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Abstract. We study an integro differential problem of Lane-Emden type that involves 

three phi Caputo derivatives. We begin by proving an existence results by means of Schauder 

theorem. Then, we investigate the niqueness of solution using Banach contraction principle. 

At the end, one example is discussed. 
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1. INTRODUCTION  

 

 

The fractional calculus has shown to be extremely useful in a variety of scientific 

domains, as evidenced by [1-6]. However, the majority of these studies have taken into 

account the fractonal techniques of Riemann-Liouville, Hadamard, Katugampola, and Caputo. 

However, the approach of "functions with regard to another function" appears to be missing in 

the studies mentioned above. [7] is an example of such an approach; it differs from the others 

in that its kernel is treated as a term of another function  . Some recent results relating to this 

approach have been discussed in [8-13]. The Schauder, Krasnoselskii, Darbo, or Monch 

theories have been employed in the majority of the current works to verify the existence of 

solutions to nonlinear fractional differential equations with some restrictive conditions [14-

16]. Bahous and Dahmani [17] have considered a Lane Emden type problem involving both 

Caputo derivative and Riemann-Liouville integral in its nonlinearities. The problem is the 

following:  
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where  
D   is in the sense of Caputo,  

I   is the Riemann-Liouville integral of order    , the 

functions  , : [0,1]g f R R R     are continuous and h,q are continuous over  0,1 . The 

authors have investigated the existence and uniqueness of solutions. Then, they have studied 

the Ulam-Hyers stability. 

Gouari et al. [18] have proposed the following nonlinear singular integrodifferential 

equation of Lane Emden type with nonlocal multi point integral conditions: 
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where   1 20, 0, 0,1J       the derivatives of the problem are in the sense of Caputo,  
I   

denotes the Riemann-Liouville integral of order  , f  and g are two given functions 

defined on  
2RJ  , and  ,h l  are two given functions defined over  J . 

Very recently,  Beddani and  Dahmani [19] investigated the following new nonlinear 

Langevin equation that involves the   Caputo derivatives: 
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where  ; , 1,4ic

a
i 

 D   are the   Caputo fractional derivative of orders  ,i    0 1,i     

4 3,   and  , , Ra   

  , and  : RJ    is an increasing function with  0   . The 

two other functions of our problem are to be defined later. 

In this work we study the existence and uniqueness of solutions for the following 

problem: 
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where  ; , 1,4ic

a
i 

 D   are the   Caputo fractional derivative of orders  4 3, ,i     and  

5 ;

a

 
I   the left-sided   Riemann Liouville fractional integral of order  5,   and  

0 1, 1,5 , , , Ri ii a   

     , and  : RJ    be an increasing function with  ( ) 0t   , 

for all  t J ,  to be defined later,  , :g f J R R R     is a given function satisfying some 

assumptions that will be specified later, and  ,h x  are two given functions defined over  J . 

 

 

2. PRELIMINARIES  
 

 

Let  : RJ    be an increasing function with  ( ) 0t   , for all  t J , and let  

( , )C J R   be the Banach space 
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 Definition 1 ([4]).  For  0   , the left-sided     Riemann Liouville fractional integral of 

order     for an integrable function  :u J R   with respect to another function  

: J R    that is an increasing differentiable function such that  ( ) 0t   , for all  t J    

is defined as follows 

 

  ; 11
2.1 ( ) '( )( ( ) ( )) ( ) ,

( )

t

a

a

u t s t s u s ds    




 
 I  

 

where    is the gamma function. Note that equation (2.1) is reduced to the Riemann Liouville 

and Hadamard fractional integrals when  ( )t t    and  ( ) lnt t  , respectively. 

 

Definition 2 ([4]). Let  Nn  and let   , nu C J    be two functions such that    is 

increasing and  ( ) 0,t   for all t J . The left-sided  Riemann Liouville fractional 

derivative of a function u of order     is defined by 
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where    1.n     

 

Definition 3 ([4]). Let  Nn   and let   , nu C J    be two functions such that     is 

increasing and  ( ) 0,t    for all t J . The left-sided     Caputo fractional derivative of a 

function  u   of order     is defined by 
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where    1n     for  N,n     for  N.    

