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Abstract. In the present paper we derive a pathway fractional integral formula for the
incomplete H-function and presumably new integral involving product of incomplete H-
function and a general class of polynomials having general arguments. A large number of
integrals involving various simpler functions follow as special cases of these integrals.
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1. INTRODUCTION

The incomplete H-functions by Srivastava et al. [1] y, ;" (2) and I};."(z) will be
represented and defined in the following manner
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a, A, x),(a,A4,)...,(a, A
(by, B1), (by, By) ..., (by, By) " Zm
where
G(s,x) = T(1-a;~A15%) [T7%, T(bj+Bjs) [I}=, T(1-a;-Ajs) (@)

H?=m+1 F(l—bj—BjS) H?=n+1 l"(aj+Ajs)

The incomplete H-function v, (z) and T;"(2) in (1) and (3) exist for all x =0
under the same contour and the same sets of conditions as stated for H-function in [2]. The
incomplete H-functions in (1) and (3) are symmetric in the set of parameters pairs

(az Az) ..., (an, Ay) in the set of parameters pairs (any1, Ant1) - (ap, 4,) in the set of
parameter pairs  (by,By) ..., (b, By), and in the set of parameter pairs
(bn+1,Bms1) -, (bg, By). The definitions (1) and (3) readily yield the following
decomposition formula

Yoq (2) + 0" (2) = Hy' (2) (5)
2. PATHWAY INTEGRAL OPERATOR OF AN INCOMPLETE H-FUNCTIONS

Let f(x) € L(a,b),n € C,R(n) > 0,a >0 and let us take a “pathway parameter”
a < 1. The pathway fractional integration operator studied in the paper is defined and
represented as follows [3]:

(P2 £) ) = 0 [0 [1 - S0 gy ©)

The pathway model related to above operator was introduced by Mathai [4] and
studied further by Mathai and Haubold [5,6]. For real scalar «, the pathway model for scalar
random variables is represented by the following probability density function (p. d. f.):

fQ)=clxl"1-a(l- a)lxl‘s]ﬁ ()

provided that —oo < x < 0,8 > 0,8 = 0,[1 —a(1—a)|x|®] >0,y > 0, where ¢ is the
normalizing constant and « is called the pathway parameter. For real «, the normalizing
constant is as follows:

Y
_ 15[a<1—a]”(é+<1fa>+l), fora <1 ®)
2 ()

1 6la(1- a]8F( B ) 1 y
Zm fora_l—g>0,a>1 (9)
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16[ap]

IEECK

We observe that for a < 1 it is a finite range density with [1 — a(1 — a)|x|°] > 0
and (7) remains in the extended generalized type-1 beta family. The pathway density in (7),
for a < 1, includes the extended type-1 beta density, the triangular density, the uniform
density and many other p. d. f.

For a > 1, we have

a-1 (10)

f ) =clx|" 1+ a(a - 1)|x|5]_% (11)

provided that —oo < x < 00,§ > 0,8 = 0,a > 1, which is the extended generalized type-2
beta model for real x. It includes the type-2 beta density, the F density, the Student-t density,
the Cauchy density and many more.

Here we consider only the case of pathway parameter @ < 1. For a« — 1 both (7) and
(11) take the exponential from, since

n .
lim clx|""H1 - a1l — a)|x|%]0-® = lim clx|""1 + a(a — 1)|x|®] @D
a- a—

= c|x|""texp(—an|x|®) (12)

This include the generalized Gamma, the Weibull, the chi-square, the Laplace,
Maxwell-Boltzmann and other related densities.

o wn
When a - 1_ [1 — @]“‘“) — e~ x'. Then, operator (6) reduces to the Laplace
integral transform f f with parameter %:

(PO f) ) =27 ™% f(oyde = xnL, (22) (13)

When a = 0 a = 1, then replacing n by n —1 in (6) the integral operator reduces to the
Riemann-Liouville fractional integral operator (For more details, we refer to [7-14].

Lemma 1. Let n € C,R() >0, € C and a < 1. If R(B) > OER(IY—Q) > —1, then there
holds the basic formula

n
ma)f, po1] — _x™F TO(1+L)
Pt = G T (4
Theorem 1. Let n,p € C,R(B) > O,ER(l + l—a) >0,R(p) >0and a < 1,b € R. Then for

the pathway fractional integral Po(f'“) the following formula holds for the image of an
arbitrary incomplete H function

n
(al, 051,95): (az, az), ..., (ap' ap)l) x7*PT (1 T O()

M@ p—1pmn |y .pB =
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ISSN: 1844 — 9581 Mathematics Section



