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Abstract. The introduction of the SILR model in 1927 by W. O. Kermack and A. G. Mc
Kendrick also led to the compartmental modeling of the transmission of the Tuberculosis
(TB). We select two models describing the spread of the TB in the vaccinated and non-
vaccinated populations. The main objective of this study is to understand the transmission of
Tuberculosis specifically the impact of bacille Calmette-Guerin (BCG), a vaccine for tuberculosis
(TB) disease. Most effective vaccination used against TB is BCG, and there is no consensus
about its efficiency and the estimation of preservation dimension from 0 to 80%. For this we
consider two models of transmission basic SILR model, this model is continued to incorporate
vaccinations at birth to get a new model VIyLy so that we deeply analyze BCG vaccination
impact. The models are analyzed by sensitivity analysis of parameters. We evaluated the
sensitivities of all parameters in SILR and VI Ly models.
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1. INTRODUCTION

Tuberculosis is an endemic disease which is caused by a bacterium called
Mycobacterium tuberculosis. Tuberculosis have been known to the main kinds since ancient
times. Earlier this disease has been called by numerous names. Tuberculosis bacterium which
mostly affects lungs when the Mycobacterium enters the lungs, it is called the pulmonary TB.
It also affects other parts of the body (e.g. the central nervous system, bones, joints, kidney
and skin) [1]. Tuberculosis is caused by Mycobacterium Tuberculosis is a preventable and
treatable disease that commonly affects the lungs. To date, TB confirms second biggest
number of casualties because of solitary irresistible collaborator directly after Human Immune
deficiency Infection and Immune Deficiency disorder (HIVV/AIDS). There were right around
9.7 million orphan children in 2009 because of the TB passing among parents. In 2010, about
8.8 million people were corrupted counting 1.1 million cases among people with HIV and 1.4
million passed on from it, joining 350,000 people with HIV, equal to 3,800 passing’s
consistently [2]. Robert Koch gave his discovery of the causative organism of tuberculosis,
Koch’s bacillus or Mycobacterium Tuberculosis in Berlin on the 24™ March 1882. Since then
the 24™ of the March has been seen as the World’s tuberculosis day. In 1890, Koch made
tuberculin, a purified Protein Derivative (PPD). In spite of the fact that it was inadequate
methods for vaccination of TB. Charles Mantoux directed in 1908 that it is a compelling

! Mirpur University of Science and Technology (MUST), 10250 Mirpur, Pakistan.

E-mail: drali@must.edu.pk. , drrashida@must.edu.pk

2 Government Postgraduate College No.1 Abbottabad, Department of Mathematics, Abbottabad, Pakistan.
E-mail: dr.mohammadmunir@gpgcl-atd.edu.pk.

ISSN: 1844 — 9581 Mathematics Section


mailto:drali@must.edu.pk
mailto:drrashida@must.edu.pk
mailto:dr.mohammadmunir@gpgc1-atd.edu.pk

120 Mathematical analysis of ... Asghar Ali et al.

method for diagnosing TB by intra-dermal technique (Mantoux test or tuberculin test) [3].
Roentegen revealed X- rays in 1895 which improved the diagnosis of TB.

The current vaccine for TB, Bacille Calmette Guerin (BCG), was first used in 1921
[4]. BCG was generally consumed until World War 11. Pakistan presented it in 1949, advance
responsible for TB instigation with the disclosure of Streptomycin in 1944, P-Amino-Salicylic
corrosive (PAS) in 1946 and Isoniazid in 1951.

In 2009, about 9.4 million episode new instances of TB and a predominance of 137
instances of TB for each 100000 populace were accounted for globally. Most number of cases
happened in Asia (55%) trailed by Africa (30%), Eastern Mediterranean district (7%)
European region (4%) and the area of Americas (3%). The five nations with biggest number
of cases were India, China, Afghanistan, Indonesia and Pakistan. India and China commonly
represented 35% of these new cases. Roughly 1300,000 individuals kicked the bucked of TB
in 2009.

