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Abstract. In this paper, we introduce a operator in order to derive some new
symmetric properties of (p,q)-modified Pell numbers and we give some new generating
functions of the products of (p,q)-modified Pell numbers with k-Fibonacci and k-Lucas
numbers, k-Pell and k-Pell Lucas numbers, k-Jacobsthal and k-Jacobsthal Lucas numbers at
positive and negative indices. By making use of the operator defined in this paper, we give
some new generating functions of the products of (p,q)-modified Pell numbers with k-
balancing and k-Lucas-balancing numbers.
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1. INTRODUCTION

The authors in [1] defined and studied the (p,q)-modified Pell numbers. They gave
generating function, Binet’s formula and some sums formulas of these numbers. Now, let we
recall some properties of these numbers.

The (p,q)-modified Pell numbers {MPM,”} . satisfies the recurrence relation:

nz

{Mpp,q,n :ZpMPp,q,n_l +qMPp’q‘n_2, forn>2

MP,,o=1L MP, ,=p

If p=q =1 we get the sequence of modified Pell numbers {q, }ns0-
The Binet’s formula for (p,q)-modified Pell numbers is given by

X, +Xx7
MP, .. =P 2177 |
s X, +X,

where x, =p +«/p2 +q and x, =p—+/p>+q are roots of the characteristic equation
x?—2px —q =0. We note that

X, +X,=2p, X, X, =—q and X, —X, =24p° +q.
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Furthermore, the generating function of (p,q)-modified Pell numbers is given by

SMP, 2" __L=pz .
n=0 o 1—2pZ _qz

The next proposition gives the complete homogeneous symmetric functions of (p,q)-
modified Pell numbers.

Proposition 1.1. [2] For n e N, we have

— 2
MP, o =h, (a.[-8,]) - ph, (&, [-8,]), with {ai— pyp’+a
a,=p—p°+q

The k-balancing numbers {B, .}  and k-Lucas-balancing numbers {C, | are

n>0 n>0

given either by the generating functions:
+00 Z
B, ,2"=———,
2B 1-6kz +22

n=0

ch 2= L3k 20
i 1-6kz +z

respectively, or by the recurrence relations:

By . =6kB, ,—B, ., fork, n>1
Bk,OZO’ Bk,1=1 !

Cynn=6kC,  —-C, , fork, n>1
Cio=1LC,,=3k ’

respectively, for more information, please see the papers [3, 4] .
In 1965, Horadam [5, 6] defined a second-order linear recurrence sequence

{Wn (a,b; p,q)}nZO or briefly W} by the recurrence relation:
W,=pW,_ ,+qW_,, forn=>2,

with the initial conditions W, =a and W, =b. The special cases of the numbers W }nzo are

listed as follows:
1.For a=q=1and b =p =k we get the k-Fibonacci numbers F, (see [7]).

2.Fora=2,b=p=k and q =1 it yields k-Lucas numbers L, , (see [8]).
3.Fora=0,b=1p=k and g =2 itreduces to the k-Jacobsthal numbers J,  (see [9]).
4.For a=q=2and b =p =Kk we get the k-Jacobsthal Lucas numbers j, . (see [10]).
5.For a=0,b=1,p=2 and q =k ityields the k-Pell numbers P,  (see [11]).

6. For a=b=p=2 and q =k it reduces to the k-Pell Lucas numbers Q,  (see [12]).
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The Binet’s formula for W | _is given by

n n
:Axl —-Bx,
n 1

X, =X,

W

with A =b—ax, and B =b —ax,.
The special cases of the Binet’s formula for W |  are listed in the Table 1.

Table 1. Binet's formulas of k-numbers.

a | b|p]|q Roots ( x,and x,) Binet’s formula (W)
1| k| k|1 x, = kelitea y o keliis Fop =08

2 | k| k|1 x, =kl oy ki Ly o =X1 +X;

0| 1| «k]|2 x, = kelitis y kol Iy =

2 | k| k|2 x, =kl o kel Jin =X{ X3
01|21k x, =1+1+k ,x, =1-I+k P, =2

2 | 2] 2|k X, =1+\1+k ,x, =1-+1+k Qun =X{ +X;

The next proposition gives the relations between k-numbers at positive and negative
indices.