To simplify notation, we will use the abbreviated symbol 
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This generalization (2.2) yields the Caputo fractional derivative operator when  

( )t t   . Moreover, for  ( ) lnt t   , it gives the Caputo Hadamard fractional derivative. 
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 Lemma 1 ([4]). Let  , 0   , and  1( )u L J  . Then 
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Next, we recall the property describing the composition rules for fractional   

integrals and   derivatives. 

 

Lemma 2 ([4]). Let  0    The following holds: 
 

If   ( , )u C a b   then 

 ; ; ( ) ( ), , .c

a a
u t u t t a b   

   D I  

 

If  ( )nu C J  ,  1 .n n     Then 

 
 

 ; ;

1

0

( )
( ) ( ) ( ) ( ) ,

!

c

kn
k

a a
k

u a
u t u t t a

k

    
  





  I D  

 

for all  [ , ]t a b  . In particular, if  0 1   , we have 
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Lemma 5 ([20]) Given a function   ,nu C a b   and  0 1,q    we have 

 

 
 ; ;

2 1 2 1

2
( ) ( ) ( ) ( ) .

1

q q q

a a

u
u t u t t t

q

      
 

I I  

 

Lemma 6. For a given  1( , , )L J R R  , the unique solution of the linear fractional initial 
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is given by 
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     

 
D I I  

 

so 

1 2 3 3 2 3 3; ; ; ;

1 2 3

( )
( ) ( ) ,

a a a a

u t
u t t c c c

t

         


   

   
      

 
I I I I  

 

where  1 2 3, , ,c c c R  by conditions  ( ) 0,u a   we get 

  1 2 3 3 2 3 3; ; ; ;

1 2

( )
2.3              ( ) ( ) ,

a a a a

u t
u t t c c

t

         


   

   
     

 
I I I I  

by integrating we find 
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 

   

1 2 3 3

2 3 3

; ;

1 2

2 3 3

( )
( ) ( )

2.4
( ( ) ( )) ( ( ) ( ))

.
1 1

a a

u t
u t t

t

t a t a
c c

    



  



   

  

 

 



 
    

 

 
 

    

I I

 

 

For  4 50 , 1,     and by (2.3), and Lemma 2  we have 

4 1 2 3 4 3 4 2 3 4 3 4; ; ; ; ;

1 2

( )
( ) ( ) ,c

a a a a a

u t
u t t c c

t

               


    

       
     

 
D I I I I  

and 

5 1 2 3 5 3 5 2 3 5 3 5; ; ; ; ;

1 2

( )
( ) ( ) .

a a a a a

u t
u t t c c

t

               


    

       
     

 
I I I I I  

 

So, 

   

4 1 2 3 4 3 4

2 3 4 3 4

; ; ;

1 2

2 3 4 3 4

( )
( ) ( )

( ( ) ( )) ( ( ) ( ))
,

1 1

c

a a a

u t
u t t

t

t a t a
c c

        



    



   

    

  

   

  

 
    

 

 
 

      

D I I

 

and 

   

5 1 2 3 5 3 5

2 3 5 3 5

; ; ;

1 2

2 3 5 3 5

( )
( ) ( )

( ( ) ( )) ( ( ) ( ))
,

1 1

a a a

u t
u t t

t

t a t a
c c

        



    



   

    

  

   

  

 
    

 

 
 

      

I I I

 

 

by conditions    ( ) ,b a M      4; ( ) 0,c

a
u b 

 D   and   5 ;

1

( )
n

i ia
i

u b u   



 I  , we give  

 

   

2 3 4 3 4

3 4 1 2 3 4; ;

1 2

2 3 4 3 4

( )
( )

1 1 a a

M M u b
c c b

b

 

    
     




    
 

  
    

    
        

I I  

 

and 

 

   

2 3 5 3 5

5 3 5 1 2 3 5; ; ;

1 2

2 3 5 3 5

( )
( ) ( ).