Pakistan stand 5" among 22 countries with high burden of Tuberculosis. Estimated
prevalence of TB in Pakistan is 350 cases per 100,000 populations. Total new cases reported
were 258251 composed of 101887 smear positive cases, 112948 smear negative cases and
43416 cases of extra -pulmonary TB. Sixty thousand people died of TB in Pakistan in 2009
[5]. Tuberculosis is a contamination ailment caused by moderate developing microbes that
develop best in areas of the body that have heaps of blood and oxygen. That is why it is
regularly found in lungs this is called pulmonary tuberculosis. Mycobacterium tuberculosis is
the main agent of tuberculosis which is a corrosive, quick, gram-positive, oxygen consuming,
non-motile, rod-shaped organism. Its two shapes cause sickness in humans. Mycobacterium
tuberculosis spread through air when an infected person coughs, sneezing, talks and spits,
saliva droplets containing tuber bacilli are projected into the air and can be inhaled by a
nearby person [6]. Tuberculosis also induced by interchange of environmental and genetic
factors. The incubation period of a disease is defined as the time interval between initial
infection and disease outbreak [7]. The incubation period of tuberculosis varies from 2 to 12
weeks. It was not clear how TB was transmitted until Robert Koch’s awe inspiring exposure
of the tubercle bacillus in 1882. Koch also recognized the purpose behind Bacillius anthracis.
He broke down Mycobacterium tuberculosis as the causative expert of TB. The tubercle
bacilli live in the lungs of tainted hosts. They spread recognizable all around when powerful
individuals wheeze, hack, talk or sing. A powerless individual may wind up evidently debased
with TB if he or she takes in bacilli from the air. The particles containing Mycobacterium
tuberculosis are little to the point that standard air streams keep them airborne and transport
them every single through room or structures [8]. TB was not only the first disease for which
MTB was found. The innovative agent was identified, but also one of the first for which a
vaccine was developed. The first discovery for the TB vaccine development was the use of
Mycobacterium bovis bacillus Calmette Guerin commonly known as BCG, Doherty and
Andersen [5]. This is a neonatal pre-presentation antibody that is generally utilized far and
wide with around 350 billion people, that is, roughly 50 percent of the total populace having
gotten it, for the most part in zones where TB is endemic [9].

The first direct model of Waaler’s did not define the mechanics of TB transmission.
He presented another model of 160 direct conditions in [5] taking a similar system, yet
containing BCG inoculated and distinction recuperated classes for 20 different age classes.
Revelle first present non-linear frameworks of ODEs Utilizing the model of Brogger and
Waaler as a format that model TB elements. He clarified why the contamination estimate
depends straightly on the commonness utilizing the probabilistic way that is regular today
(homogeneous blending). He built up an improvement demonstrate and considered the
insignificant cost procedure against TB. It justifies determining that Waaler besides in 1970
built a model that compel the worth of elective tuberculosis govern measures.
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A mathematical analysis of a TB model without fast progression was developed by
Chavez et al. [10]. After that, most publications have practical mathematical approach such as
center manifold theory and Lyapunov functions, to examine transmission of tuberculosis [11].

The study of how the uncertainty in the output of a model (numerical or otherwise)
can be apportioned to different sources of uncertainty in the model input [12]. Sensitivity
analysis creates fundamental data for parameter estimation, enhancement, control, display
simplification and test design. The sensitivity analysis introduce, the orderly investigation of
the effects of parameter values on the estimation of scientific models is a fruitful apparatus for
demonstrate assessment and approval and in addition for calculating the effect of parametric
uncertainly and variability [13]. Sensitivity analysis is useful analysis of the impacts of
parameter esteems on indicator of mathematical models which is a helpful weapon for model
estimation, verification as well as assessment of the impact of parametric uncertainly and
variability [14], [18-21].

2. MATERIALS AND METHODS

The well-studied model of TB transmission and the theory of the sensitivity functions
are described in this section.

2.1. SILR MODEL

We take two transmission model of tuberculosis SILR (2.2) and vaccinated model VIL (2.3)
[15].

2.2. SILR MODEL EQUATIONS

9 (1= vy — eAS — uS
E - ( v):u & ‘Ll )
L= pA(eS+a(R + L)) + wL — (T + ),
N (2.1)
=7 = (L= OAES + oR) =oAL (0 + L,
dR
- Il — (oA + WR.