Proposition 1.2. [13, 14] For n >0 and k >1, the following equalities are holds:

Fk -n (_l)n+1|:k,n' (1-1)

Lk -n = (_1)“ Lk ne (12)

Pk -n = (_1)n+lpk,n' (1-3)

Qk,—n = (_1)an,n' (1-4)
B (_1)n+1

‘]k,—n - 2n ‘]k,n' (15)
N

Jk,—n - 2n Jk,n' (16)

In this contribution, we will define an operator denoted by &,, and the complete

homogeneous symmetric function for which we can formulate, extends and proves results
based on our previous ones [13, 15-18]. In order to determine new generating functions of the
products of (p,q)-modified Pell numbers with k-Fibonacci and k-Lucas numbers, k-Pell and k-
Pell Lucas numbers, k-Jacobsthal and k-Jacobsthal Lucas numbers at positive and negative
indices. By making use of the operator defined in this paper, we give some new generating
functions of the products of (p,q)-modified Pell numbers with k-balancing and k-Lucas-
balancing numbers, we use analytical means and series manipulation methods. In the sequel,
we derive new symmetric functions and some new properties. We also give some more useful
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definitions which are used in the subsequent sections. From these definitions, we prove our
main results given in section 3.

2. PRELIMINARIES AND DEFINITIONS

In this section, we introduce a symmetric function and give some properties of this
symmetric function.

Definition 2.1. [19] Let k and n be two positive integers and {a,,a,,...,a, } are set of given
variables. Then, the k-th elementary symmetric function e, (a,,a,,...,a, ) is defined by

e =e, (a,8,...8,)= > aap.ay  (0<k <n), (2.1)

i +ip+.+i, =k
with i,,i,,...,1, =0 or 1.

Definition 2.2. [19] Let k and n be two positive integers and {ai,az,...,an} are set of given

variables. Then, the k-th complete homogeneous symmetric function h, (a,,a,,...,a,) is
defined by

h =h (a,8,..a)= > aar.ar (k=0), (2.2)

g+, +.+i, =k
with i,,i,,....i >0,

Remark 2.1. Set e, (a,,a,,...a,) =1 and hy(a,,a,,...,a, ) =1, by usual convention. For
k <0, wesete,(a,a,,...a,)=0and h,(a,a,,...a,)=0.

If n =2, the k-th complete homogeneous symmetric function (2.2) gives us

k +1 k +1

& &
h a,a,) = , k eN,.
k( ) , 0

with
hO(ailaz) =1,
h(a,a,)=a +a,,

hz(avaz) :a12 +a,a, +a22’

Proposition 2.1. Given an alphabet A ={a,,a,,...,a, } , we have

iek (@,a,,...,a,)2" =] [@+az).

acA
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Proposition 2.2. Given an alphabet A ={a,,a,,...,a, } , we have

_ 1
[(-az)

acA

dh(a,.a,...a,)z"
k=0

There is a fundamental relation between the elementary symmetric functions and the
complete homogeneous ones:

k -
Y (-D'e;(a,a,,...a,)h,_; (@.a,,...a,) =0,
=0

which is valid for all k >0.

Definition 2.3. [20] Let f be any function on R" , then we consider the divided difference
operator as the following form

o (f ):f @,---,a,a,,a)-f @, -a ,8.,8 ,a”z,...’an)-

aiai+1
& —a,

Definition 2.4. [15] The symmetrizing operator o,, is defined by

“f —a‘f (a
5 f ()= (@)= @)t ik e,

%

3. GENERATING FUNCTIONS OF THE PRODUCTS OF (p, q)-MODIFIED PELL
NUMBERS WITH k-NUMBERS AT POSITIVE AND NEGATIVE INDICES

The following propositions is one of the key tools of the proof of our main result. It
has been proved in [17, 21]

Proposition 3.1. Given two alphabets E ={e,,e,} and A ={a,,a,}, then

1-aaee,z’

2 (_1)n € (avaz)egz "

n=0

2 (_1)n &, (ai’a‘Z)e:FZ "

n=0

Zhn (ai’aZ)hn (elrez)z "= - ; o0 ; . (3.1)
n=0 (ngo(—l) e, (a.a,)e'z “j(go(—l) e, (a.a,)e;z ”j

Based on the relationship (3.1) we get
+00 _ 3
S ha(a,)h, s (Ee,)2" = [ : al"j‘fizz j (3.2)
n=0
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Proposition 3.2. Given two alphabets E ={e,.e,} and A ={a,,a,}, then

(el +e2)z —€£, (a1 +a2)z 2

Sh (a.a)h €,.e,)2" = (3.3)
anai 277 'n\¥11>2 (m

— > (-1)'e, (a,8,)elz" j(:Z:(—l)n e,(a.a,)e;z" j

n=0

In this part, we now derive the new generating functions of the products of (p,q)-
modified Pell numbers with k-Fibonacci numbers, k-Lucas numbers, k-Pell numbers, k-Pell
Lucas numbers, k-Jacobsthal numbers and k-Jacobsthal Lucas numbers at positive and
negative indices, and we give the new generating functions of the products of (p,q)-modified
Pell numbers with k-balancing and k-Lucas-balancing numbers.