1 1 a a a

M M u b
c c u b b

b

  

    
      




    
  

  
    

     
        

I I I  

 

So, 

 
 

 

 

5

5

1 2 3 5 3 5

4

1 2 3 4 3 4

1

13 4

; ;

3 4

; ;

3 5

1

( )
( )

1

( )
( )

1

n

i i

i

a a

a a

M
c u

M u b
b

b

M u b
b

b

 

 




     




     



 
 


 


 

 

 






   

   

 
  

  
     
     

  
     
     



I I

I I

 

and 
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 
 

 

 

2 5

2 4

1 2 3 4 3 4

2 5

1 2 3 5 3 5

2

12 3 4

; ;

2 3 5

; ;

2 3 4

1

( )
( )

1

( )
( )

1

n

i i

i

a a

a a

M
c u

M u b
b

b

M u b
b

b

 

 

 

 
     



 
     



 
  


  


  

 

 






   


   


   

  
     
      

  
     
      



I I

I I

 

where 

       

2 3 2 3

3 5 2 3 4 3 4 2 3 51 1 1 1

M M
   

         

 

  
             

 

 

Substituting the values of  c1 , c2   into (2.4), we find the solution. 

By derivation we get: 

 

       

 

4

1 2 3 4 3 4

2 5 3 4 5 2 3 4

5

5 2 3 4

;

; ;

;

3 4 2 3 4 3 4 2 3 4

3 4 2

( )

( )
( )

( ( ) ( )) ( ( ) ( ))
( )

1 1 1 1

( ( ) ( ))

1

c

a

a a

a

u t

u t
t

t

M t a M t a
u b

M t a



 





     



       


   



   

         

 

  



 



   

    

  

 
    

 

  
                 



    

D

I I

I

 

   

   

1 2 3 5 3 5

2 5 3 4

1 2 3 5 3 5

3 42 4

1 2

; ;

3 4

; ;

3 4 2 3 4

3 4 2 3 5

( )
( )

1

( ( ) ( )) ( )
( )

1 1

( ( ) ( ))

1 1

a a

a a

a

u b
b

b

M t a u b
b

b

M t a

 

 



     



   
     



  



 

 


    

 

    

 

 



   

 
   




  
    

    

   
     
         



      

I I

I I

I

   

3 4 3 4

2 3 44

1 2 3 4 3 4

; ;

; ;

3 5 2 3 4

( )
( )

( ( ) ( )) ( )
( ) .

1 1

a

a a

u b
b

b

M t a u b
b

b



 

    



  
     





 


    



 

  

 
   

  
    

  

   
     
         

I

I I

 
 

 

3. MAIN RESULTS 
 

 

Now, let us introduce the Banach space:  

 

     4
2;: , ,Rc

a
X u u u C J 

 D  

and the norm: 

 4 ;max , .c

X a
u u u 

 
 D  

where  

   

4 4; ;

, ,

sup ( ) ,   and  sup ( ) .c c

a a
t a b t a b

u u t u u t  
  

 

 D D  
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Then, we define the nonlinear operator  :H X X   by 

 

 

       

   

1 2 3 3

2 5 3 5 2 3

5

5 2 3

1 2 3 5

; ;

;

3 2 3 4 2 3 3 4

;

2 3 3 4

( )

( )
( )

( ( ) ( )) ( ( ) ( ))
( )

1 1 1 1

( ( ) ( ))
( )

1 1

ua a

a

ua

Hu t

u t
t

t

M t a M t a
u b

M t a
b

 





   



     


  
   



   

       

 


   

 





 

  

 
  

 
    

 

  
               


  
     

I I

I

I

   

   

3 5

2 5 3

1 2 3 5 3 5

32 4

1 2 3 4 3 4

;

; ;

3 2 3 4

; ;

3 2 3 5

( )

( ( ) ( )) ( )
( )

1 1

( ( ) ( )) ( )
( )

1 1

a

ua a

ua a

u b

b

M t a u b
b

b

M t a u b
b

b



 

 

 



  
     



 
     



 


   

 


   



 

 




   


   

  
  
  

   
     