94 Pathway fractional formula and ... Narendra S. Solanki et al.

pmnt bx? (a1, C¥1,X), (ay, a3), ..., (ap, ap), (1-p,8)
X lpi1q+1 [a(1 - a)]f (by, B1), -, (bg, Bg), (—p — &, B)

)

x 1
- a(l —a)tyi-a 1
:xnfa(l 9 o1 [1 _a )] f G(s, x)(btF)~Sdsdt
0 X 2mi J,

(15)
Proof. Using the definitions (1.3) and (2.1), we have

(ay, a1, %), (az, az), ..., (ap, ap)
p» Ap

(71,‘1) —1lpmn ﬁ
)2) tP~1T bt
( 04 p.q l (bly ﬁl)’ B (bqrﬁq)

Interchanging the order of integration and evaluating the integral by the beta function
formula, it gives

n
I G (o ps) b

[a(1—a)]? ZnijL Gs,%) r (1 o+l BS) [[a(l - a)]ﬁl ds

1—o

) x’7+pF(1 + 2L o()

l[a(1 = a)]?

[+ bx? (ay, aq,x), (az, az), ..., (ap, ap)‘ 1-p,8)
X 1pi1q+1 [a(1 = a)]?P (b1, B1), -, (g, By), (—p — &’ B)

The interchange of the order of integration is permissible under the conditions stated
in the theorem due to convergence of the integrals involved in the process. This completes the
proof of Theorem 1.

When a — 1 then (2.10) tends to

xM*PT (1 +1= 0() T(p — Bs) bxP -
[a(l— a)]° zm'fL Glsx) (1+p+1L—s) l[a(l - a)]ﬁl o=
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x1P 1 c . bxP _Sd
), 6T [[a(l—a)]ﬁl ’

bxP
aPnPB

xT*P (al,al,x), (aZ'aZ)' ""(ap'ap)'(l —P,ﬁ)

(bli Bl)' (bZ' 32)' L] (bq' ﬁq)

mn+1
GO

(16)
as it gives the formula for Laplace transform of the incomplete H-function [3].
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3. INTEGRAL INVOLVING INCOMPLETE H-FUNCTION AND POLYNOMIAL

The general class of polynomials introduce by Srivastava [15] defined in the following
manner

%4
Sy (y) = Z;”iowy’{, V=012,.., (17)

K!

where U is an arbitrary positive integer and coefficients A(V, K), (V, K = 0) are arbitrary
constants, real or complex.

Theorem 2. The following integral holds true:

*® 117V 117
f zA 1 [z +a+(z2+ ZaZ)E] Yoo [a) [z +a+(z2+ ZaZ)?] ]
0

17— @
x SY [T[z+a+(zz+2az)5] ]dz

14

(1 A Z (T/a“)K mn+2
=207 (5a) T@D Y (-V)AV, k) L Fnee,
K=0

v—oaK w),(1+A—-v—oaK p),(a;,a;,x)(ay a;), .., (ap, cxp)

X
(b, B1), - (bg Bg), (1 —v —aK, ), (—v — aK — A, p)

wa * ‘(_

(18)

where
Mu>0Re(,v,a) >0 x>0
(ii) Re(2) — Re(v) — min,<jem Re (;4) <0

J
Proof. To obtain the result (2) the first express Incomplete H-function involved in its left-
hand side in terms of contour integral using equation (3) and the general class of polynomials
SY(y) in series form given by equation (17). Interchanging the order of integration and
summation which is permissible under the conditions stated with (18) and evaluating the x-
integral with the help of the result given below [16]:

[ee] 1 i %
f zA1 [z +a+(z%+ ZaZ)E] dz
0

A
= 2va (% a) [F(1+v+ A" TR TG =2), 0<Re() <v,

We easily arrive at the desired result (3.2). If in the integral (18) we reduce SY(y) to
unity and incomplete H-function to incomplete Gauss hypergeometric function [17], we arrive
at the following result after a little simplification

[ee] 11~V
J zA1 [z +a+ (2% + ZaZ)E]
0
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1
x Lhfa,b;c;t(z+a+ (2% + 2az)2)"1]dz

T(v—2)

_ 21-4 A—-v
=270I(2a FTv+A+1)

X aTa(abv—24v+Levv+a+17/g)
(19)
where

0 < Re(d) < Re(v),|t| < |a|,x = 0.

The importance of the result given by (18) lies in the fact that it not only gives the

value of the integral but also ‘augments’ the coefficients in the series in the integrand to give a

4[5 series as the integrated series. A number of other integrals involving functions that are

special cases of incomplete H-function [13] and/or the general class of polynomials can also
be obtained from (18) but we do not record them here.
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