For the case A ={a,,—a,} and E ={e,,—e,} with replacing a, by (-a,) and e, by
(-e,) in(3.1), (3.2) and (3.3), we have

< B - 1-aaee,z’

nzzf;h” @2l (Eo[-e])2" - (1-agez)l+aez)l+ae,z)1-ae,z)’ (34)
& ~ . z —aagee,z’

2l e = e aeag) (39
o . n_ (el_ez)z +e1e2(a1_a2)z ?

2@l e = G ag ) rag A ag) 39

This case consists of four related parts. Firstly, the substitutions

_a, =2 e, =k
{al Q, pand {el €, ’
aa, =q elezzl

in (3.4), (3.5) and (3.6), we obtain

+o0 ] 1-qz2
el (e i , 3.7)
HZZ:; n(ai [ aZ]) (el [—ez])Z 1—2kpz _(4p2+q(k2+2))22—2kpq23+q224
S22 eu[-e.])2" - e oY
2 n-1\%r 7% [) (B [ TR 1—2kpz _(4p2 +q (k 2 +2))Z ?—2kpgz°®+q°z* ,
o . kz +2pz°

el e, i | (3.9)
2 s (@ [2 )N (eu[2])z 1-2kpz —(4p? +q (k?+2))2% ~2kpqz* +q°2*

respectively, and we have the following theorems.
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Theorem 3.1. For n eN, the new generating function of the product of (p,q)-modified Pell
numbers with k-Fibonacci numbers is given by

1-kpz —(2p®+q)z*
1-2kpz —(4p2 +q(k? +2))z 2 _okpoz®+q%z*

ZMPp,q,an,nZ "= (3.10)
n=0

Proof: Recall that, we have F, , =h, (e,,[-e,]) (see [22] ). We see that

400

iMPM,an,nZ "= Z(hn (aii[_az])_ phn—l(ai’[_aZ]))hn (el’[_eZ])z "

n=0

=3, uEa,Dh, ez —p 3N, 4@ [-a,Dh, e [-e,D2 "

Using the relationships (3.7) and (3.9), we obtain
1-qz°
1-2kpz —(4p2 +q(k? +2))z 2_2kpaz®+q%*
p(kz +2pz?)
1—2kpz —(4p2 +q(k?+ 2))2 2_2kpaz®+q%z*

+00

n
Z:MPMYn Fon.2 =
n=0

B 1-kpz —(2p*+q)z°
1-2kpz —(4p2 +q(k2+2))z 2_2kpaz®+qZz*

So, the proof is completed.

Theorem 3.2. The new generating function of the product of (p,q)-modified Pell numbers and
k-Fibonacci numbers F, _ is given by

~1-kpz +(2p*+q)z°

= , for allneN. (3.11)
1+ 2kpz —(4p2 +q (k 2 +2))z 24+ 2kpaz®+q%z*!

iMPpyqyan'_nz "
n=0

Proof: We use the change of variable z =—z in (3.10) and according to relationship (1.1), we
get

ZOMPp’q’an 2= ZOMPM‘” (-1)""F 2"
—1-kpz +(2p2+q)z2
1+ 2kpz —(4p2+q(k2+2))22+2kpq23+q224'

Thus, this completes the proof.
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Theorem 3.3. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with k-Lucas numbers is given by

_ (4n2 2 2 3
ZMPM Lo 2—-3kpz (4p +q(k +2))z kpqz | (3.12)
rer 1-2kpz —(4p2+q (k2+2))z 2 _2kpqgz®+q%z*

Proof: By [22], we have L, , =2h (e,,[-e,]) —kh,_,(e;.[-€,]) . Then, we can see that

+00

iMPp,q,n'-k,nz "= (h, (a.[-a,]) - ph, i (a,[-a,]))(2h, @,.[-,]) -kh, (61, [-€,]))2 "

n=0
= Zzhn (a'p[_az])hn (el,[—ez])z " -k Zhn (311[_a2])hn71(e11[_ez])2 "
n=0 n=0
-2p>h, ,(a,[-a,Dh, €,.[-e,D)z" +kp D h, ,(a,[-a,Dh, (e, [-€,])z "
n=0 n=0
Using the relationships (3.7), (3.8) and (3.9), we obtain
2(1-0z%)
1-2kpz —(4p2 +q(k? +2))z 2_2kpgz®+q*z*
k (2pz +kaz?)
1-2kpz —(4p2 +q(k? +2))z 2_2kpgz*+q%z*
2p(kz +2pz?)
1-2kpz —(4p2 +q(k? +2))z 2_2kpgz®+q?z*
kp(z —qz°)
+
1-2kpz —(4p2 +q(k*+ 2))2 2_2kpgz®+q?z*

iMPp’q’nkanz "=
n=0

2—3kpz —(4p2 +q(k? +2))z 2 _kpqz®
1-2kpz —(4p2 +q(k? +2))z 2 _2kpgz®+q%z¢

This completes the proof.

