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Abstract. In this paper, we introduce a new generalization of the balancing numbers
which we call bi-periodic balancing numbers as

_ (6¢by_q — by_p, if niseven
bn = {6dbn_1 —b,_,, ifnisodd "= 2

with initial conditions b, = 0, b; = 1. We find the generating function for this sequence and
produce a Binet's formula.
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1. INTRODUCTION

There are many studies on integer sequences such as Fibonacci, Lucas, Jacobsthal and
their applications [1-4]. Another well-known sequence is balancing numbers which satisfies
the recurrence relation

bn = 6bn_1 - bn_z, n 2 2

with initial conditions b, = 0, b; = 1. Balancing numbers was firstly mentioned by Behera
and Panda in [5]. Moreover, many researchers worked on balancing numbers and its
applications [6-8].

In many studies, authors worked on the generalizations of integer sequences in
different ways. Among these studies, the most interesting generalization is bi-periodic
Fibonacci sequence which was produced by Edson and Yayenie [9]. The bi-periodic
Fibonacci sequence was defined as

Aqn-1— Qn-2 if niseven
n =

>
bgn_1— qn-2, if nisodd ’ 2

with initial conditions g, = 0,q; = 1. Then, the generating function for the bi-periodic
Fibonacci sequence was obtained as

x(1+ ax — x?)

Fx) = 1—(ab+ 2)x% + x*
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Moreover, the authors gave the Binet formula for the bi-periodic Fibonacci sequence

(al—f(m)> a™ — ﬁm

i = (=)

" \@wlzl)\ a8

where |a] is the floor function of a and é(m) = m — 2 EJ is the parity function and a and 8
are the roots of quadratic equation

as

x? —abx —ab = 0.

In view of this generalization, Yayenie [10] made some studies on bi-periodic
fibonacci sequence and Bilgici [11] defined the bi-periodic Lucas sequence and obtained
some identities using the Binet formula of the bi-periodic Lucas sequence. Also, Tasci and
Kizilirmak worked on the periods of bi-periodic Fibonacci and bi-periodic Lucas numbers in

[12]. Lastly, Uygun and Owusu defined the bi-periodic Jacobsthal sequence with the similar
way [13].

2. MAIN RESULTS

Definition 2.1. For any two non-zero real numbers ¢ and d, the bi-periodic balancing
numbers {b, }y=o is defined recursively by

6cb,_. —b,_,, if nis even
n-1 n-—2 f > 2

bO = O,bl = 1,bn = {6dbn_1 —bn_2, LfnlS odd =

When ¢ =d = 1, we have the classic balancing numbers. If we set =d =k , for
any positive number, we get the k —balancing numbers. The first five elements of the bi-
periodic balancing numbers are

bO = O, bl = 1, bz = 6C, b3 = 36¢cd — 1, b4 = 216C2d —12c.

The quadratic equation for the bi-periodic balancing numbers is defined as

x? —36¢cdx + 36¢cd =0

with the roots

a = 18cd + 64/9c?d? — c¢d and = 18cd — 6+4/9c?d? — cd. (2.1)
Lemma 2.2. The bi-periodic balancing numbers {b,, } ;. satisfies the following properties:

bon = (36cd — 2)byn_p — byn_s
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bonyr = (36cd - 2)_b2n_—1 - b2n_—3- )
Proof. Using the recurrence relation for the bi-periodic balancing numbers we can obtain

byn = 6Cbyn_1 — byn_y
= 6c(6dbyp_p — bap_3) — byp_3
= (36Cd - 1)b2‘l’l—2 - 6Cb2n_3
= (36cd — 1)byn— — (ban-2 + ban-4)
= (36cd — 2)ban—2 — byn-s

byny1 = 6dbyn — b4
= 6d(6¢cbyn_1 — bap—2) — bap_1
= (36¢cd — 1)by_1 — 6dbyy_»
= (36¢cd — 1)byn_p — (ban—1 + ban_3)
= (36cd — 2)byp-1 — byp-3.

Lemma 2.3. The roots a and 8 defined in (2.1) satisfies the following properties:

(a—-DE-D=1
af = 36cd a+ f = 36cd
aZ BZ
a-1=50 66 —1 =363

(a-Df=a (B-Da=p

Proof. By using the definitions of @ and g defined in (2.1), the properties can easily be
proved.