        

   
    
       

I

I I

I I

   

2 34

1 2 3 4 3 4; ;

2 3 3 5

( ( ) ( )) ( )
( )

1 1
ua a

M t a u b
b

b

 

 
     



 


   
 


   





   
     
        

I I

 
and 

 

 

       

 

4

1 2 3 4 3 4

2 5 3 4 5 2 3 4

5

5 2 3 4

;

; ;

;

3 4 2 3 4 2 3 4 3 4

2 3 4

( )

( )
( )

( ( ) ( )) ( ( ) ( ))
( )

1 1 1 1

( ( ) ( ))

1

c

ua a

a

D Hu t

u t
t

t

M t a M t a
u b

M t a

  



 

    



       


   



   

         

 

  



 



  

    

  

 
    

 

  
                 



    

I I

I

 

   

   

1 2 3 5 3 5

2 5 3 4

1 2 3 5 3 5

3 42 4

1

; ;

3 4

; ;

3 4 2 3 4

3 4 2 3 5

( )
( )

1

( ( ) ( )) ( )
( )

1 1

( ( ) ( ))

1 1

ua a

ua a

a

u b
b

b

M t a u b
b

b

M t a

 

 



     



   
     



  


 

 


    

 

    

 

 



   

 
   




  
    

    

   
     
         



      

I I

I I

I

   

2 3 4 3 4

2 3 44

1 2 3 4 3 4

; ;

; ;

2 3 4 3 5

( )
( )

( ( ) ( )) ( )
( )

1 1

u a

ua a

u b
b

b

M t a u b
b

b



 

     



  
     





 


    



 

  

 
   

  
    

  

   
     
         

I

I I

 

 

where if   

 

   3 3 4 3 5 1 2 3 1 2 3 4 1 2 3 5, , , , , , , ,e c t b                            

 

Then, 
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; 1( ) 1 ( )
( )( ( ) ( )) ,

( )

e

c

e

a

a

u c u s
s c s ds

ec s



 
  

 
  

 
I  

and 

 

 

; 4

5

1 ;1

1 ;2

1

( ) ( )( ( ) ( )) ( , ( ), ( ))
( )

( )( ( ) ( )) ( , ( ), ( ))
( )

1
( )( ( ) ( )) ( , ( )) ( ) .

( )

e

y

e c

ua a

a

y

e c

a

a

y

e

a

d
y s y s g s u s u s ds

e

d
s y s f s u s u s ds

e

s y s h s u s x s ds
e

 







  

  

  

 









  


 


  








I D

I  

 

Now, we are ready to study the above problem by means of the fixed point theory. 

A Unique Solution. For the sake of convenience, we introduce the following 

quantities: 

 

 

5

5

.
1

M






 

 

 

       

         

     

3 2 3

2 3 5

2 3

2 3 5

2 3

2

1

3 2 3 3 4 3 5

2
1,

2 3 3 4 3 2 3 4 3 5

2
1,

3 2 3 4 3 2

2

1 1 1 1

max

1 1 1 1 1

max

1 1 1

i
i n

i
i n

a M a M

n M
a M

n M
a M

   

  
 

  
 

 

      




         




     

 

 




 




 
           

 
 
 

 
                

 
 
 

 
           

N

   3 5 3 41 1       

 

 

     

       

   

1 2 3

1 2 3 1 2 3

1 2 3

2 2

2

2 3 3 4 1 2 3 5

2 2

1 2 3 3 2 3 4 1 2 3 5

2 2

2 3 3 5

2
                                                 

1 1 1

2 2

1 1 1 1

2

1 1

a M

M a M

a M

  

     

  

       

          

   

 

   

 


           

 
               


      

N

 

     

1 2 3

1 2 3 4

2 2

3 2 3 5 1 2 3 4

1

2

1 1 1

a M
  

   

       

 

    


           
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     

     

   

2 3 4 5

3 4

2 3 4

2 3 4

1,

3

3 4 3 4 2 3 4

2

3 4 2 3 4 3 5

2

3 4 2 3 5 3

2 max

                                               
1 1 1

1 1 1

1 1

i
i n

n M
a M

a M

a M

   
 