Theorem 3.4. The new generating function of the product of (p,q)-modified Pell numbers and
k-Lucas numbers L, _ is given by

o 2+3kpz —(4p*+q(k?>+2))z%+kpgz®
DMP L 2" = ( ( )) for allneN.  (3.13)
n=0

14 2kpz —(4p2 +q(k? +2))z 2 4+ 2kpgz ® +q%z *
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Proof: We use the change of variable z =-z in (3.12) and according to relationship (1.2), we
get

ZMPp,q,nLk,fnz " =ZMPp,q,n (_1)n A
n=0 n=0
2+3kpz —(4p2 +q(k2+2))z 2 + kpqz ®
1+ 2kpz —(4p2+q(k2+2))22+2kpqz3+q224'

So, the proof is completed.

e Put k =1 in the relationships (3.10), (3.11), (3.12) and (3.13), we obtain the following
results.

Corollary 3.1. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Fibonacci numbers is given by

400 _ _ 2 2
zMqunFnan L pzz (Zp 2+q)z 3 2_ 4"
P o 1-2pz —(4p°+30)z°-2pgz°+q°z

Corollary 3.2. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Fibonacci numbers at negative indice is given by

B —1-pz +(2p*+q)z°
C1+2pz —(4p2+39)z 2 +2pgz i +qz*

iMPpyq'annz "
n=0

Corollary 3.3. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Lucas numbers is given by

+0 _ _ 2 2 3
ZMPPCI”L”Z” = 2 3pz 2(4p +3§I)Z quZ 2. 4"
e s 1-2pz —(4p°+3q)z°-2pgz°+q°z

Corollary 3.4. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Lucas numbers at negative indice is given by

B 2+3pz —(4p®+39)z*+pqz’®
1+2pz —(4p?+39)z %2 +2paz+q%z*’

iMPp’q’nL_nz "
n=0

e By putting p =q =1 in the relationships (3.10), (3.11), (3.12) and (3.13) and the
corollaries 3.1, 3.2, 3.3 and 3.4, we obtain the following new generating functions,
calculation results are indicated in Table 2.

Secondly, the substitutions

in (3.4), (3.5) and (3.6), we give
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+o0 1-kqz?
h, @,[-a,])h, ,.[-e,1)z" = : (3.14)
; @ [, Dh, €, [-e.D 1-4pz —(4kp®+2q (k +2))z % —4kpaz *+k g%z *

e z —kqz®
h [=a,Dh, €, [-e,Dz" = , (3.15)
nZ::; i@ D s e ) 1-4pz —(4kp® +2q (k +2))z % —4kpaz ° +k g’z *

= 2z +2kpz 2
h,,@.[-ah,E,.[-,Dz" = , (3.16)
; a2 Dh, € [e.) 1-4pz —(4kp® +2q (k +2))z* —4kpaz *+k g’z *

respectively, thus we have the following theorems.

Table 2. A new generating functions for products of some sequences.

Coefficient of z" | Generating function
7
I: 1-kz -3z
4, k.n 1—2kz—(k2+6)22—2k23+z4
Z
F —1-kz +3z
90 Fi - 1+2kz ~(k2+6)2 2+2kz *+2*
q L 2—3kz—(k2+6)zz—kz3
n=kin 1—2kz—(k2+6)22—2kz3+z4
qL 2+3kz —(k?+6)2 2 +kz ®
n=k,-n 1+2kz—(k2+6)22+2kz3+z4
1-7 372
q”F” 1-2z-72%-22%+z*
—1-7+3z°
q”F*” 1427 -722+22%+z24
2-37-77°-78
an” 1-27-722-22°+z2*
2437 -72%+2°
an—” 142z -722+22°%+24

Theorem 3.5. For n €N, the new generating function of the product of (p,q)-modified pell
numbers with k-Pell numbers is given by

= o pz +29z > +kpoz *
MP. P z"= . 3.17
nZ:(; Pantien™ T _apz —(4kp?® +2q (k +2))z* —4kpaz ° +k *q’z * 3.17)

Proof: By referred to [22], we have

Pk ,n = hn—l(eli [_ez])

We see that
Z‘,I\/lpp,q,nl:)k,nZn = Z(hn (ai! [—3.2]) - phn_l(al, [_az])) hn_l(el’ [_ez])zn
n=0 n=0

= ihn (ai,[—az])hnfl(el,[—ez])z” - piohn—l(aiv[_az])hn—l(ell[_ez])zn

B 2pz +2qz°
1-4pz —(4kp2 +2q(k+ 2))22 —4kpgz® +k*q®z’
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p(z—kaz*)
1-4pz —(4kp® +2q (k +2)) 2 - 4kpaz® + k*g?z*

B pz +29z° + kpgz®
1-4pz—(4kp® +2q(k+2)) 2* — 4kpqz® + k*q’z* '

This completes the proof.