Theorem 2.4. The generating function for the bi-periodic balancing numbers {b,,};—, is

x(1+ 6cx + x?)
1—(36cd —2)x2 + x*’

B(x) =

Proof. The formal power series representation of the generating function for {b, };—, is
B(x) = by + by + byx” 4 ek byal 4= ) ™
m=0
By multiplying this series by 6dx and x?2 respectively, we can get the following series;
6dxB(x) = 6dbyx + 6dbyx? + 6db,x3 + -+ 6db,x™1 4 oo = Z 6db,,_,x™
m=1

and
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x?B(x) =bgx? +byx3 + byx* + -+ bx"™2 4+ ... = z by_yx™.

Therefore, we can write

(1 — 6dx + x2)B(x) = by + byx — 6dbyx + z (b, — 6db,,_1 + by,_)x™. (2.2)

m=2

Since by = 6dbyy,, — byy—1 @and by = 0,b; = 1 equation (2.2) reduces to

(1 - 6dx + x3)B(x) = x + z (B — 6dby_1 + byyy_y)x2™

m=1

Since by, = 6¢byym—1 — bam—o, We get

(1—6dx+ x?)B(x) = x + z 6(c — d)bypy_1x*™

m=1

=x+6(c—d)x Z by x2™ L,

m=1

Now we define b(x) as

b(X) = Z me_ltzm_l.
m=1

By applying the same way as above, we get
(1 - (36cd — Z)X2 + xH)b(x)
2 by, x2™1 — (36¢d — 2) z by 3x2m1 4 z by sx?m1
= blx + b3x — (36cd — 2)b,x3

+ Z (b2m-1 — (36cd — 2)byy_3 + bym_5)x*™ L.

m=3

Lemma (2.2) implies that by,,—1 — (36¢d — 2)byy—3 + byp—s = 0, S0 replacing this
in the above expansion gives

(1 - (36cd —2)x*+xH)b(x) =x +x3+0.
Therefore we hold

x + x3

D) = A Gecd—Dx2 1 20

Substituting b(x) in B(x) we obtain
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x + x3
(1= 6dx+x*)B(x) = x +6(c ~ d)x <(1 —(36cd — 22 + x4)>'

Simplifying this, we have the generating function for the bi-periodic balancing
numbers as

x(1+ 6cx + x%)
1—(36¢cd —2)x2 + x*

B(x) =

Theorem 2.3. We can express the terms of the bi-periodic balancing numbers {b,,}5-, by
using the Binet formula:

m

B (6c)1—$(m) (am _Bm )
Gecd)lzl * =B

where |c] is the floor function of c and é(m) = m — 2 l?J is the parity function.

Proof. We know that the generating function for the bi-periodic balancing numbers {b,,};—, is
given by

x(1+ 6cx + x?)

B(x) = .
) = T Gecd—xz + 1

Using the partial fraction decomposition, B(x) can be written as

Blx) = 1 [|6c(a—1)+ax 6¢c(Bf—1)+Bx
(x)_a—ﬁ x2—(a—1) x2—(B-1)

Since the Maclaurin series expansion of the function

A—Bz

z2—-C

is expressed as

Az_ B; _ Z BC—N-1z2n+1 _ z AC—T—142n
z n=0 n=0

the generating function B (x) can be written as

1 [ O Bla-D™ —a@-Dm
B(x) = o — B pa (a — 1)m+1(B — 1)m+1 ]

6c [ B-D@-D™ —(@-1EB-D™
+a_ﬁ[7;o ’ ]

(a — 1)m+1(ﬁ — 1)m+1
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By using the properties in Lemma 2.3, we get

BG) - mi () (B
Yol (LR e

Z (36cd) < m; - §2m+1> L mZO oc (361cd)m (QZZ :§2m> X

m=0

By the help of the parity function £ (m), the above expansion is simplified as

(6c)' 4™ (am - " )xm.

B(x) = 7
6ca)lzl \ @~ B

Therefore, for all m > 0, we get

B (66)1—€(m) <am _[))m >
" Geca)lzl N #— P

Theorem 2.4. (Catalan’s Identity) For any two nonnegative integer n and r, with r < n, we
have

cE-Ngi-s-np  p . —cfWgl-imp 2 = @) g1-ip 2

Proof. Using the Binet formula, we obtain

Cg(n_r)dl_f(n_r)bn—rbn+r
1-¢&(n-r) 1-E(n+7) ner gt ntr
= §(-1) g1-§(n-) ((60) ) ((66) ) - B —B
a —

36cd)| 2 J Geca)l'z" B a—f

_ (6C)2—s‘(n—r)d1 &(n-r) _ gnT gtT _ g
- < (36¢cd)n—Em—1) ) pra o
_ Cc an — (Q{IB)”_T(QZT + ﬁZr) + ﬁzn
B ((36cd)”‘1> l (a — )2 l
and
5 JI-Emy 2 Em) g1-EG) <(6c)2—2$(n)> Iazn _ 2(ap)" +/32"l

' 36cd)?z] (a — B)?

