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Abstract. In the present paper, a numerical method is proposed to solve the time
fractional Newel-Whitead-Segel equation subject to initial condition. This method is based d
on the unification of conformable Sumudu transform (CST) and Adomian decomposition
method (ADM), and then it is used to find the analytical solutions of linear-nonlinear
fractional PDE’s. The test examples are given for illustration.
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1. INTRODUCTION

In recent years, fractional calculus used in many areas such as electrical networks,
control theory of dynamical systems, probability and statistics, electrochemistry of corrosion,
chemical physics, optics, engineering, acoustics, viscoelasticity, material science and signal
processing can be successfully modelled by linear or nonlinear fractional order differential
equations [1].

As it is well known, The Newell-Whitehead-Segel (NWS) equations have wide
applicability in mechanical and chemical engineering, ecology, biology and bio-engineering

[2].

In the present work, the conformable Sumudu decomposition method (CSDM) is
applied to obtain the approximate solution of the linear and nonlinear fractional Newell-
Whitehead-Segel of form given below

a 2
o” f :ka 1;
ox“* OX

+of —df",..xeR (1)

where t>0,0<a <1, r isaintger, k d and c are reals numbers with k>0. f(x;t) is a

function of temporal variable tand spatial variable x.
Here f can be considered as the nonlinear temperature distribution in a thin as well as

infinitely long rod. It may also be seen as the fluid flow velocity in a pipe of infinite length
having small diameter. Recently, Kumar and Sharma provided of the numerical
approximation (NWS) of fractional order using homotopy analysis Sumudu transform method
(HASTM) and found that homotopy perturbation method (HPM) [3], Adomian decomposition

! High School of Economics, Laboratory of Mathematics and its Applications, 31000 Oran, Algeria.

E-mail: mohamed.benattia74@yahoo.com.

2 Univerity of Oran, Department of Mathematics, Laboratory of Mathematics and its Applications, 31000 Oran,
Algeria. E-mail: belghaba@yahoo.fr.

https://doi.org/10.46939/J.Sci.Arts-21.2-al4 Mathematics Section


file:///C:/Users/user/Desktop/2021_2(55)/mohamed.benattia74@yahoo.com
file:///C:/Users/user/Desktop/2021_2(55)/belghaba@yahoo.fr

480 Solution of Newel-Whitehead-Segel equation using... Mohamed Elarbi Benattia and Kacem Bekghaba

method (ADM) and differential transform method (DTM) are particular cases of the solution
obtained by (HASTM). The fractional model of Newell-Whitehead-Segel equation has not
yet been studied by conformable Sumudu decomposition method [4].

2. PRELIMINARY

Some necessary definitions and theorems of the fractional calculus are listed here for
our subsequent development.

2.1. FUNDAMENTAL PROPERTIES OF FRACTIONAL CALCULUS

In this section we give definitions and some basic results.

Definition 1. Given a function f :[0;0) >R, t>0and « e(0;1) .
Conformable derivative of f with respect to t of order « is defined by:

ft+st™)—f(t)
&

D f (t) = lim

Definition 2. Given a function f :[ty;o0) >R, be a real value function with t, R and
0<pB <1 . Then, conformable Sumudu transform of the function f of order £ is defined by:

Sp[f®]W) =%Te><p£—wjf (t)(t—t,)” *dt (2)

L£u

Theorem 1. Let ac R and 0<B<1, f :[a;0)— R be adifferentiable function.

s,[071®] =35, [F@] -2 3)
Proof: See [5].

3. CONFORMABLE SUMUDU DECOMPOSITION METHOD (CSDM)

We consider the following fractional partial differential equation (FPDES) of the form:

D f(xt)+ Dy f(x;t)+ P[f (x; )]+ Q[ f (x;t)] = g(x;t).,t>0,.x>0..,0<er <1. 4)

with initial condition
f(x;0) =k(x) ()
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where D/ f (x;t) is the linear derivative operator in conformable sense of order o int, P is
the linear differential term lower derivatives and, Q is a nonlinear differential operator and
g(x;t) is the non-homogenous term. D, f (x;t) is the highest order linear classical derivative

operator in X.
Now applying the conformable Sumudu transform S, to Eq(4), we have:

S,[Dff]+s,[Dif ]+S,[P(f)+Q(f)]=8,[g]

From the property Eq(3), we obtain:

1 F(x0)
uSa[f] S [ Dif ]+, [P(F)+Q(f)]=S5,[g]
which implies that:
S,[f]=f(x0)-us, [ D} f |-us,[P(f)+Q(f)]+us,[g] 6)

we applied the inverse Sumudu transform conformable sense to Eq.(6), we get:
f(x;t) = S;l[f(x;O)+uSa(g)]—S;1[uSa (D f ]]—s;l[usa [P(f)+Q(f)]] @)

So, according to Sumudu decomposition method (SDM), we can obtain the solution
f(x;t) as the form:

Fxt) =S f,(xt) ®)

the nonlinear operator is decomposed as:

Q[f(x1)] ZAn(fo, ....... ) )
where
1 3" o[ i
A (fy ff e f )= T {Zﬂ } (10)

Now, substituting Ed(8) and Eq(10) into Eq(7), we obtain:

3£, (1) =S [ f (x;0>+usa(g)]—sg{usa {D:i fm<x;t>ﬂ
—Sgl[usa {P(i fm(X;t))+Q(A~n)ﬂ

(11)

