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Abstract. In this paper, we study a harmonic evolute surface of quasi normal surface
associated with quasi frame. We construct quasi normal surface with first and second
fundamental forms. Moreover, we determine harmonic evolute surface of quasi normal
surface by using these fundamental forms. Finally, we obtain some new results about these
new surfaces.
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1. INTRODUCTION

The application of surfaces, which is a subject of differential geometry, to physics, and
engineering is endless. It has been an area of impressive information whereby ruled surfaces
which are generated by the motion of a straight line along a curve has been studied
extensively by many researchers in both Euclidean and Minkowski spaces [1-4] after it was
initially discovered by Gaspard Mongea. Besides ruled surfaces, many researchers have
studied the harmonic evolute of various surfaces in detail for many years, which are ruled
surfaces, timelike ruled surfaces, quasi tangent ruled surfaces, helicoid surfaces, B-scrolls
with constant mean curvature to name a few [5-8]. As a follow up to these existing studies, we
have explored harmonic evolute surfaces of the ruled surfaces generated by quasi normal
vector.

This paper consists of three sections. Imperative knowledge on the differential
geometric construction of the frames in the 3-dimensional Euclidean space that is, Serret
Frenet frame, quasi frame and the relation between these frames are examined within the first
section. In order to obtain harmonic evolute of ruled surfaces, the mean curvature of the
surfaces is given by calculating the first and the second fundamental forms. In the following
section, we identify the harmonic evolute surface of quasi normal surface associated with
quasi frame. The necessary and sufficient conditions of how the quasi normal surface and its
harmonic evolute surface can or can not be a Bonnet surface are given. Furthermore, the quasi
normal surface of a helix and a harmonic evolute of the quasi normal surface are depicted.

"Mus Alparslan University, Department of Mathematics, 49250 Mus, Turkey. E-mail: talatkorpinar@gmail.com.
“Cankar1 Karatekin University, Department of Mathematics, 18100 Cankar1, Turkey. E-mail:
gulugurr@gmail.com.

ISSN: 1844 — 9581 Mathematics Section



56 On the harmonic evolute surfaces of ...

Talat Korpinar and Gul Ugur Kaymanli

2. MATERIALS AND METHODS

By the way of design and style, this model is kind of a moving frame with regards to a
particle. In the quick stages of regular differential geometry, the Frenet-Serret frame was

applied to create a curve in location. After that, Frenet-Serret frame is established by way of
subsequent equations for a presented framework [9]

V.t 0 « Oft
vini=ilx 0 z|n
V.b 0 -z O|b

where « =|[t| and 7 are the curvature and torsion of y, respectively.

After Bishop in 1975 showed that there is more than one way to frame a curve in [10],
Yilmaz and Turgut introduced second type of Bishop frame in [14]. Besides them, Dede et. al.
in defined quasi frame in [11]. The quasi frame of a regular curve y is given by

tAk
t,=tn, = ||t/\k||’bq =t, AN,

where k is the projection vector.

For simplicity, we have chosen the projection vector k =(0,0,1) in this paper.
However, the g-frame is singular in all cases where t and k are parallel. Thus, in those cases

where t and k are parallel, the projection vector k can be chosen as k =(0,1,0) or
k =(1,0,0).

If the angle between the quasi normal vector n, and the normal vector n is chosen as
v, then the following relation is obtained between the quasi and FS frame.

t, =t
n, = cosyn +sinyb,
b, = —sinyn +cosyb.

Therefore, by using the equations (1—3) the variation of parallel adapted quasi frame
is obtained by

thtq = Kh, +K,b,
o = — Kty + 150,
thbq = —ioty KNy,

where
K, = KCOSy, Kk,=-KkSiNy, Kk;=y +r,

and the vector products of the quasi vectors are given by
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t,xn, = bq,nq qu :tq,bq xty =n,.
Let n be the standard unit normal vector field on a surface ¢ defined by

n= ¢s /\¢t ,
| ~ &

where ¢, = 0¢l0s, ¢, = Oglct, respectively. Then, the first fundamental form 1 and the second
fundamental form 11 of a surface ¢ are defined by

| = Eds®+2Fdsdt+Gdt?,
Il = eds®+2fdsdt+ gdt?,

where
E = (4.6.).F=(4.4).G=(¢.4)
e = <¢ss'n>1 f= <¢st’n>’ g = <¢tt’n>'

respectively [12,13].
The mean curvature H is defined as:

__ Eg—2Ef+Ge
T 2(EG-F2) "

Theorem 2.1. The surface is minimal if and only if it has vanishing mean curvature
[9,13].

3. HARMONIC EVOLUTE SURFACES OF QUASI NORMAL SURFACES

In this section, we aim to explore harmonic evolute surface of quasi normal surface
associated with quasi frame when the mean curvature does not vanish.
Firstly, we construct quasi normal surface of a quasi curve as

$(s,t) = a+tn,.