Theorem 3.6. The new generating function of the product of (p,q)-modified Pell numbers and
k-Pell numbers P, _ is given by

B pz —2gz * + kpoz
1+4pz —(4kp* +2q (k +2))z % +4kpaz ° +k g’z *’

DMP, P 2] for alln e N.(3.18)
n=0

Proof: We use the change of variable z =—z in (3.17) and according to relationship (1.3), we
get

Z(;MPp]qynPk "= Z(;MPM'” (-)"P, 2"

B pz —20z > + kpgz
1+4pz —(4kp®+2q (k +2))z 2+ akpoz *+k 2%zt

So, the proof is completed.

Theorem 3.7. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with k-Pell Lucas numbers is given by

2-6pz —(4kp2+2q(k +2))22—2kpqz3
1-4pz —(4kp® +2q (k +2))z* —4kpaz ° +k’q’z*

DMP, Q2" (3.19)
n=0

Proof: Recall that, we have [22].
Qk,n = 2hn (ely[_ez]) _Zhn—l(eli [_ez])

We see that

+00

iMPp,q,an,nZ "= (h, (a8, - ph, (8. [-a,D)(2h, €, [-€,D) - 2h, (6, [-€,]))2"

n=0

=23 h, (@ -2, D, e [-e,D2" ~23, ([-2,Dh, (e, [-e, D)2
-2p3 1@ -2, D, e.D2" +2p 3, w2 Dh, (e eaD2”

by using the relationships (3.14), (3.15) and (3.16), we get
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2(1-kaz?)
1-4pz —(4kp?® +2q (k +2))z° —4kpgz * +k g’z *

ZMPpyqyan’nz n
n=0

2(2pz +2q27)
1-4pz —(4kp®+2q (k +2))z * —4kpaz *+k g%z *
2p (22 +2kpz *)
1-4pz —(4kp®+2q (k +2))z* —4kpaz * +k g%z *
. 2p(z —kaz®)
1-4pz —(4kp®+2q (k +2))z * —4kpaz * +k g%z *
2-6pz —(4kp® +2q (k +2))z° - 2kpgz *
1-4pz —(4kp?+2q (k +2))z° —4kpaz * +k g’z *

This completes the proof.

Theorem 3.8. The new generating function of the product of (p,q)-modified Pell numbers and
k-Pell Lucas numbers Q, _, is given by

2+6pz —(4kp2 +2q (k +2))z 4+ 2kpgz ®

= , foralln eN. (3.20
1+4pz —(4kp2+2q(k +2))22+4kpqz3+kzqzz4 (3.20)

+90

n
ZM P, 4.nQu -nZ
n=0

Proof: We use the change of variable z =—z in (3.19) and according to relationship (1.4),
we get

Z;M PygnQu 2" = ZOMPM’” (-1)"Qy 2"

2+6pz —(4kp® +2q (k +2))z° +2kpgz *
C1+4pz —(4kp?+2q (k +2))22+4kpqz3+k2q224'

Thus, this completes the proof.

e By setting k =1 in the relationships (3.17), (3.18), (3.19) and (3.20) we obtain the
following corollaries.

Corollary 3.5. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with Pell numbers is given by

pz +20qz > + pgz
—(4p?+6q)z2—4paz®+qiz*’

MP . Pz"=
; P.a: 1-4pz

Corollary 3.6. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with Pell numbers at negative indice is given by
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_ pz —20z %+ pgz°
1+4pz —(4p?+6q)z2+4pgzé+q°z*

iMPp’q’nanz "
n=0

Corollary 3.7. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with Pell Lucas numbers is given by

& i 2-6pz —(4p*+6q)z°—2poz°®
7" = .
nz::; pann 1-4pz —(4p*+6q)z°—4pgz®+q°z*

Corollary 3.8. For n e N, the new generating function of the product of (p,q)-modified Pell
numbers with Pell Lucas numbers at negative indice is given by

= i 2+6pz —(4p*+6q)z°+2pz’®
7" = .
Z;; parQen 1+4pz —(4p*>+6q)z° +4pgz°+q°z*

e Put p=q =1 inthe relationships (3.17), (3.18), (3.19) and (3.20) and the corollaries 3.5,
3.6, 3.7 and 3.8, we obtain the following new generating functions, calculation results are
indicated in Table 3.