These equations show the rates of change of individual class and determined in
parameters terms as shown in (1). Extraneous notations are ¢, the auxiliary parameters, that
is 1 naturally and granted an age of sub-models, and A, the per capita rate of disease.
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Basic reproduction number of SILR model

By using standard system Diekmann et.al. [16] the fundamental reproduction number
Is calculated as:

_ (wtowp (22)

0™ (wtw@+w

The SILR model is extended to incorporate vaccination at birth. This requires the
further specification of three categories: Vvaccinated individuals who are not infected; and
vaccinated individuals who have been infected and are either infectious with active TB Iy, or
latent L,,. Transmission in the vaccinated population is described in (2.3) and, using the
parameters in Table 1, this is formalized as:

2.3. VI,L, MODEL EQUATION

av
Ezv,u+rly—aVAV—,uV
LY = poy AWV + Ly) + wly — (T + Wy (2.3)
dLy

— = L= )ayAV = doyALy — (@ + )Ly

2.4. SENSITIVITY ANALYSIS

A multiple-output system with measureable outputs is given by:
y(t,0) = (f1(t,0),..... fu(t,0)),
0<t<T, 6eU, (2.4)

where T > 0 is a fixed time instant and U < R” is an open set consisting of parameters 8
which are to be estimated.

2.4.1. Sensitivity functions

For this model, the sensitivity or sensitivity functions of model output f.(¢,8) with
regard to the component of parameter 6 is defined as:

8 fi(t6)
. i(t,0) .
Sﬁ(t) = 11m59¢_)0 fSTtd)’ ¢ = 1, ..... P, 1= 1, ..... M. (25)
% o

This can be written as:
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5 fi80) 0,

Séc_;(t)z 2y T L= Lo Mg =1p (2.6)
Here both f.(t,6),i=1,...... M and 64, ¢p=1,..... ,p are assumed to be non-

zero [17].

The sensitivity functions measures the effects of changes in parameters on model
outputs. In order to illustrate which parameters, the outputs of model is least or most sensitive.
The system sensitivity with respect to parameter vector component at any time instant t in
[0, T] combining individual sensitivities of all model outputs f,, i =1,...., M is defined by:

/ Sy @© 2\%,
(&%)

M
1,

S, (1) =
¢

..... P

3. NUMERICAL IMPLEMENTATION

We take the values of 8 as shown in the Table (1) and the initial condition as S(0)=
529.6135, 1(0)=0.3092, L(0)= 0.0251 and R(0) = 0.2010 for the SILR model (2.2). The initial
condition for the VIL (2.2) model as V(0) = 529.6135, 1(0)= 0.3092, L(0)= 0.0251. Then we
solve the system of sensitivity equation using Matlab ode solver ode45 over the time interval
[0,150] using the values of the parameter given in the table 1. We find the sensitivities of the
state variables S, I, L and R and V, I,and Ly with respect to the parameters 6 =
(w, ¢,0,0,,v,0,7,B,A €) forthe (2.2) and (2.3) models respectively.

4. RESULTS AND DISCUSSION

The results on the sensitivity studies of the Tb transmission model with and without
vaccination are given in the following section:

4.1. SENSITIVITIES OF S, I, L AND R WITHOUT VACCINATION MODEL

The sensitivities model of the model outputs S, I, L and R, with respect to the
parameters u, ¢, o,0,,v,w,T, B, A, € are presented in Fig. 1(a-d).
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Figure 1. Sensitivity of: a) S w.r.t all parameters; b) | w.r.t all parameters; c) L w.r.t all parameters; d) R
w.r.t all parameter.

Table 1. Parameters with their nominal values.

Symbol Definition Value

v vaccination coverage 95%

U death rate and birth rate 1/70 yr—1

£ auxiliary parameter 0.1

& Proportion of individuals that are develop active TB The 01
remaining 1 — ¢ have latent TB '

- factor that reduce infection risk as a result of acquired immunity 0.95
to a previous infection. '

Oy factor reducing risk of infection as a result of vaccination 0.20

A Per capita rate of infection 2

) rate of endogenous reactivation of latent TB 0.0002 yr—1!

