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1. INTRODUCTION

The generalized Tribonacci sequence {W. },

.~ I defined by a third order recurrance
sequence [10]

W, =aW, ,+bW, ,+cW_,,
Wo=a, W, =4, W, =y.

where «, f and y are arbitrary integersand a,b and c are real numbers.

This sequence has been studied by many authors, see for example [6-10]. Note that
generalized Tribonacci sequence is the generalization of the well-known sequences like
Tribonacci, Tribonacci-Lucas, third order Jacobsthal and third order Jacobsthal-Lucas,
Padovan, Perrin, Padovan-Perrin, and Narayana.

By [10], as {W.} is a third order recurrance sequence (difference equation), it's
characteristic equation is x° —ax*—bx—c=0 , whose rootsare r, , r, and r, such that

r :§+A+B,
"3

r, :g+a)A+a)zB,
3

I =2 WA+ wB.
3
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where

_a’c_a’®  ahc b"‘+c2
27 108 6 27 4

and =28
Note that the following identities are verified

L+r,+r,=a,
Lr, + 66 +nr =-b,

Lnr, =C.

From now on, we assume that A>0 ,so r, isrealand r, and r, are two
conjugate complex. In this case, it is well known that generalized Tribonacci numbers can be
expressed, for all integers n, using Binet's formula

R n S n T n
n— rl + r2 - r3
(rl_rz)(rl_rs) (rl_rz)(rz_ra) (rl_rs)(rz_rs)

Where

R=y—-(r,+5)p+rn,
S=y-(n+n)p+rra,

T=y-(n+n)f+ina.

In fact, the well-known sequences below are special cases of the generalized
Tribonacci sequence:

Putting a=b=c=1 and a=1 =1 y=2 reducesto Tribonacci sequence known as
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Tn = Tn—l +Tn—2 +Tn—3'

T,=T,=1T,=2,

{T.}={11,2,4,7,13,24,44,81,149,274,..}.

e Substituting a=b=c=1 and a=3, =1 y=3 yields Tribonacci-Lucas sequence
given by

L+K

{K.}= {3,1, 3,7,11,21,39,71,131,241,443, }
e Taking a=0,b=c=1 and a= p=y=1 gives Padovan sequence given by
P,=F.,+P.3

P=P=P=1

{P}={1112,2,34,57,912,.}.
e Taking a=0,b=2,¢c=1 and a= B=y=1 gives Pell-Padovan sequence given by
PP =2PP_,+PP .,

PP, = PR = PP, =1,

{Ppn} = {1’11 1) 3’ 31 71 9$17) 25, 43, 67, } .

e Taking a=0,b=1c=2 and = =y =1 gives Jacobsthal-Padovan sequence given
by

P =JP ,+2JP

P, =R =JP =1,

{IP}={1113359,1119,29,41,....
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In the case when a=0,b=c=1 and a=3, =0, y=2 it reduces to Perin sequence

known as

Rn = Rn—2 + Rn 37

R,=3,R =0,R, =2,

{R,}=1{3,0,2,3,2,5,5,7,10,12,17,...}.

Mourad Chelgham and Ali Boussayoud

In the case when a=0,b=2,c=1 and «a=3, =0, y=2 it reduces to Pell-Perin

sequence known as

In the case when a=0, b=

Perin sequence known as

PR =2PR ,+PR
PR, =3,PR =0,PR, =2,

{PR,}=1{3,0,2,3,4,8,11,20,30,5180, ...

1L,c=2 and a=3 f=0,y=2 itreduces to Jacobsthal-

JR =JR ,+2JR _,
JR,=3,JR, =0,JR, =2,

{JR.}=1{3,0,2,6,2,10,14,14,34,42,62,....

Putting a=0,b=c=1 and a=p=0, y=1 we obtain Padovan-Perin sequence

known as

Substituting a=1b=0 ,
defined by.