Table 3. A new generating functions for products of some sequences.
Coefficient of z" | Generating function

q P 7+27°%+kz®
ntk,n 1-4z —(6k +4)z 2—4kz 3+k 224
q P 7-27°+kz®
n' k,-n 1+47 —(6k +4)z 2 +4kz 3 +k 22 ¢
Q 2-62 —(6k +4)z2-2kz®
Qn k.n 1-4z —(6k +4)z 2 —4kz 3 +k 224
Q 2+62 —(6k +4)z 2 +2kz®
40k - 1+47 —(6k +4)z 2 +4kz +k 22 *
q o) 7+22°%+42°
n'n 1-47 -1022-4z°%+z*
q P 7-27°%+7°
n’-n 1+4z7 1022 +4z2°%+z2*
q Q 2-62-107%-27°
n<n 1-47 -1022-47°%+2*
q Q 2462 107 2+22°
n~<-n 1+47 1022 +4z2°%+z*

Thirdly, the substitutions

{al—a2 =2p and {el—e2 =k |
aa, =¢ ee, =2

in (3.4), (3.5) and (3.6) we give

= 1-29z°

hy (@ [-a,Dh, €. [, 1)z " = . (321
nzzc; W v 1-2kpz —(8p2+q(k2+4))z"'—4kpqz3+4q224
Sy a2, s [e.D2 " = 22 . B2
i 1-2kpz —(8p2+q(k2+4))zz—4kpqz3+4qzz4
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kz +4pz°?

. (323
1—2kpz —(8p2 +q(k? +4))z 2 _4kpoz ®+4q%z

iohn—l(aii [_az])hn (el, [_ez])z n_

respectively, and we have the following theorems.

Theorem 3.9. For n eN, the new generating function of the product of (p,q)-modified Pell
numbers with k-Jacobsthal numbers is given by

pz +kaz > +2pqz®

1-2kpz —(8p2+q(k2+4))z2_4kpq23+4qzz4' (3.24)

iMPp'q’an’nz "=
n=0

Proof: By [22], we have J,  =h,_(e,,[-e,]) . Then, we can see that

+

(hy (@, [-a,]) - ph,, (@, [-a,]))h, (. [-e.])z "

M8

+Z.OMPF,MJMZ "=
n=0

>
I
o

+00

h, @, [-a,Dh, €. [-e.D)z" —p 3 h, (@ [-a,Dh, 1. [€,])z"

+
8

n=0 n=0
_ 2pz +kqz ?
1-2kpz —(8p2 +q(k2+4))z 2 _akpoz ® + 4922
p(z -20z°)

1-2kpz —(8p2+q (k2+4))z 2 _Akpaz® +4q%2*

after a simple calculation, we have

pz +kgz ? +2pgz?
1-2kpz —(8p2+q(k2+4))z 2 _Akpaz®+49%2*

+00

n
ZMPp’q'an’nz =
n=0

So, the proof is completed.

Theorem 3.10. The new generating function of the product of (p,q)-modified Pell numbers
and k-Jacobsthal numbers J, _ is given by

2pz —kqgz ? + pqz ®

= , for allneN. (3.25)
4+ 4kpz —(8p2+q(k2+4))z 24+ 2kpgz®+q°z*

iMPpyq’any_nz "
n=0

Proof: We use the change of variable z == in (3.24) and according to relationship (1.5), we
get
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+o0 ; s 1 n+l i
Z;MPp,q,anﬁnz =Z;Mpp,q,n( 22 JinZ

p(F)+ka (%) +2pq( )
1—2kp(%)—(8p2+q(k2+ )) ()" —4kpq () +49%(2)"
_ 2pz —kqz * + pqgz
4+ 4kpz —(8p2+q (k2+4))z 2 4 2kpoz *+q%z ¢

This completes the proof.

Theorem 3.11. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with k-Jacobsthal Lucas numbers is given by

2—-3kpz —(8p2+q (k2 +4))z 2 —2kpaz ®
1 2kpz ~(8p?+a(k?+4))z?—4kpaz* + 47 *

DMP " (3.26)
n=0

Proof: We know that
jk,n = 2hn (elf[_ez]) - khn—l(ela [_ez]), (See [18])

We see that

+Z.OI\/”:)p,q,n jk,nZn = +Z‘O(hn (a11 [_az]) - phn—l(a'l’ [_az]))(Zhn (el’ [_ez]) - khn—l(eﬂ [_ez])) z"

~23h, (@ LD, (& [-e. D2 -k h, @ [-a.Dh, (e [-e )2
203 h, (@ D (e o2+ h, @ -2 Dh, (e [-e. )7

B 2(1-2q2%)
1-2kpz —(8 p*+q(k’ +4)) 22 — 4kpqz® + 49°2*

k(2pz+kaz?)
1-2kpz — (8p* +0 (K* +4)) 2* — 4kpaz’ +4q°z
2p(kz+4pz°)
_1—2kpz—(8p2+q(k2+4))zz—4kpqz3+4qzz“
kp(z —20z°)
+
1-2kpz —(8p2+q (k2+4))z 2_4kpgz® +49%*

after a simple calculation, we have
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2—3kpz —(8p2 +q(k? +4))z 2_2kpgz ®
1-2kpz —(8p2 +q(k? +4))z 2_4kpgz® +49%2*

ZMPp,q,n jk,nZ "
n=0

Thus, this completes the proof.