B Transmission coefficient 2

T rate of treatment of active TB 2yr~t

Fig. 1 (a-d) shows that the susceptible individuals are sensitive with respect to
parameters ¢ and p its sensitivity with respect to ¢ starts from 70 years to 95 years than
remain constant and a little sensitive in low magnitude and u is sensitive upto 45 years to 65
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years than remain constant this implies that susceptible are infected by birth rate and
proportional of individuals that develop active TB. Infected individuals are sensitive with
respect to parameter S upto 40 years after that it remain constant and the parameter ¢ which
is sensitive upto 60 years after that it remain constant and ,v which is most sensitive its
sensitivity upto 60 years after that it remains constant it means infection rate affect on infected
compartment L and B are also sensitive with respect to T which is sensitive upto 47 years , 8
and o are sensitive during initial years and parameter ,v which is most sensitive upto 95
years after that it remains constant this implies latent and recovered individuals are affected
by the rate of treatment, transmission coefficient and mostly effected by vaccination coverage.

System Sensitivities w.r.t parameters u,0,0,0,,v,w,7,3,\ ,¢,

v
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Figure 2. System Sensitivity w.r.t all parameters.

4.1.1. System Sensitivity of the SILR Model

System sensitivities of all parameters are presented in Fig. 2. Information acquired by
the time courses of the system sensitivities are more or less similar to the information given
by their individual sensitivities. The sensitivities signpost that the model outputs of X=(SILR)
IS more sensitive with respect to parameter 3, then with respect to parameter ¢, then with
respect to v, then 7 and then o, respectively. Model output is least sensitive with respect to
u and some parameters are insensitive in the model.
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Figure 3(a). Sensitivity of V (Tb transmission model) with VVaccination Model.
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4.1.2. Sensitivities of VI, Ly with respect to w, ¢, 6,06,,0,w, T, B, A, €

Fig. 3 represents the Sensitivity of VI,Ly model with respect to all the parameters. A is
the most sensitive parameter in vaccinated model.

4.1.3. System Sensitivity of VI, Ly Model

System Sensitivities of the parameters combine the effects of sensitivities of all
outputs of the VI,Ly model. They also depend on the number of measurements points. By
taking the mesh points as the measurement points the system sensitivity of the model are
presented in Fig. 3.

The information given by the time courses of the system sensitivities are more or less
similar to the information given by their individual sensitivities. The system sensitivities
indicate that the model outputs X= (VI,Ly) is sensitive only with respect to parameter A, all
other parameters are insensitive for vaccinated model.
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Figure 3(b). Sensitivity of I, (Tb transmission model) with Vaccination Model.
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Figure 3(c). Sensitivity of L, Tb transmission model with Vaccination Model.

4. CONCLUSIONS

We have analyzed the tuberculosis model for the non-vaccinated and vaccinated
populations by the sensitivity analysis:
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1) We have found the sensitivities of all parameters in SILR and VI,Ly models. The

model output S is more Sensitive w. r. t parameter A during time interval of [25
150]. Whereas all other parameters are sensitive but with less magnitude. The
parameter A is sensitive for all the models outputs in the VI, Ly model for whole of
epidemic period.

(2) The parameter w, A and ¢ are sensitive for all model output in the SILR model. w

remain sensitive to all outputs in VI,Ly model upto 20 years. Whereas € and 8
are insensitive in VI, Ly model. A is sensitive for whole epidemic period.

(3) B is insensitive for all outputs in the VI, Ly where as it is sensitive for the outputs

I, Land R for almost 25 years, only S is insensitive.

4) The sensitivity of the parameters ¢ and ¢ shows that these two parameters are

sensitive for all model outputs of SILR and VI, Ly.

(5) The sensitivity studies of the SILR model indicate that the parameter g, is less

sensitive as compared to VI, Ly.

(6) The qualitative and the quantitative sensitivity studies of the non vaccinated and

vaccinated reaffirm each other.
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