B c lazn —2(ap)™ + ﬁznl
 \(36cay?lzlrem-1 (a —p)?
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B c aZn _ Z(aﬁ)n + an
h ((36cd)”‘1) I (@ — B)? l

Therefore,

ctm-mgi-in-np _Cf(n)dl §up 2
( ) 2(ap)" — (ap)" T (a*" + ")
(36cd)” ! (a = p)?
o 2r __ Zarﬁr + BZT
((36 d)n 1) (af) l (@-pB)? l

i ()
Becd)?lal
(36cd)r 1)(60)2 280 Or

= —c(6¢)?™-2(36cd)1¢Mp,?
= _Cs‘(r)dl—f(r)brz

~\@6c d)” ! B

Theorem 2.5. (Cassini’s Identity) For any nonnegative integer n, we have

R {OFHONS — Emgi=smp 2 = ¢

—1bn+1
Proof. In Catalan's identity, if we take r = 1 we get Cassini’s identity.
Theorem 2.6. For any two nonnegative integers m and n with m > n, we have
cdmnim) gémninypy p - cSmntn) gé(mnim)p, p = cfm-mp
Proof. We first note that
Em+D)+E&Mm) —26(mn+n)=EMm)+E&n+1)—-2§(mn+m) =1—-&(m—n)

and

E(m—n) =&(mn +m) + E(mn + n).

By using the Binet formula and the above equalities, we get

Cf(mn+m) df(mn+n) bmbn+1

C(Cd)_n am+n+1 + ﬁm+n+1 _ (aﬁ)n(ﬁam—n + aﬁm—n)
m—n—i(m—n) (0( — ,3)2

6m+n=1(cd)

and
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C$(mn+n)df(mn+m) bm+1bn

C(Cd)—n [am+n+1 + IBm+TL+1 _ (aﬁ)n(am—rﬁl + Bm—n+1)l

m—-n—-&(m—n)

em+n-1(cd) > (a — p)*?

Therefore,

c&mn+m) g&(mn+n) boybpq — cS(mn+n) 7§ (mn+m) Dyyi1bn

_ cled)™ [—(aﬁ)"(ﬁam‘” +ap™ " — g™ - ﬁm‘”“)l

6m+n—1(cd)w (a — p)?

c(cd)™ a™ M 4 qfMN — gm-n+l _ pm-n+1
o 6m+n_(1(cl)[’”+’”J (seed)” lﬁ : (@=p)? : l
__ c reso-re-a)
6m‘”‘1(cd)lan)J (a = p)*
c @mn — gmen
R ( «=p )
_ c (36cd)lm+n)l
gm-n-1(cayl "] ) \ (6 TEm ™ [T

= c$(m-n) |

Teorem 2.7. (Sums Involving Binomial Coefficients) For any nonnegative integer n, we
have

Z (Z) (—1)""‘(36cd)l§I (6¢)E® b, = b,,
and =0

n
n k+1
> () o kEsedl 2] Gt b,y = by,
k=0
Proof. We first note that, for any integer k

(Zk—ﬁk

6¢ = (36cd)l§J (6¢)¢®p,.

Using this equality, we can get
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zn: (Z) (—1)"*(36cd) 2] (6¢)5®,

— z (Z) (_1)n—k6c (a:: : gk)

R DR Qe
k=0 k=0
—5l@-10" = (-1

- (04
_ 6C az \" gz \"
Ta-p l<36cd> B (36cd> l

3 6¢c aZn _ 'BZn
B (36cd)"< a—pf >

Similarly,

(i) (~)mk@6ed) 7 | 60y +V-1h,,,

n - k+1 _ Bk+1

20 ()

7 e YN EC ) WWIS
[

NgE

S

=

a—-1D"=B(B—-1)"]

l (iea) ()

2n+1 BZn+1
(36cd)” a—p

= bant1-

Teorem 2.8. The nonnegative terms of the bi-periodic balancing numbers are defined in terms
of the positive terms as

Proof. By using the Binet formula

_n:

(6c)1-¢Cm (a—n _ g )

Geca)lzl b @ F
_ (6c)t M (1/a" —1/p" )
Geca)lzt =B
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_(60)' (B —a™)
(36cd)l_TnJ (36Cd)n(a - .8)
(6C)1—€(n) (.Bn _ an>
= n
Beca)lzl \ @B
= —b,,.
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