WWW.josa.ro

{5,3={0,0,1,0,1112,2,3,4,...}.

c=1 and «a=0,F=y=1 yields Narayana sequence
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{N,}={0,1,1,1,2,3,4,6,9,13,19,...}.

e Taking a=b=1c=2 and a=0, f=y=1 we get third order Jacobsthal sequence
given by

3 _ 33 4 10 ©)
J7=3"+3.7,+2]

n-31

J®=0,30 =30 =1,

{\] rSS)} = {0,1, 1! 21 5| 9;181 37’ 73’146' 293’ }

e Putting a=b=1c=2 and a=2, f=1 y=5 we obtain third order Jacobsthal-
Lucas sequence known as.

+(3 +(3 (3 HE)
= 0+ 200

j©=2j®=1j® =5

{i®}={2.1,5,10,17,37,74,145,293,586,1169,...}.

In order to determine generating functions of generalized Tribonacci numbers, we use
analytical means and series manipulation methods. In the sequel, we derive new symmetric
functions and some new properties. We also give some more useful definitions which are used
in the subsequent sections. From these definitions, we prove our main results given in Section
3.

2. DEFINITIONS AND SOME PROPERTIES.

In order to render the work self-contained we give the necessary preliminaries tools;
we recall some definitions and results.

Definition 2.1. [5] Let k and n be two positive integers and {ai,az,...,an} are set of

given variables the k -th elementary symmetric function e, (ai, a, . an) is defined by

e(a.a,..a,)= > aa;.a (0<k<n)

i+ ..+ =k
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with i,1,,....i, =0 or 1.

Definition 2.2. [5] Let k and n be two positive integers and {ai,az,...,an} are set of

given variables the k -th complete homogeneous symmetric function h, (a,,a,,....a,) is
defined by

h(a.a,...a,)= > aa;.ar (0<k<n)

i+ +.. 4, =K
with i,1,,...,i, >0 .

Remark 2.1. Set ¢,(a,,a,....a,)=1 and hy(a,a,...a,)=1, by usual convention. For
k<0, weset ¢(a,a,..,a,)=0 and h(a,a,..,a,)=0.

Definition 2.3. [2] Let A and P be any two alphabets. We define S (A—P) by the
following form

1 0
pgiil ztt) Z; (A-P)t", (2.1

with the condition S (A-P)=0 for n<O0.
Equation (2.1) can be rewritten in the following form

isn (A—P)t" = (isn(A)t"jx(iSn (—P)t"j, (2.2)

where
S,(A=P)=>'S _,(-P)S;(A).
j=0
Definition 2.4. [1] Given a function f on R" , the divided difference operator is defined

as follows

f(pl"“’ Pi pi+1""pn)_ f(pl"“pi—l’ P, Bis pi+2"'pn)

aPipi+1(f)= p _p
i i+1

Definition 2.5. [3] The symmetrizing operator J,, is defined by

(g)_ plg(pl) p29(p2) fora”kEN

p1p2
L — P,
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3. GENERATING FUNCTION OF GENERALIZED TRIBONACCI NUMBERS.

The following proposition is one of the key tools of the proof of our main result which
is already given its proof in [4].

Proposition 3.1. Given two alphabets P={p,, p,} and A={a,a,,a,}, we have

isn(A)Sn(P)t” — So(_A)_ Py pzsz (_A)t2 — P p283(—A)Sl(P)t3 ’ (3.1)

(Ss.cmpe ) Ss.came ]

with So(-A) =15,(-A)=—(a, +a, +8;), S,(-A) =aa, +a3;+a,a;, S;(-A) =-aaa,
If P={1,0} in (3.1), the following lemmas allows us to obtain many generating

functions of generalized Tribonacci numbers and some well-known numbers cited above,
using a technique symmetric functions.

Lemma 3.1. Given an alphabet A={a,,a,,a,}, we have

1

S a t" = : 3.2
Z.; (@ +3,+a) 1+S,(-At+S,(-A)t? + S, (A (32)
Lemma 3.2. Given an alphabet A={a,,a,,a,}, we have
+o0 t
S a t" = : 3.3
Z.: (82, +,) 1+ S,(-At+S, (-A)t? + S, (-A)t° 33
Lemma 3.3. Given an alphabet A={a,,a,,a,}, we have
+o0 t2
S a t" = :
ZO w2(®+a; +3;) 1+ S, (—At + S, (-A)t? + S, (- A)t°
(34)
S,(-A)=-a
—A) = —
Setting S.(-A)=-b in (3.2), (3.3) and (3.4) this gives
S;(-A)=-cC
S, (a, +a, +a,)t" = ! . (3.5)
il 1—at—bt* —ct®
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and
S, 1@+, +a)t" = ! . (36)
il 1—at —bt? —ct®
0 t2
S +a +a)t" = . 3.7
gnfz(ai gt = s (3.7)

