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Abstract. In this article, we employed the 3D-fractional Wazwaz-Benjamin-Bona-

Mahony (3D-FWBBM) equation with its spatial and temporal variables which is stretch for 

the Korteweg-de-Vries equation that represent the unidirectional propagation of small 

amplitude long waves on the surface of  hydro magnetic and acoustic waves in channel 

specially for  shallow water. New exact soliton solution has been realized using the ( / )G G 

expansion method. Furthermore, the numerical solution of the suggested equation according 

to the variational iteration method (VIM) is listed effectively. A good comparison between the 

obtained exact and numerical solution are successfully demonstrated. 

Keywords: The 3D-FWBBM equation, the ( / )G G  expansion method, the 

variational iteration method (VIM), traveling wave solutions. 
 

 

1. INTRODUCTION  
 

 

The new formulism for the three-dimensional (3D) version of the modified BBM 

equations is introduced in a sort of coupling and/or generalization of different senses by 

Wazwaz [1]. This new description of the 3D-Wazwaz-Benjamin-Bona- Mahony equations 

(3D-WBBM) with dual property of spatial and temporal variables represents the problems in 

higher dimensions which have more applications in real-life situations, furthermore the 

obtained solutions of this model help in understanding the physics behind models. Recently, 

there exists large number of the well-known ansatze approaches methods invented by various 

authors which used successfully to find the exact solutions of nonlinear problems in different 

branches of science. Most of these methods are listed in the references [2-15]. Some of these 

methods are the modified decomposition method, the extended Jacobian elliptic function 

expansion method, the Riccati-Bernoulli Sub-ODE method, the modified extended tanh-

function method, the modified simple equation method, the exp (−φ (ζ))-method, the modified 

exp (–φ (ζ))-expansion method extended trial equation method,  

First integral method and  (G′/G)-expansion method. The results obtained by these 

methods are analogy with that obtained using the reduction methods and the Lui-semi-group 

methods. The majority of these methods are building on the balance rule in its preparing. One 
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of these methods is the well-known (G′/G)-expansion method which realized effectively the 

exact solutions for the many nonlinear evolution problems.                                                                                            

Also a flux of a numerical methods are invited to find the approximate solutions for 

the nonlinear phenomena arising in physics and mathematics such as the Adomian 

decomposition method, Badi approximation method, Rung-Kutta method, finite element 

method, boundary element method and the Variational  iteration method, etc. To realizes the 

approximate solutions of these problems.  There are some tries through different authors that 

make the study of soliton dynamics possible of models relevant such as the Benney-Luke 

equation [16], Korteweg-de-Vries equation (KdV) [17], variant Boussinesq equation [18], and 

Benjamin Bona Mahony (BBM) equation [19]. Seadawy [20] and other discuss a variety of 

soliton solutions of this converted model using tanh and coth hyperbolic function as well as 

tan and cot trigonometric functions. The main idea of this article concentrated on finding new 

exact and the numerical solutions of the suggested equation using the (G′/G)-expansion 

method [2] and the variation iteration method [21] respectively and making a comparison 

between these two solutions. 
 

 

2. TECHNIQUE DESCRIPTION OF THE ( / )G G EXPANSION METHOD 

 

 

To propose the general form of the nonlinear evolution equation let us introduce  R as 

a function of h(x,t) and its partial derivatives as, 
 

                                                                             (1) 
 

that involve the highest order derivatives and nonlinear terms. 

With the aid of the transformation                          equation (1) can be 

reduced to the following ODE:  
 

                                                                                                               (2) 
 

where   is a function in      and its total derivatives, while   
 

  
 

The constructed solution according to this method is: 
 

            0

0

( ) , 0,

km

k m

k

G
h A A A

G




 
   

 
                                                (3) 

 

where the positive integer m in Eq. (3) can be located by balancing the highest order      

derivative term and the nonlinear term, while ( )G  satisfy the second order different equation 

such that 0.G G G      The solution of this equation admits three forms of solutions 

depend one of these cases  2 2 24 0, 4 0 4 0,and           

 

Case 1: When 2 4 0,  the solution is: 
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Case 2: When 2 4 0,  the solution is: 

  

         

2 2

2 1 2
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1 2
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4 2 2( ) ,
2 24 4

( ) ( )
2 2

l sin l cos
G

G
l cos l sin
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 

                       (5) 

 

Case 3: When 2 4 0,   the solution is: 

 

         
2

1 2

( ) ( ) ,
2

lG

G l l






 

                                                        (6) 

 

Substituting about the derivative of the function ( ),h  at the given problem we get a 

polynomial of ( ) , ( 0,1,2,....).kG
k

G


  In this polynomial, adding all terms of the same power of 

( ) ,kG

G


  and let the coefficients of different exponential  of  ( ) ,kG

G


  equal to zero, we get a 

system of algebraic equations which solved by any computer program to find .kA  
 

 

3. APPLICATIONS 

 

 

Before we apply the method mentioned above to get the exact soliton solutions of the 

3D-fractional WBBM equation [1], we firstly give some knots about the fractional calculus, 

 
(i) Riemann-Liouville derivatives 

 

1(1 )
,

(1 )

r r

x

r
D t t

r





 

  

 
 

 

( ( ) ( )) ( ) ( ) ( ) ( ),x x xD h t g t h t D g t g t D h t   
 

 

( )[ ( )] [ ( )] ( ),t tD h t g t h g t D g t 
 

 

and these two well-known forms  
     

( ( )) ( ) , 0,D J h x h x x       
 

and 
 

0

( ( )) ( ) (
!

