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Abstract. In this study, we obtained some new post quantum-Hermite-Hadamard 

inequalities for differentiable convex function with critical point by using generalized (p, q)- 

Hermite-Hadamard Inequality. The perseverance of this article is to establish different results 

on the left-hand side of      -Hermite-Hadamard inequality for differentiable convex 

function along with critical   point. Special cases were obtained for different (p, q)-Hermite 

Hadamard   inequalies with the critical point c for some special values of q. 

Keywords:      -derivative;      -integerals; Hermit–Hadamard’s inequality; 

critical point; convex functions.  

 

 

INTRODUCTION 

  

 

1.1. PRESENT STATE OF CRITICAL POINT AND CONVEXITY 

           

 

Critical point is an extensive term used in various branches of mathematics, but is 

always connected to the derivative of a function or mapping. 

Critical point deals with functions in different ascepts are defined as: 

For functions of a real variabale, a critical point is defined as a point in the domain of 

function where the function is either not differentiable or the derivative is equal to zero. 

When dealing with complex variables, a critical point is a point in the domain of a 

function where it is either not holomorphic or the derivative is equal to zero.  

Likewise, for a function of several real variables, a critical point is a value in its 

domain where the gradient is undefined or is equal to zero. The value of function at a critical 

point is a critical value. 

Convex functions are essential and provide a basis for constructing literature on 

mathematical inequalities. A function           is said to be convex function on  , if  
 

                                             . 
 

In recent years much attention has been given in studying numerous aspects of convex 

functions.  This concept has been extended and generalized in different directions, see [1-8]. 

A large number of inequalities were obtained by means of convex functions see [9-

12]. A classical inequality for convex functions is the Hermite–Hadamard inequality, and is 

given as follows: 

                                                 

 
1
 Mirpur University of Science and Technology (MUST), 10250 Mirpur, Pakistan.  

E-mail: ghazala.maths@must.edu.pk;. drali@must.edu.pk 

* Corresponding author: drrashida@must.edu.pk. 

https://en.wikipedia.org/wiki/Holomorphic_function
https://en.wikipedia.org/wiki/Function_of_several_real_variables
https://en.wikipedia.org/wiki/Gradient
file:///C:/Users/Rashida%20Hussain/Downloads/ghazala.maths@must.edu.pk
file:///C:/Users/Rashida%20Hussain/Downloads/drali@must.edu.pk
file:///C:/Users/Rashida%20Hussain/Downloads/drrashida@must.edu.pk


 Post Quantum-Hermite-Hadamard inequalities for … Ghazala Gulshan et al. 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

338 

 

  
   

 
  

 

   
        

         

 

 

 
. 

 

where            is a convex function and       with (see [13]). 

 

 

1.2. INSPIRTATION OF QUANTUM ASSESSMENTS 

 

 

Quantum calculus or   calculus is a approach pertinent to the classic study of 

calculus but it is mainly arranged on the idea of derivation of   -analogous results without the 

use of limits. Post-quantum or         calculus is a generalization of   calculus and it is 

the next stage ahead of the q-calculus. The idea of    calculus was first introduced by Euler 

who started his study in the earlier years of the 18
th

 century. In   calculus, the classical 

derivative is replaced by the   -difference operator in order to deal with non-differentiable 

functions; see [14-15] for more details. In recent years, the topic of   calculus has attracted 

the attention of several scholars. Therefore    -calculus bridges a connection between 

mathematics and physics Applications of   calculus can be found in various fields of 

mathematics and physics, and the interested readers are referred to [16–19]. 

 In 2014, Tariboon and Ntouyas [20] investigated the   analogue of Hermite-

Hadamard’s inequality, that is  
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 In 2018, Alp et al [21] proved the       Hermite –Hadamard inequality. 
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Moreover, they studied the generalized       Hermite–Hadamard inequality for 

differentiable convex functions, that is, 
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2.  PRELIMINARIES & DEFINATIONS OF        CALCULUS: 

  

 

Throughout this paper, we let   = [a, b] ⊂   be an interval and          be a 

constant. The definations for      - derivative and      - integeral were given in   [22-23]. 
 

 

 Definition 2.1. Let                be a continuous function. The       derivative of   at 

t  [a,b] is characterized by the expression 

 

aDp,q   (t)=
                         

          
 ,t≠a.                                                             (2.1) 

 

Since   :[a,b]→    is a continuous function, thus we have  

 

aDp,q   (a)=                 . 

