case 2
Solution 1
a’+b?>—c?<0andb —c # 0,

uo(x,y,t) =
ag +
(b—c)b,

—2ap—bp2+cp2— b+c—-2ap-bp2+cp?)ag—(a+bp—cp)b
a+bp—cp—w/—a2—b2+c2Tan[%w/—a2—b2+c2<x+J b+c—2ap-bp“+cp b1y+(( c—2ap-bp2+cp?)ag—(a+bp—cp) 1)t>]

b+c—2ap—bp?+cp? b+c—2ap—bp2+cp?
(19)

Solution 2
a’+b*>—c?>>0andb —c # 0,

ull(x' y; t) =
ag +
(b—c)by

—2ap-bp2+cp?- b+c-2ap-bp2+cp2)ag—(a+bp—cp)b
a+bp_cp_vafizfzzfrann{§¢57157:zf<x+J brc2ap byt ep?by,,, ((bre-zap-by? opt)ag-(astp C”>1)t>]

b+c—2ap—bp2+cp? b+c—2ap-bp2+cp?

(20)
Solution 3
a’?+b*>—c?>*>0andb #0,c =0,
u(x,y,t) =
ag +
bb,
1 2ap + b(p? — 1) + by ( (a + bp)b, )
2 2 — 2 2 —
a+bp +Vva? + b%Tanh 2\/a +b x+\] 2ap + b(p? = 1) y+ 2ap+b(p2—1)+a° t
(21)
Solution 4
a’?+b*>—c?<0andc#0,b =0,
Cb1 (22)

w3(x,y,t) = ag +
s —a+cp+VcZ—azTan|>VcZ—aZ( x+ 2‘1p_c_c7)2+l]13/+<(_‘H'Cp)b1 ra )t
2 c—2ap+cp? c—2ap+cp? ' ©
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Solution 5
a=c=waandb = —wa,

u14(x! Y, t) =
ag +

V2a(p-Dpw—b;  (2(p—1)pae+(2p—1)by )
-1+ eaw<x' vZy/-alp-1pw y+( 2(p—1p )t

V2a(p-Dpw-by _ (2(p—1)pag+(2p—1)b; )
eaw<xl \/E\/—G(P—l)PW +( 2(p-1p )t (p _ 1) —p

(23)
Solution 6
c=da,
ulS(xr Y, t) =
ag +
b
- (24)
b x|\/b+a(p—1)2_bp2_b1 <(b+a(p—1)2—bpz)ao+(a(p—1)—bp)b1)t\
T\/(a+b—ap+bp)(p—1)y b+a(p-1)2-bp2 /
—1+(a+b)e 'p
. leb+a(p—1)2_bp2_b1 +<(b+a(p—1)2—bpz)ao+(a(p—1)—bp)b1)t\
" J(@a+b-ap+bp)(p-1) b+a(p-1)2-bp? /
—1+(a-b)e
Solution 7
a=c,
u16(xf }’: t) =
ag +
b
: (25)

(=1 (b+c+bp—pc)—by +((p—1)(b+c+bp—pc)a0 +(c+bp—cp)b1)t>

1+(b+o)e ( "~ J@-DO+c+bp-po) (p-1)(btc+bp=pc)

b( +\/—(p—l)(b+c+bp—pc)—b1 +((p—1)(b+c+bp—pc)a0 +(c+bp—cp)b1)t>
—1+(b-0)e J-1)(b+c+bp—pc) (p—1)(b+c+bp-pc)

tp
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Solution 8
c=—a,
u, (x5, y,t) =
ag +
/ b/x{J—(p+1)(a—b+bp+ap)—b1y+((p+1)(a—b+a(p+bp)a0+(a+a;3+bp)b1)t\\‘
i _ (p+1)(b(p-1D)+a(p+1) i
| Ca—bie J(p+1)(b(p D+a(p+1) / |b1
\ ) -
b/x : \/—(p+1)(a—b+bp+ap)—b1y+((p+1)(a—b+a(p+bp)a0+(a+a13+bp)b1)t\
_ (p+1)(b(p-D+a(p+1)
b-bp—a(p+1)+e \/(p+1)(b(p D+alp+D) (p+1)
Solution 9
b =—c,
ug(x,y,t) =
ag +
b
- (27)

- 2_
/.\] zaptzcp b1y+(2p(a—p6)ao+(a—2pC)b1)

a\x. v2,/pla-pc) 2p(a-pc)
ae

A
/

p

u xl\/—zap+2€p2—b1 +<2p(a—pc)a0+(a—2p6)b1)t\
" Vv2/pla-po) 2pla—pc) /
—1+ce

4. CONCLUSION

It was used the tan(F";}) expansion method for find traveling wave solutions of (2+1)-

dimensional Burgers equation. This method has been successfully applied to solve some
nonlinear wave equations and can be used to many other nonlinear equations or coupled ones.
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