Theorem 3.12. The new generating function of the product of (p,q)-modified Pell numbers
and k-Jacobsthal Lucas numbers j, _ is given by

8+ 6kpz —(8p2 +q(k? +4))z 2 + kpqz ®

ZMPp,q,njk,—nZ "= s foralln eN. (327)
n=0

4+ 4kpz —(8p2+q (k2+4))z ?+2kpgz*+q%z*

Proof: We use the change of variable z = in (3.26) and according to relationship (1.6), we
get

iMPpyqynjkﬁn ZMP' 1) Ji oz
n=0
_ 2‘3kp(%)‘(8p2+q(k2+4)) “—2kpq ()
1-2kp ()~ (8p* +a (K +4))(3) - kpa (7) +a° ()
8-+ 6kpz —(8p2+q(k2+4))22+kpqz3
44 4kpz —(8p2+q(k2+4))z 2+ 2kpgz *+q%z *

4

This completes the proof.

e By putting k =1 in the relationships (3.24), (3.25), (3.26) and (3.27), we obtain the
following corollaries.

Corollary 3.9. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Jacobsthal numbers is given by

oo 2 3
SMP,, 2" = Pz +0z “ +2pQz
1-2pz —(8p*+5q )2 > —4paz * +4q°z *

Corollary 3.10. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Jacobsthal numbers at negative indice is given by

+00 _ 2 3
IMP,0d 2" = 2p§ > +2qu 3,42, 4"
= 4+4pz —(8p°+5q)z° +2pqz° +q°z

Corollary 3.11. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Jacobsthal Lucas numbers is given by

0 . 2-3pz —(8p®+5q)z°*-2pgz*
IMP, a2 = B B 2( 2} 3 2, 4"
= 1-2pz —(8p° +5q)z * —4pqz * +4q°z

WWW.josa.ro Mathematics Section



Ordinary generating functions of ... Nabiha Saba and Ali Boussayoud 643

Corollary 3.12. For n € N, the new generating function of the product of (p,q)-modified Pell
numbers with Jacobsthal Lucas numbers at negative indice is given by

ST, 8+6pz —(8p2+5q)zz+pqz3
2" = .
; pandon 4+4pz —(8p®+5q)z* +2paz°+q°z*

e Put p=q =1 inthe relationships (3.24), (3.25), (3.26) and (3.27) and the corollaries 3.9,

3.10, 3.11 and 3.12, we obtain the following new generating functions, calculation results
are indicated in Table 4.

Table 4. A new generating functions for products of some sequences.
Coefficient of z" | Generating function

q J z+kz%+22°
nTk,n 1-2kz —(k2+12>22—4k23+4z4
27 —kz%+2°
qn‘J k,—n

4+4kz —(k 2+12)z 24 2kz3+z4

2-3kz —(k 2+12)z 2_2kz3

U Jic.n 1-2kz ~(k?+12)2 2 -akz *+42 "
. 8+6kz—(k2+12)z2+kz3
qn Jk il 4+4kz —(k2+12)z 21 2kz %424
z+2%4278
qn‘]n 1-22 -132%-47°%+42*
22 -2%+28
q”\]*” 4+47 -132%+22%+2%
q J 2-37-1372-2z78
ndn 1-27 -137%-473+42*
H 8+6z 13z %+2°
a,J., T w203

4+47 137%+22°+2*4

Fourthly, the substitutions

-a,=2 —e, =6k
{al Q, p and {el €,
aa, =q €€, = -1

in (3.4), (3.5) and (3.6), we obtain

+00

1+qz°2
h, (a,[-a,])h, (e,.[-€,])z" = , (3.28)
nz=o (2] (eole.) 1-12kpz —2(q (18k2—1)—2p2)z 2 +12kpgz *+q°z*
+90 3
Db, (@ [, Dh, 4 ey [-e,])2" = T . (629
n=0

1-12kpz —2(q (18k* —1)—2p2)z 2 1 12kpaz * +q%z *

S 6kz —2pz
h, . (a.[-a,])h, €,,[-e,])z" = . (3.30)
nz=<; fa nh 1-12kpz —Z(q (18k2—1)—2p2)z2+12kpqz?’+qzz4

respectively, and we have the following theorems.