 

The  function   is said to be (p,q)-differentiable on [a,b]. 

aDp,q   (t) exists for all t  [a,b]. If a=0 in (2.1), then 0Dp,q   (t)= Dp,q   (t) is familiar (p 

,q) derivative of   at t  [a,b] defined by the expression 

 

Dp,q   (t)=
           

      
 ,       t≠0                                            (2.2) 

 

Note also that if p = 1 in (2.2), then Dq    (x) is familiar q-derivative of f at x   [a,b] 

defined by the expression 

 

       
          

      
  ,          t≠0                                         (2.3)                                                             

                                                            

 

Definition 2.2   Let                be a continuous function. The definite       integral on 

      is defined as: 

 

                
 

 
                   

  

    
  

  

    
     

  

    
    

              (2.4) 

 

     For t   [a, b]. If c   (a, t), then the      - definite integral on [c, t] is expressed as 

 

            
 

 
               

 

 
                 

 

 
                              (2.5) 

                                             

If       in (2.4), then one can get the classical q-definite integral on        defined 

by  

 

       
 

 
                                    

            (2.6) 

 

If a = 0 in (2.4), then one can get the classical      -definite integral defined by  

 

       
 

 
               

  

    
 
       

  

    
  . 
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The proofs of the following theorems were given in [24]. 

 

Theorem 2.1. Suppose that    :[a,b]    is a differentiable convex function on (a,b)  such 

that           for          and let    be a constant with       .Then we have 

 

  
             

   
     

             

   
  
      

   
  

 
 

     
     
 

       
          

   
. 

 

Theorem 2.2.  let      :[a,b]    is a differentiable convex function on (a,b)  such that 

          for          and let    be a constant with       .Then we have 

 

  
             

   
     

             

   
  
               

   
  

 
 

     
     
 

 
     

          

   
 

 

Theorem 2.3. [Generalized q-Hermite-Hadamard Inequality for convex differentiable 

functions] 

Let            be a differentiable convex function on         such that         for 

         and        , Then   we have 
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where 
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3.  MAIN OUTCOMES 
 

 

In this section, we present some new post quantum Hermite –Hadamard integeral 

inequalities for differentiable convex functions along with critical point and also present some 

examples which satisfied main outcomes. 

 

Theorem 3.1. Suppose that  :[a,b]    is a differentiable convex function on (a,b)  such that 

          for          and let    be a constant with         .Then we have 
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Proof: 

Since the   function    is differentiable on        , there    exist a tangent line at the 

point 
             

   
        , given by  

 

        
             

   
     

             

   
    

             

   
 .                   (3.2) 

 

Since    is convex function on   [a, b], it follows that            for all          
Applying       - integerating of   eq   (3.2) on       , we  have  
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On the other hand, meanwhile   is convex function, we obtain 
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The proof is complete. 

                                                                                                           

Remark 3.2. Consider Theorem 3.1, if      
   

   
       

             

   
         We     can 

reduce the left hand side of Theorem 3.1 as: 
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Since      
             

   
  

      

   
     

 

Remark 3.3.  In Remark    3.2, if       , then 
   

   
     Since          we have  
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We can reduce the left hand side of Theorem 3.1 as: 

 

  
         

   
   

 

      
     
         

 
       

           

   
 

 

Since      
             

   
  

      

   
     

 

Corollary 3.4. Assume that              is a differentiable convex function on (a,b) such 

that    
   

 
     for         .Then we have  
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Corollary 3.5. Assume that              is a differentiable convex function on (a,b)  such 

that          for                           .Then we have  
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Theorem 3.6. let      :[a,b]     is a differentiable convex function on (a,b)  such that 

          for          and let    be a constant with         .Then we have 

 

  
             

   
     

             

   
  
                

   
  

                                        
 

      
     
         

 
       

           

   
 

                (3.3)            

 

Proof: Meanwhile the function   is differentiable on       , there exist a tangent line at the 

point  
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      , 

 

which is given by 

 

       
             

   
     

             

   
    

             

   
 .           (3.4) 

 

Meanwhile   is convex on     , it follows that            for all        . 
Applying      -integrating, we get 
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The proof is complete. 

 

Remark 3.7.  Consider   Theorem 3.6, if 

 

    
 

 
 
   

   
          

             

   
           

                

   
      

 

We  can reduce the left hand side of Theorem 3.6 as: 
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Remark 3.8.  In Remark    3.7   , if     , then     ,Since    
 

 
     we    have 

             

   
  

    

 
   . We can reduce the left hand side of Theorem 3.6 as: 
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Theorem 3.9. [Generalized (p, q)-Hermite-Hadamard Inequality for convex 

differentiable functions] 

Let           be a differentiable convex function on         such that         for 

         and        . Then we have: 
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Proof: Combining of   (3.1) and   (3.3) yields (3.5).This completes the proof. 