Definition 3.1. If E=G, F=0, f =c#0 (c=const.) are satisfied then the surface is
called A-net on a surface [9].

Theorem 3.2. A surface to be a Bonnet surface if and only if surface has an A-net,

[9].
Theorem 3.3. Let ¢nq be a quasi normal surface of a quasi curve in space. ¢nq IS

minimal iff
tsz (i + (1)) + (1_tK1)2K2 +(1-tr)t(x;) = 0.
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Proof. From the definition of quasi normal surface, we have

n
¢
n

4% = n,

(1-tw)t, +tib,,

By using this field, the coefficients of the first fundamental form are given

E
F

(1-tx,)? +txZ,
0,G=1

The second partial derivatives of ¢nq are expressed as follows:

g

_t((Kl)s + K2K3)tq + (Kl(l_tKl) _tKe?)nq + (Kz (1_tK1) +t(K3)s)bq )

SS
n
B’

n

¢tt ! = 0

-t + K'3bq,

So, an algebraic calculus shows that
B9 x g% = —tigt, + (1-tx,)b,.
Moreover, by the definition of the unit normal vector, we have

"a = —tK, . (1-tx,)
\/t2K§+(1—tic1)2 ! \/t2K§+(1—ticl)2

q-

Therefore, the coefficients of the second fundamental form are given

1
e = — - (t2K3(K2K3+(/(1)S)+(1—t1(1)2/c2+(1—t1<1)t(1c3)s),
\/t Ky +(1-tx;)
f = s
\/tzlc; +(1—tl('l)2
g = 0.

The mean curvature of ¢nq is presented

H" = LRl + ().) + (-t + (-t H(K),).

2(t%k2 + (1-tx;,)?)2

This completes the proof.
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n . . . n .
Theorem 3.4. Let ¢  be a quasi normal surface of a quasi curve in space. ¢ ¢ is not
a Bonnet surface.

Assume that, ¢nq is not minimal. Then, a harmonic evolute surface of the quasi
normal surface is given by

P50 = 4" (60 + ="
H q
Theorem 3.5. A harmonic evolute surface of ¢nq is given by

#"(5,0) = +tn, - —— t, -t
H" Jt%2 + (1-ti)? " "t 4+ (1-tx,)?

Theorem 3.6. A harmonic evolute surface of ¢nq Is a Bonnet surface if and only if

((1-tx,)(1- - s :

)s)
RN +(1 tlcl) H "t + (1-tx, )’
+( K )%+ (tx, — TRHs
H" 2k + (1-tx)? H" 22 + (1-tx)?
i 1-tx, ).)? =14 — K, )
H" 2k + (1-tx,)? H" 22 + (1-tx)?
K 2
+( :
H" k2 + (1-tx,)?
mLE ((1-t)(1- =2 )
H" Jt2x2 + (1-tx;)? H" Jt2x2 + (1-tx,)?
tx, K, K (tx,
H" 2,2 + (1-tx,)? H "t + (1-tx,)? H "t 4+ (1-tx,)?
ti, K, 1-tx, _

-— +( ) =0,
H k2 +(1-t)?  H 922 + (1-tx,)?

and
XK tc K
—[( —(tX,
T oty H OO (-t
1-tx, 3
. H' o2 + (Lt )? ) ((K1+(H N +(1 ticl))
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KX, X,k
+( 1 M)+ (x :
H" Jtx +(1 ti,)’ H RN +(1 ti,)?
- =),)(1-14)(1- )
H AN +(1 ti,)’ H" |t +(1 ti,)’
- G - 5 Y)=p
H AN tlc) H " K2+ (L ti)?
where p is constant.
Proof. Now, we obtain the derivative formulas
tx
gl(st) = ((1-t)(1- - : )t
+ K + K
H" Jt2? (1 t 1) H " k2 + (1-tx,)?
5 Ny + (tx; - 1Ky
H " 22 + (1) H" 22 + (1-tx; )’
o 1-tx, ))bq,
H" 22 + (1-tx; )’
B (s,t) = 5 t,+n, !
H" Jt2x? + (1-tx,)? H "t + (1-tx,)?
Then, it is easy to see that
e = () = :

H™ t*: +(1 tlcl) ) H "SR+ (- try)?

+( )+ (tx, — ks
H" % +(1 ti,)? H' 22 + (1-tx,)
i 1-tx, ),
H' 22 + (1-tk,)?
h K'
Fo= — = ((L-t)(1-— )
H" 22 + (1-tx,)? H" +(1 ti,)’
3 tx,
H otk +(1 ticl) H "tk +(1 ti,)?
ti, K,
X3
H RN +(1 ti, )’ H" K2 + (1 tx,)?
1-tx,
+

H 22 + (1-tx,)?
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—K; 2 K 2
+( )
H o JKE + (1 tlcl) H" K2 + (1 tx)?

