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Abstract.In this paper, we study II, Bishop spherical images according to type-2

Bishop frame. Using the type-2 Bishop frame of the given curve, we present partial
differential equations. We give some characterizations for curvatures of a curve in space.
Keywords: Type-2 Bishop frame, Curvatures, Flows.

1. INTRODUCTION

A large number of aspects of engineering and applied physics utilized gaseous,
smooth flows. Gaseous flows are extremely essential with spacecraft, automobiles,
aeroplanes. Likewise, many people utilized in the style and design of wind generators and
burning machines. Research of smooth flow is extremely important meant for the uses of
naviero, just like the style of boats and various tasks in municipal design including the design
and style of the roadstead and the safety of seaside [1]. Flows are researched simply by
various experts [1-20].

Construction of fluid flows constitutes an active research field with a high industrial
impact. Corresponding real-world measurements in concrete scenarios complement numerical
results from direct simulations of the Navier-Stokes equation, particularly in the case of
turbulent flows, and for the understanding of the complex spatio-temporal evolution of
instationary flow phenomena. More and more advanced imaging devices (lasers, highspeed
cameras, control logic, etc.) are currently developed that allow to record fully timeresolved
image sequences of fluid flows at high resolutions. As a consequence, there is a need for
advanced algorithms for the analysis of such data, to provide the basis for a subsequent
pattern analysis, and with abundant applications across various areas [21, 22].

In this paper, we study II, Bishop spherical images in Euclidean space E®. Using the
type-2 Bishop frame of the given curve, we present partial differential equations. We give
some characterizations for curvatures of a curve in Euclidean space E°.

2. MATERIALS AND METHODS

Assume that {T,N,B} be the Frenet frame field along « . Then, the Frenet frame
satisfies the following Frenet-Serret equations [23]:
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V.T = kN,
V:N = —«xT+17B,
V:B = —zN,

where x is the curvature of o and 7 its torsion and

g(T.T) = 1,g(N,N)=1,g(B,B)=1,

g(T,N)

g(T.B)=g(N,B)=0.

The Bishop frame or parallel transport frame is an alternative approach to defining a

moving frame that is well defined even when the curve has vanishing second derivative [24].
The Bishop frame is expressed as:

V.T = kM, +k,M,,
V.M, = —kT,

V.M, = kT,

where
g(T,T) = l,g(Ml,Ml):l,g(Mz,Mz):l,

g(T.M,) = g(T.M,)=9g(M;,M,)=0.
Here, we shall call the set {T,M,,M.,} as Bishop trihedra, k, and k, as Bishop

curvatures and U(s)= arctan% , 7(s) =U (s) and x(s) = k2 +k2.

1
Bishop curvatures are defined by:

k, = x(s)cosU(s),

k, = x(s)sinU(s).

Let us express a relatively parallel adapted frame:
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V., = -¢B,

VB = gll +¢ll,,

where
9(B,B) = 1,9(I,.II,)=1,9(I,,I1,) =1,

g(B,I1,) = g(B,II,)=g(IL,II,)=0.

We shall call this frame as Type-2 Bishop Frame. In order to investigate this new
frame's relation with Frenet-Serret frame, first we write [25]:

=&l +¢&.

The relation matrix between Frenet--Serret and type-2 Bishop frames can be expressed
as:

T =sinA(s)I, —cos A(s)I,,
N =cosA(s)I, +sin A(s)II,,
B =B.

So by (2.4), we may express as:

S
I

—7CosA(s),

)
N
1

—zsinA(s).
By this way, we conclude that:

A(s) = arctan 22.
&

The frame {II,,IL,,B} is properly oriented, and 7 and A(s):_[oS x(s)ds are polar

coordinates for the curve «a . We shall call the set {Hl,HZ,B,sl,gz} as type-2 Bishop
invariants of the curve « .
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Definition 2.1. Let « be a regular curve in E*. If we translate of the first vector field
of type-2 Bishop frame to the center O of the unit sphere S?, we obtain a spherical image ¢.
This curve is called TI, Bishop spherical image or indicatrix of the curve o .

3. FLOWS WITH TYPE-2 BISHOP FRAME

Let a(u,t) is a one parameter family of smooth curves in E*.
The arclength of « is given by:

ul0ar
s(u) = —du,
=],
where
1
da|_ <@_a 8_a>2
au ou au/l’
The operator 82 is given in terms of U by:
S
0_198
o vaou'
where v= aa—a and the arclength parameter is ds = vdu.
u

Any flow of & can be represented as {IT,, I1,, B}

oa
E = bll_[1 +b2H2 +b3B,
where b,,b,,b, e C*(E®).