0 ) , 0,
km

k

k

x
D J h x h x

k
h x  



   

 

this represents derivatives of Caputo operator.  

Now, we introduce the general form of the NLFPDE as, 
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 ( , , ,.......) 0, 0 1x tp h D h D h                                                                      (7)
 

 

where  ,x tD h D h   are the modified Riemann-Liouville derivatives, and with using these 

nonlinear transformation, 
 

   0( , ) ( ), ,
(1 ) (1 )

kx ct
h x t h

 

  
 

   
                                       (8)  

 

while  ,   and    are constants with      ), will transform equation (8) to this ordinary 

differential equation (ODE) with integer order namely,  
 

( , , ,............) 0f h h h                                                                         (9)
 

 where  (  
 

  
).                

 

(ii) Conformable fractional derivative 

 

If the function  :[0, ) ,h    thus the conformable fractional derivative of 

( ), 0u x x  is defined as    

 

  

1

0

( ) ( )
( ( )) , (0,1]limx

h

u x hx u x
D u x

h


 





 
     (10) 

 

and according to [22] it realized all differentiation rules that applied on the ordinary functions. 

Thus for the 3D- FWBBM equation [1] 
 

               
3 0,t x y xztD h D h D h D h                                                     (11) 

 

Under these transformations, 
 

           ( , ) ( ), ,
x y z t

h x t h a b c d
   

 
   

                                       (12) 

 

Will changed to, 
 

          
3( ) ( ) 0,acd h b h d a h                                                      (13) 

 

If we integrate the last equation and neglecting the constant of integration we get, 
 

           
3 ( ) 0,acd h bh d a h                                                       (14) 

 

In this section, we will apply the ( / )G G  expansion method as a new technique to 

realize the exact solution for the 3D- FWBBM equation "in terms of some variables". Hence, 

we can easily obtain the travelling wave solutions when these variables take specific values. 

To apply the proposal method for equation (14), we firstly apply the balance rule 

between 3, 2 3 1,h h m m m      thus according to the proposed method the solution is 

 

                0 1( ) ( ),
G

h A A
G




                                                      (15) 
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Substitute about h, h
3 
and h

ʺʺ   
implies this system of equations,  

 

     
3 2

1( ) 2 0,
G

acd bA
G


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G
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1 0. ( ) 0,Cons Aacd a d A                                            (16) 
 

From which we can easily obtain, 
 

         0

2
,

2
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A

b

 
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2
,

acd
A

b


                                (17)   

 

Thus according to the cases of solution for the proposed method the solutions are, 
 

Case 1: When 2 4 0,  the solution is: 
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Case 2: When 2 4 0,  the solution is: 
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Case 3: When 2 4 0,   the solution is: 
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Figure 1. The plot of Eq.(18) in 2D and 3D with values:

 
1 22, 1, 3, 1.25,l l     

 0.7, 0.3, 0.001, 0.3,a b c      0.2,d  20 < x < 1, 0 < t < 10. 

             
 

Figure 2. The plot of Eq.(18) in 2D and 3D with values:

 
1 22, 1, 3, 1.25,l l     

 0.8, 0.3, 0.001, 0.3,a b c      0.2,d  20 < x < 1, 0 < t < 10. 

          
 

Figure 3. The plot of Eq.(19) in 2D and 3D with values:

 
1 22, 1, 2, 2,l l     

 0.7, 0.3, 0.001, 0.3,a b c      0.2,d  20 < x < 1, 0 < t < 10. 

          

Figure 4. The plot of Eq.(19) in 2D and 3D with values:

 
1 22, 1, 2, 2,l l     

 0.8, 0.3, 0.001, 0.3,a b c      0.2,d  20 < x < 1, 0 < t < 10. 
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Figure 5. The plot of Eq.(20) in 2D and 3D with values:

 
1 22, 1, 3,l l   

 0.7, 0.3, 0.001, 0.3,a b c      0.2,d  0 < x < 1, 0 < t < 10. 

                 

Figure 6. The plot of Eq.(20) in 2D and 3D with values:

 
1 22, 1, 3,l l   

0.8, 0.3, 0.001, 0.3,a b c      0.2,d  20 < x < 1, 0 < t < 10. 