G’

We instantly calculate

K, tr,

gh(st) = ((1-tx)(1- -

H" % + (1- tKl) ) Hq\/t 2 4 (1- tlcl))

KK, ti, K,
X3
“H "t +(l—ticl) H" 22 + (1-tx; )’
1-tx K,
. )s))tq + (Xl(l_txl)(l
H " P+ (1-tx,)’ H" 2,2 + (1-tx,)?
B tx, B K, ),
H AN trcl) H "t 4+ (1-tx,)’
+ X, (tX, — HRKs +( 1t =) )N,
H™ 2 +(1-tx)?  H q\/t 2 4 (1-tx,)’
K, tx
+ (X, (1-tx,)(1- - 3
(% (L~ 1) (1~ — >
t*xl + (1-tx,)? H t?l + (1-tx;)?
2
(t — tx, K, ),
H "t +(1 ti;,)? H" 22 + (1-tx;,)?
I

H" Jt2x? + (1-tx,)?

—K3 —K

g(s,t) = +( )b,
) H AN tzcl) SRR e (L-tg)?
KX,
¢£(S,t) = _(Kl + : ))tq
H RN +(1 tKl) H" 22 + (1-tw,)?
X
2/ ),)b,.
H " PR+ (1 ) H RN +(1 ti,)?
With the help of the obtained equations, we express
o= K (bt et
T H g2 (k2 + (1-tx)?) H q\/t 2+ (1-tx)’
et 4 ( a (-t (L
H" 22 + (1-tx,)? Hth 24 (1-tk,)’
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K, 3 tx,
H "tk +(1 ticl) H "SR+ (L thy)?
tx, K,

X
“H RN +(1 )y H" k2 + (1-tx,)?
1-tx,

1-t 1—
o H" JEx2 + (1-tx,)? el + (L=t H™ 'k +(1 tzcl))
tx
_ 3 — b, 1.
H o JtxE + (1 tlcl) H "tk +(1 tr;,)’ Y )0al
where 7 =@ /\¢t“‘.
Then
o = _[( XK —(tx, — Licyhc
"2 (22 1 (1-tx)?) H™ ] +(1-tx;)?
1-tx
L 1-tx)(1-
. H 4 JRE + (1-try)? ) ){(-0aX "t +(1 tr,)’ )
3 tx, KK,
H o K2+ (- tlcl) " " JPKE + (L)’
(i, tx, K, A 1-tx,
RN T tzcl) Hq\/t 2 (—ti)?

ti,

1-t 1— -
Gt H" [t +(1 ti,)’ Hq\/t 2 4 (1-t,)?

- ), + X, (X, — 1KoKy
H ‘k/t +(1 tr, )’ H q\/t 2 4 (1-tx,)?
1-tx
L 1-tx)(1
. H @ JtxE + (1-tr,) )+ H "tk +( —tx,)? (-t
K _ K3 ) )
H RN +(1 tKl) H @ JPKE + (L ti)?

tx,K;,

(tx, —
" @ Jex +(1 o) H R + (-t
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e ) ))+ (-t
H' 22 + (1-tx,)?
K, B tic
H o JtixE + (1 tKl) H " JKE + (1-tr,)?
5 +(tx, — EVLE )
TRN s o TN e tlcl)
1-tx
L 1-tx,)(1-
+ H q\/t +(1 tK-l )ss)( Xl)( H q\/t +(1 tK-l) )
_ s - )?)
H AN tlcl) H AN +(1 ti,)?
f¢h - _[( X K5 —(tx, — tx, K,
7O (2 + (- i) H q\/t 2+ (1-tg)?
1-tx
H H" 22 + (1-tx,) e H Jt: +(1 tr;)’ )
KX, X,K3
H H" % +(1 ti,)? D+l H AN +(1 ti,)’
_ 1-tx)(1-
H "tk +(1 ti;)? 2 H™ Jtx +(1 tr,)’
_ tK K )2)
H TR+ (1 tlcl) H "o JEKE + (1-th,)
g¢h — _[( XKy K, K,
T s (ot H O (At
i 1-tx —K,
H" k2 + (1 tx,)? H @t (1 tlcl
| 1-tx)(1-
Ty e )
tx, Ky 2

B H "o JKE + (1 tKl) B H " JEKE + (1-th)

Consequently, using the definition of a Bonnet surface, we have proved the theorem.
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Application to helix

? - - n
Figure 1. The quasi normal surface of a helix. Figure 2. A harmonic evolute surface of ¢ 9 .

4. CONCLUSION

In conclusion, a harmonic evolute surface of quasi normal surface associated with

quasi frame was studied throughout this paper. Initially, quasi normal surface was
constructed. We then established harmonic evolute surface of quasi normal surface by using
quasi frame and mean curvature. Finally, our studies have enabled us to gain new results
about these surfaces.
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