Comparing both side of Eq-11), we get
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fo(x;t) =S, [ f (x;0)+uS,(g)]
o (6t) = =8, U8, [ D] f, 060 ] =8, [uS, [P(F, (6 1) +Q(A)]]m=0. (2

4. ILLUSTRATIVE EXAMPLES
In this section we shall test examples using the CSDM technique.
4.1. EXAMPLE 1

Consider a linear time-fractional Newell- Whitehehead-Segel equation:
D f(x;t) =D f(x;t)—2f(x;t).,t >0,.,0<a <1. (13)

with the initial condition
f (x;0) =exp(x)

we applying the conformable Sumudu transform to both sides of the Eq(12), we get :

f(x O)

—s Jfen]- S, [ DI f(xt)]-28,[f(x1)] (14)

Then, we have

(szsa[f(x;t)]: Sa[fo(x;t)}+§

u u
S, [f(x t)]_ (15)

The inverse Sumudu transform S_* |, the Eq (15) can be explicitly given as:
foct) =5t —L s [D2f(x;t)]|+e*s? 16
ooy =s.| s Lot oan] e ] (16

Then,

R
f(x;t):exeza+8;{ U s,
1+2u

]} (17)

Base on the serial solution in Eq(8) and Eq(17) turns into:

'[ )
Zf (x;t)=e'e’ “a +8,1 ———S,| DY f.(xt) (18)
1 2 m=0
we use Eq(12), we obtain the following iterations:
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f x—Z%
=€
0
t“ x-2
f=—e «
! (24
2a t*
f = t x—2;
2 2
a2!
3a t
f o t x—2;
3 3
o’ 3!
Finally, we obtain the approximate solution:
x-2- t“ x-2 tza x-2t '[30’ x-2t
f(x;t)=e *+—e *+——e © 5 €
a a2! a”3!
X—Zﬁ ta tZa t3a
< f(xt)=e “|1+—+——+ F e
a 2! °3!
(18)

a
x-2t a q(teY
< f(xt)=e | 1+—+—|—| +
a 2\ «a

v
= f(x;it)=e ¢

If we put @ =1 in Eq(18), we can conclude the exact solution:

f(x;t) ="

anc

The approximate solution for a=0.75

.\1___...»"
0.0
10

The approximate solution for a=0.5

caoo

The exacte solution for a=1

Figure 1. 4-step approximate solution graphs of f (x; t) are given for different a values
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4.2. EXAMPLE 2

Consider the nonlinear time—fractional Newell-Whitehead-Segel equation:
D f(x;t)=D f(x;t)+2f(x;t) -3f?(x;t).,t >0,.,0<x <1. (19)

with the initial conditions:
f(x;0)=1 (20)

we applying the conformable Sumudu transform to both sides of the Eq(19), we get :

f(x;0)

1 2 2
ES“ [ f (x;t)]-T =S, [ DI f(xt) |+2S, [ f(x1)]-3S,[ F*(x;1)] (21)

Then, we have:

u

(1 2jsa[f(x;t)]:Sa[fo(x;t)]+§—3sa[f2(x;t)]

A u
+

1-2u 1-2u

3u
1-2u

=S, [f(xD)]= s, [ DI f(xt) |- S, [ F2(xt)] (22)

The inverse Sumudu transform S_*, the Eq(22) can be explicitly given as:

R 4| U 2 [y _ac-| U 20y
f(xt)=S, {m}sa [1—2u Sa[DXf(x,t)ﬂ 3S; [1_2u S, [ f (x,t)ﬂ (23)

With Adomain polynomials are given as in Eq(10), taking the solution form in Eq(8),
the Eq(23) becomes:

0 ZE u o0 u o0

f =g« +S* S | D) f -3S ! S 23

2. T aL_ZU { 2 )ﬂ QL_ZU [Z%H (23)
A few components of Adomian polynomials above are as follows:

Ao:foz
A.L:2f0fl
A2:2f0f2+f12

If we put the Adomain polynomials into Eq(23), and using the iterative formula in
Eq(10), we get:
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t*

22—
f,=1e «

t t
f1 ZEEZEZD‘ (1—62“]
2

Hence, the solution of Eq(19) is given by:

. 4 4 2 )
f(x;t) —Je +§/12e2“ [1—e2“ ]+Gj 2@ {1—e2“] Forrverenn

zﬁ 3 zi 3 2 zﬁ 2
o f(xt)=1e @ 1+§/1 1-e « |+ E) All-e | +.... (24)

ZE zi 3 zﬁ
o f(xt)=4e «|1+=1|1-e « |+ 5/1 1-e % || +.e.

t*

i i
= fxt)=Ae @ ! ok (25)

3 PA PL
1—51 l-e« 2-31|1-e @

000 oty

The approximate solution for a=0.25 The approximate solution for a=0.75
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Q.

Plot3D of the exact solution for a=1

LU

Figure 2. 3-step approximate solution graphs of f (X; t) are given for different « values and 4=1.
5. CONCLUSION

The application of SDM was extended successfully for solving the FPDEs. The SDM
was clearly very efficient and powerful technique in finding the approximate solution of the
proposed equations. In order to check the effectiveness of the introduced procedure, the
numerical example is tested, by comparing the (AS) approximate solution with the exact
solution.
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