 

 

4. THE VARIATIONAL ITERATION METHOD 

 

 

Consider the differential equation with inhomogeneous term ( )f   and R, S the linear 

and the nonlinear operators respectively as: 

 

 ( ),Lh Nh f                                                              (21) 

  

The VIM proposes a correction functional for equation (21) to be: 

 

 1

0

( ) ( ) ( )( ( ) ( ) ( )) ,m m m mh h t Lh t N h t g t dt



                                    (22)  

 

where  is a general Lagrange’s multiplier, which can be identified optimally via the 

variational theory, and mh  as a restricted variation which means mh . The Lagrange multiplier 

  is crucial and critical in the method, and it can be a constant or a function. Having 
determined, an iteration formula should be used for the determination of the successive 

approximations 1( )mh  ; n ≥ 0 of the solution ( )h  . The zeros approximation 0h  can be any 

selective function. However, using the initial values (0)h ; (0)h  are preferably used for the 

selective zeros approximation 0u as will be seen later. Consequently, the solution is given by 

( ) lim ( )mh h


 


  It is interesting to point out that we formally derived the distinct forms of 

the Lagrange multipliers   in [21], hence we skip details. We only set a summary of the 

obtained results,                                                                                            

It is important to give briefly the significant forms of Eq. (22) according to the 

Lagrange multipliers in these results,                                                                                                  

For the 1
st
 order ODE in the form, 

 

          ( ) ( ), (0) ,h q h p h                                                (23)    
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We find that 1   , and the correction function give the iteration formula: 
 

          
1

0

( ) ( ) ( ( ) ( ) ( ) ( )) .m m m mh h h t q t h t p t dt



 
                                     (24) 

 

The 2
nd

 order ODE in the form 

 
( ) ( ) ( ) ( ), (0) , (0) ,h ch dh g h h                                     (25)  

 

we find that t x   , and the correction function give the iteration formula: 

 

           
1

0

( ) ( ) ( )( ( ) ( ) ( )) .m m m m mh h t x h t ch t dh g t dt



 
                                            (26) 

 

The 3
th

 order ODE in the form, 

 

 ( ) ( ) ( ) ( ) ( ), (0) , (0) , (0) ,h ch dh eh g h h h                                   (27)  

 

We find that 2

2!
1 ( )t x    , and the correction function give the iteration formula 

 

21
1 2!

0

( ) ( ) ( ) ( ( ) ( ) ( ) ( )) ,m m m m m mh h t x h t ch t dh t eh g t dt



 
                              (28) 

 

Consecountly,for the general form of ODE 
 

( ) ( 1) 1

0 1 2 1( , , ......., ) ( ), (0) , (0) , (0) ....., (0) ,m m m

mh f h h h h g h h h h     


                (29) 

 

The lagrange multiplier  take the general form 
( 1)!

( 1) 1( )
m

m

m
t x  


  , while the general 

form of iteration rule become, 
  

 ( 1) 1 ( ) ( 1)

1 ( 1)

0

!
( ) ( ) ( ) ( , , ,......., ) ( ) ,

m
m m m

m m m
h h t x h f h h h h g t dt



    

 
                        (30) 

 

Furthermore the zeros approximation 0 ( )h   can be selected perfectly to be,  

 

  
2 3 1 11 1

2! 3! (
1

1)!0 0( ) (0) (0) (0) (0) ....... (0) ,m

m

mh h h h h h    


                               (31) 

 

where m is the order of the ODE. 
 

 

4.1 APPLICATIONS OF METHOD 
 

 

For the second order differential equation (14) mentioned above, 
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3 ( ) 0,acd h bh d a h      

with the initial condition  

 

 2

1

2
(0) ,

2

lacd
h

b l

 
  

 
 

2

2

2

1

2
(0) .

lacd
h

b l

 
   

 
                     (32) 

 

According to the variational iteration method the first and the second iteration is,   

 

0( ) (0) (0),h h h   
             0 ( ) 3(1 ),

2
h


                    (33) 

 

Using the fact that the exact solution is obtained by using  ( ) lim ( )mh h


 



 

 

               

 

Figure 7. the plot of Eq.(33) in 2D and 3D with values:

 
1 22, 1, 3,l l   

 0.7, 0.3, 0.001, 0.3,a b c      0.2,d  0 < x < 1, 0 < t < 10, 

 

          

 

Figure 8. the plot of Eq.(33) in 2D and 3D with values:

 
1 22, 1, 3,l l   

 0.8, 0.3, 0.001, 0.3,a b c      0.2,d  0 < x < 1, 0 < t < 10, 
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5. CONCLUSION 

 

 

In this work, the ( / )G G  expansion method has been used effectively to realize 

some new exact travelling wave solution the 3D-FWBBM equation in two and three 

dimensions (Figs. 1-6) some of which are equivalent with that obtained by [20] and the others 

are new. Furthermore, a comparison between one of these exact solutions with the numerical 

solution obtained by the variational iteration method (Figs. 7-8) has been listed. It is clear that 

there exist agreement between the exact and the numerical solutions which are positive 

forward future studies for the suggested equation. 
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