Theorem 3.13. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with k-balancing numbers is given by
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B pz +6kqz * - pgz
1-12kpz —2(q (18K ~1)-2p? )z * +12kpaz ° +q°2*

2MP, By 2" (3.31)
n=0

Proof: Recall that, we have B, , =h_(e;,[-€,]), (see [16]). We see that

+00

JiOM I:)l%q,an,nZ "= Z(hn (a'lv[_az])_ phn_l(a1’[_az]))hn—l(el’[_ez])z '

= Jiohn (aii[_az])hnfl(ey[_ez])z n_ piohn1(a11[_a2])hn1(e11[—92])2 n

~ 2pz +6kqz ?
1-12kpz —2(q (18K ? —1)—2p2)z 2 1 12kpgz 4 +q%z

p(z+az°)
1-12kpz —2(q (18k* —1)—2p2)z 2 1 12kpaz ® +9°2 ¢

after a simple calculation, we have

pz +6kqz > — pgz*
1-12kpz —2(q (18K ? —1)—2p2)z 2 112kpaz® +q°2*

iOMPp]q’an’nz "=
n=0

So, the proof is completed.

Theorem 3.14. For n € N, the new generating function of the product of (p,q)-modified Pell
numbers with k-Lucas-balancing numbers is given by

1-9kpz +(2p2 +q (1-18k 2))z 2 +3kpgz 3
1-12kpz —Z(q (18K —1)—2p2)z 2 1 12kpgz *+q%z ¢

ZMPp,q,an,nZ "= (3.32)
n=0

Proof: We know that
C,..» =h,€.[-e,])—3kh, ;. [-€.]), (see[16] )

We see that

—+00

iMPp,q,an,nz "= Z(hn (alv[_az])_ phn—l(alv[_az]))(hn (ell[_ez])_3khn—1(el’[_e2]))z "

= ihn (ali[_az])hn (ell[_ez])z " -3k ihn (av[_az])hn—l(el’[_ez])z "
_pihn—l(al’[_az])hn (el’[_e2])z " +3kp§hn—l(a11[_az])hn—l(el’[_ez])z n,

by using the relationships (3.28), (3.29) and (3.30), we obtain the following result:
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1+0qz°
1-12kpz —2(q (18k2—1)—2p2)z 2 1 12kpgz * +q%z ¢

fMPp’q]an]nz "=
n=0

3k (2pz +6kaz ?)

1-12kpz —Z(q (18k2—1)—2p2)z 2 +12kpqz ® +q2z*
p(6kz —2pz?)

1-12kpz —Z(q (18k2—1)—2p2)z 2 +12kpgz *+q%z *

3kp(z +qz3)
1-12kpz —2(q (18k 2 —1)—2p2)z 2 +12kpgz ®+q%z*

+

1-9kpz +(2p2 +q (1—18k2))z 2 +3kpqz 3
_1—12kpz —2(q (18k2 —1)—2p2)z 2 +12kpgz *+q%z*

Thus, this completes the proof.
e Put k =1 in the relationships (3.31) and (3.32) we obtain the following results.

Corollary 3.13. For n € N, the new generating function of the product of (p,q)-modified Pell
numbers with balancing numbers is given by

B pz +69z % —poz®
1-12pz —2(179 -2p?)z* +12pgz ® +q°z*

iMPpyq'anz"
n=0

Corollary 3.14. For n €N, the new generating function of the product of (p,q)-modified Pell
numbers with Lucas-balancing numbers is given by

B 1-9pz +(2p*-17q)z > +3pqz ®
1-12pz —2(179 —2p?)z > +12pgz * +q’z*

+Z‘CMPF,]q'nan §
n=0

e Bytaking p =q =1 in the relationships (3.31) and (3.32) and the corollary 3.13 and

corollary 3.14, we obtain the following new generating functions, calculation results
are indicated in Table 5.

Table 5. A new generating functions for products of some sequences.
Coefficient of z" | Generating function

q B z+6kz%-z°
n=k.n 1-12kz —6(6k 2~1)z > +12kz 3+2 *

1-9kz +3(1-6k %)z 2+3kz ®

qnC N 1-12kz —6(6k 1)z 2+12kz 3+ *
q B z7+62°-2°
n=n 1-127 -30z 2 +1223+2 *
q C 1-97 -1572+3z°
n=n 1-127 -307 2 +1223+2 *
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4. CONCLUSIONS

In this paper, by making use of Egs. (3.1) and (3.3), we have derived some new
generating functions of the products of (p,g)-modified pell numbers with k-Fibonacci
numbers, k-Lucas numbers, k-Jacobsthal numbers, k-Jacobsthal Lucas numbers, k-Pell
numbers and k-Pell Lucas numbers at positive and negative indices, and the products of (p,q)-
modified pell numbers with k-balancing and k-Lucas-balancing numbers. The derived
theorems and corollaries are based on symmetric functions and the products of these numbers.
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