Definition 3.1. The flow aa—(: in E*are said to be inextensible if

0

ot

da
ou

Lemma 3.2. Let 88—? be a smooth flow of the curve « according to new type-2 Bishop

frame. The flow is inextensible if and only if
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(%—%ersv(c:l)sin A= (%msvez)cos A,

whereb,,b,,b, eC*(E®) .

Theorem 3.3.
agl = [pl—COSA(aa—t;l+b381+%COSA)]H2+pZB’
522 - [p3+( +b382 %’:sinA)sinA]Hl+p4B,
% - [p5+(aa_bs3—blgl—b252)sinA]Hl

+[ps — (aa—bs3 —-b,g —Db,&,)cos AT

where p;,P,,P3,P4:Ps:Ps ecw(Es) .
Theorem 3.4.

ar’

ob )
o [Ps +(a_:_b151_b252)5m AJIL,

+[Ppg — (8a_b3 —b,& —b,e,)cos A,
S

ON’

_ 0 &, OA . .
el [ ( )( )[p3+( +bg2 assmA)smA]]Hl

g oA
- [a (KT;)HZ + (F) [p, —cos A(a_sl +bae, + s cos A)]III,
1 g
(=P, + (2 )p, I8,
K K’e

s
ot

i,ﬁ)[pa + (aa%msez —Z—':‘sin A)sin A,
oA 0,1
(o - )[|o1 cosA( +b351 = Cos A= — (I,
+[(-22)p, - (7)p4]B,
K'g K

wherep,,P,,Ps,P.,Ps, P, b, b,, b, are smooth functions of time and arc length.
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Proof: Using definition of ¢, we have

oT’ _ B ob . ob
b =[p; (8—53—blg1 —b,e,)sin AlIL, +[p; —(8—53—b1<91 —b,¢,)cos AT,

Using the (2.3) equation, we have

¢
- (i)[p1 —cos A(a—bl bz, + 2—2‘005 AN, — (%)sz
G %2 )[p3+( Ly, - gésinA)sinA]nl—(K‘fT;)pﬁ
This implies:
® - S-S,

+( %2 )[pl—cosA(—+b351+(2—AcosA)]H +( %2 )p2
S
oA
( )[p3+( bgz—gsmA)smA] (¢)p4B.
Then, we obtain the theorem. So, theorem is proved.

Theorem 3.5. Letaa—(: be inextensible according to new type-2 Bishop frame. If ¢is

spherical image of «, then,

0 ob . 0 1, 0,1
g[szr(&—;—blgl_bzgz)smA] = [_5(81K¢)(F)_E(_¢)

£, ob, OA . .
—(-229)[p. + (=2 +b,&, ——sin A)sin A]],
(K¢€l)[p3 ( o5 36 s ) ]

wherep,,b,,b,,b,are smooth functions of time and arc length.

Proof. Then we can easily see that

ob

P . 0 ob
R, _[p5 +(8_33_b181 —-b,¢,)sin AJIl, +§[p6 -(—=

05
ob,
_[‘91[p5+( _blgl b,&,)sin A]l+&,[pg — (85 —b,& —b,e,)cos Al|B.

—-b,g —b,&,)cos AII,

Also, we have the following
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%%ﬂ = [_g(glx¢)(’:-)——(—)—( %2 )[ 3+( +b &2 — aa':‘sinA)sinA]]H1

oS ) ) -2 (82) ()P, ~cos AT +b31+aAcosA)]]H2
ot K’ 0s
1 2

[P, + (—K‘j;gl)m]B.

Thus, we obtain the theorem.
In the light of Theorem 3.5, we express the following corollary without proof:
Corollary 3.6.

ob, o .
(b ba)ws A G )

1 ob OA
— F)[pl —CO0S A(a_sl +bae + ~ cos A)]],

wherep,,P,,Ps,P.,Ps, P, b, b,, b, are smooth functions of time and arc length.

Corollary 3.7.
1 & -
(F)pz + (%)p4] = [alps +( —b,& —b,é,)sinA]
1
ob
+&,[Ps — (8_83 —b,&, —b,&,) cos A,
wherep,,P,,Ps,P.,Ps, Pg, by, b,, 0, are smooth functions of time and arc length.