 

Example 3.10. Define the function            on         , and let        .Applying 

Theorem 3.1 with          and    ,the left hand  side becomes: 
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For the right hand side, we have: 
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Example 3.11. Define the function            on      , and let        . Applying 

Corollary 3.5 with         and    , the left side becomes: 
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For the right hand side,we have: 
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Example 3.12. Define the function            on       , and let        . Applying 

Theorem 3.6  with          and    ,the left side becomes: 
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For the right hand side, we have  

 

 

      
   
    

  
       

            

   
 

                      
  

          
 

  

   
   

    

   
   

 

 

4.  CONCLUSION 

 

 

In this study, we have obtained some new results for the      - calculus of Hermite–

Hadamard inequalities for differentiable convex function with the critical point along 

withsome examples. We expect that the ideas and techniques used in this paper may inspire 

interested readers to explore some new applications of these newly introduced functions in 

various fields of pure and applied sciences. 

 

 

  



 Post Quantum-Hermite-Hadamard inequalities for … Ghazala Gulshan et al. 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

346 

REFERENCES 

 

 

[1] Anderson, G.D., Vamanamurthy, M.K., Vuorinen, M., J. Math. Anal. Appl, 335(2), 

1294, 2007.  

[2] Dragomir, S. S., RGMIA, 3(1), 83, 2015.  

[3] Dragomir, S.S., Pearce, C.E.M., Selected topics on Hermite-Hadamard inequalities and 

applications, RGMIA Monographs, Victoria University, 2000.  

[4] Iscan, I., Hacettepe J. Math. Stat., 43(6), 935, 2014. 

[5] Noor, M.A., Noor, K.I., Awan, M.U., Costache, S., U.P.B. Sci. Bull., Series A., 77(1), 

11-20, 2015. 

[6] Noor, M.A., Noor, K.I., Ifthikar, S., J. Inequal. Spec. Funct., 7(3), 99, 2016.  

[7] Poljak, B.T., Soviet. Math. Dokl. 7, 72, 1966. 

[8] Shi, H.N, Zhang, J., J. Inequal. Appl., 527, 2, 2013. 

[9] Bracamonte, M., Gimenez, J., Medina, J., MATUA, 3(2), 33, 2016. 

[10] Bracamonte, M., Medina, J., Merentes. N., 23(2), 105, 2016.  

[11] Chen, F., Wu, S., Sci. World J, 15(2), 95, 2014. 

[12] Noor, M.A., Noor, K.I., Awan M.U., Complex Var. Elliptic Equ., 60(6), 776, 2015. 

[13] Pecaric, J., Proschan, F., Tong, Y. L., Convex functions, partial orderings, and 

statistical applications, Academic Press Inc., Boston, 1992. 

[14] Almeida, R., Torres, D.F.M., Math. Methods Appl. Sci., 34(18), 2231, 2011.  

[15] Cresson, J., Frederico, G.S.F., Torres, D.F.M., Topol. Methods Nonlinear Anal., 33(2), 

217, 2009.  

[16] Askey, R., Wilson, J., Mem. Am. Math. Soc., 54, 1-55, 1985. 

[17] Ismail, M.E.H., Simeonov, P. J., Comput. Appl. Math., 233(3), 749, 2009.  

[18] Page, D.N., Phys. Rev. Lett., 71(23), 3743, 1993.  

[19] Youm, D., Phys. Rev., 62(9), 1,  2000. 

[20] Alp, N., Sarikaya, Z.M., Kunt, M., Iscan, I., Journal of King Saud University-Science, 

30, 193, 2018. 

[21] Kunt, M., Iscan, I., Alp, N., Sarıkaya, M.Z., J. RACSAM  112, 969, 2018. 

[22] Tunç, M., Göv, E, Journal of RGMIA Res. Rep. Coll, 19(97), 1, 2016.  

[23] Tunç, M., Göv. E., Journal of RGMIA Res. Rep. Coll, 19(95), 1, 2016. 

[24] Jhanthanam, S, Tariboon,J., Ntouyas, S. K., and Nonlaopon, K., J.Sigma Mathematics, 

7, 632, 2019.  

 

 

  
 