Multiplying the equation (3.5) by (a) and subtracting it from (3.6) by (e¢a—/f) and
also subtracting it from (3.7) by (ab+ ffa—y) we obtain

i[asn(a1 +a,+3;)+(B-ad)S, (3 +a, +a3)}tn _a+(B-ad)t+(y—ab-pa)t’ . (3.9)

- +(y—ab—-pa)s, ,(a +a,+a,) 1—at —bt? —ct®

and we have the following new Proposition.

Proposition.3.2. For neN, the new generating function of generalized Tribonacci numbers
IS given by

f}N o 0(+(/3—05a)t+(;/—05b—,8a)t2
rr 1-at—bt* —ct®

with W, =asS, (8 +8, +8;)+(f-aa)S, (& +a, +a)+(y—ab—-fa)S, ,(a +a, +a,).
Accordingly, we conclude the following Corollaries.

Corollary 3.1. For neN, the generating function of Tribonacci numbers is given by

< 1 .
t"=——"—— WwithT =S +a,+a,).
Z-rn 1_t_t2 _t3 n n(al 2 a3)

n=0

Corollary 3.2. For neN, the generating function of Tribonacci-Lucas numbers is given by

0 _ _t2
DK "= 13'[2% withK =3S (a, +a,+a,)—-2S, ,(a, +a,+a,)—S, ,(a +a,+a,).
n=0 -t -

Corollary 3.3. For neN, the generating function of Padovan numbers Pn is given by

ZPnt” :113;:3’ withP, =S (a, +a,+a,)+S, (3, +a, +a,)
n=0 -t =

Corollary 3.4. For neN, the generating function of Pell-Padovan numbers is given by

© _ 32
2 PRI :ths’
s 1-2t° -t
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With PR, =S, (a, +a, +a,) +S, (a8, +a,+8;) =S, ,(a +a, +a,)

Corollary 3.5. For neN, the generating function of Jacobsthal-Padovan numbers is given

by

ZJP ”_l;ts,
1-t? -2t

n=0
with JP, =(S,(a, +a, +a,)+S,,(a +a, +a,)).

Corollary 3.6. For ne N, the generating functions of Perin and Pell-Perin numbers are
given by

© _ 32
dRt"= 13'[2—tt‘°’ withR =3S (a, +a,+a,)-S, ,(a +a,+a,).
n=0 -t =

A2
ZPR n _13t 4t2 ~, with PR, =35, (3, +a, +a,)—4S, ,(a, +a, +a,).

Corollary 3.7. For neN, the generating function of Jacobsthal-Perin numbers is given by
. 3-t? .
Y IRt = withJR =3S (a,+a,+3;)-S, ,(a, +a,+a,).

Corollary 3.8. For neN, the generating function of Padovan-Perin numbers S is given
by

o 2

st t T , WithS_ =S _,(a +a,+a,).

n=0

Corollary 3.9. For neN, the generating function of Narayana numbers is given by

[’¢]

SN, :1tt—t‘°" with N, =S, (3 +a,+a,).

n=0

Corollary 3.10. For neN, the generating functions of third order Jacobsthal and third order
Jacobsthal-Lucas numbers are given by

> t .
IO = withJ® =8 +a,+3a,).
Z n 1_t_t2 _2t3 n n—l(al 2 a3)

n=0

ZJ(S) n_ 2_t+2t2 ’
1-t—t2-2t3

with j =28, (a,+a,+a,)-S, (8, +a,+a;) +2S, ,(a +a,+a,)
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4. CONCLUSION

In this paper, by making use of Eqg. (3.1), we have derived some new generating

functions for generalized Tribonacci numbers. It would be interesting to apply the methods
shown in the paper to families of other special numbers.
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