Theorem 3.8. Letaa—(: be inextensible according to new type-2 Bishop frame. If ¢is

spherical image of «, then,

_QQ(L)__[( i )[p3+( +b 3E) — aa':‘sinA)sinA]]

Pl -2 p 1 = [ (e )ps + (22 bz,
K K'g oS

—bzgz)sinA]+(glr¢)[§( 2 ( )[p3+( 2 be, - ?QsinA)sinA]],
K

1

wherep,,P,,Ps,P.,Ps, Pg, by, b,, 0, are smooth functions of time and arc length.
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Proof.\We can write

& N’ 20,1, &
- = [-=-—= - b
ds ot [ asat( o) 85[(K )[p3+( S +ba,

—%—':‘smA)smA]] [( =P, le - [( £ )P4]81]H

—Ccos A b
88 8’[ )[p1 ( L+ 361

+2—ACOSA)]] [( )p2]82 [( “ )p4]52]H

0,1 0
Ha— () +e,

£y 01
G R (G2

ot ke

+ gz[( )[pl coS A( +b351 aa':‘ cosA)]]

__[( % )p4]+51[( % )[p3+( +b‘92

—%sin A)sin A]]] B.
0s

By a direct computation, we have:

0 0 0 £ ob .
aquj = [5(81705)(,(7;)_(81’(%[[)5+(a_ss_b181_b282)smA]

For +( 2 by, - ?sinA)sinA]]n1
S

INTR IR oA o1
eI S )[Dl COSA( +b81 25 CosAl-= 5]

ob 0 1
- (31K¢)[pe - (8_33 —b,& —b,&,)cos A] - a (51T¢)(F)]H2

+[(&7

1 0
- (F)p4] _a (51K¢)]B
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Combining above equations, we have theorem. Hence the proof is completed.
In the light of Theorem 3.8, we express the following corollary without proof:

Corollary 3.9.

0 O0A

_Ea(x gl)_as[( )P, - cosA(—+b &+ CosAI-I( )pz]gz

—cosA( +b3gl ZAcosA)]
S

~[Cp)e) = [
K'e

e O (%tf—blel 26:) 03] 2 (er) )

wherep,,P,,Ps,P.,Ps, P, b, b,, b, are smooth functions of time and arc length.

Corollary 3.10.

0

0,1
tle o () e

g . 0.1 1 ab,
—2)——[(~ —)[p, —cos A(—L
G ()= S ICPT+al( P, - cosAC

#Dyg, + D cos AY]]- (-2 Sopdeal( 2)[p3+( % by,

oA €
bag +— CosA)]]——[( : )p4]+€1[( = )[p3+( +b382
wherep,,p,,Ps,P.,Ps, P, b, b,, b, are smooth functions of time and arc length.

Theorem 3.11. Letaa—? be inextensible according to new type-2 Bishop frame. If ¢is

spherical image of «, then:

%[g(_) _(—)[p3 +( +bye, - aa/: sin A)sin A]]

talt5— = )pz % )p4]] [ (€1f¢)(—)+(81f¢)[ (—)

He i )[p3+( +ng2 Z’:‘sinA)sinA]]],

wherep,,P,,Ps,P.,Ps, Pg, D, b,, 0, are smooth functions of time and arc length.
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Proof.Using Theorem 3.4, we have

0B _ 0,0
= o [E[E(—)_( )[|03+( +b382

—%smA)SInA]]hs‘l[( < )pz (1¢)p4]]H1
[_[( &2 )[pl—cosA(—+b351 (Zz cosA)]
0,1 & L

_a(ﬁ)]—ké‘z[(’(yj—gl)pz (K¢)p4]]H2

0

P R

0S

1 ob OA . .
- (F)['% + (a—;+b3e2 -5 sin A)sin A]]
52[( & )[p1 cosA( +b & F aaAcosA)]
s

0,1
B

or, equivalently:

00, _
agw = [ (51 ¢)(—)+(81

ob oA . .
ps+ (6_32 +b,e, — gsm A)sin A]JJIT,

0 0, &
+ _ _
[ (e )
1 ob oA
+ (F)[p1 —C0S A(é_sl +b,e + Fla A,

+(817¢)[( Rl ey - )I04]B
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Thus, we obtain the theorem.

4. RESULTS AND DISCUSSION

In the light of Theorem 3.11, we express the following corollary without proof:

Corollary 4.1.

ob oA 0,1
—COSA(—+Db.g, + —cosA)]-—(—
(58 361 s )] 6'[(K¢ )]

el pudl=l (e )

ob OA
—CosA(—:+Db.g, +—-cosA)I,
( s 361 s )1

wherep,,P,,Ps,P.,Ps, Pg, D, b,, 0, are smooth functions of time and arc length.

Corollary 4.2.

R 1 0, &y 1 ab,
[g[(KTgl)pz _(F)p4]_81[a (KTé‘l) (K¢)[p3 +( e

+bye, - a@?smA)smA]] Pl b~ cosA(—+bgl

oA 0,1 1 ,
+ G 0= S M= GNP + ()

wherep,,P,,Ps,P.,Ps, Pg, b, b,, b, are smooth functions of time and arc length.
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