  

  




      



      



     

  




 

 

 
 
 

 
          


          


        

N

 

     

2 3 4

4

2

2 3 4 3 4 3 5

1

2
,

1 1 1

a M
  





      

 

 


          

 

 

and  

 

 

     

1 2 3 4

1 2 3 4

1 2 3 4

4

1 2 3 4

2 2

2 3 4 3 4 1 2 3 5

2 2

2
                                                                                                  

1

2

1 1 1

2

M

a M

a M

   

   

   

   

        

  

  

  


    


            



N

     

     

1 2 3 4

2 3 4 3 5 1 2 3 4

2 2

3 4 2 3 5 1 2 3 4

1 1 1

2
.

1 1 1

a M
   

        

        

  

            


            

 

 

Also, we consider the following hypotheses: 

A1)  2, : [ , ] 0,f g a b R     are continuous functions. 

 A2) There exists a constant  1 2 3, , 0      such that 

 

 1( , , ) ( , , ) ,g t u v g t w z u w v z      

 

 2( , , ) ( , , ) ,f t u v f t w z u w v z      

and 

3( , ) ( , ) ,h t u h t v u v    

 

for all  [ , ],t a b      4, , ,u v w z R  . 

A3) 1 - There exist constants  1 2 3 4 5, , , , 0,        , such that, for any  [ , ]t a b ,   

  2,u v R   we have 

1 1 2

2 3 4

3 5

( , , ) ( ) ( ) ( ) ,

( , , ) ( ) ( ) ( ) ,

( , ) ( ) ( ) ,

g t u v t u t v t

f t u v t u t v t

h t u t u t

  

  

 

  

  

 
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and 

1 1 2 2 3 3( ) ,   ( ) ,    ( ) .t t t     
  

    

  

and the  function  x   satisfies:  x 

  . 

 

 Proposition 1.  Let  0q   , and    , , , ,nu v C a b    we have 

1) ( ( ) ( )) ,q qt a M    

 
 ; ( )

2) , 0
1

q

q

X

a

a M uu t
a

qt










 

I  

 4 ;

1 1 23) ( , ( ), ( )) ,c

Xa
g s u s u s u     

  D  

 5 ;

2 3 44) ( , ( ), ( )) ,c

Xa
f s u s u s u      

  I  

3 55) ( , ( )) ,
X

h s u s u 


   

4 4; ;

16) ( , ( ), ( )) ( , ( ), ( )) 2 .c c

Xa a
g s u s u s g s v s v s u v      D D  

 5 5; ;

27) ( , ( ), ( )) ( , ( ), ( )) 1c c

Xa a
f s u s u s f s v s v s u v        I I  

38) ( , ( )) ( , ( )) .
X

h s u s h s v s u v    

 
 ; ;( ) ( )

9) , 0
1

q q

q

X

a a

a M u vu t v t
a

qt t

 



  

 
 

 
I I  

and 

   1 1 2 2 3 1 1 2 2 2 3 2 4 510) ( ) .u X
s d d d d d d u        

  
           

Proof :  

1) We have  ( ) 0,t      ,t a b   , then 

 

( ( ) ( )) ( ( ) ( )) ,q q qt a b a M        

2) 

 

 

 

   

; 1

, 1

( ) 1 ( )
( )( ( ) ( ))

sup ( )

( )( ( ) ( ))

.
1 1

q

t

q

a

a

t
s a b q

a

q q

X

u t u s
s t s ds

qt s

u s

s t s ds
a q

a M u a M u

q q



 



 

  

  





 

 



 


 


 
   





I

 

3) By (A3), we have 

 

   

 

4 4

4

; ;

1 1 2
, ,

;

1 1 2

1 1 2

( , ( ), ( )) ( ) sup ( ) sup ( )

.

c c

a a
s a b s a b

c

a

X

g s u s u s t u s u s

u u

u

 



 



  

  

  

 



 

  



  

  

  

D D

D  

4) By (A3), we have 
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   

   

 

5 5; ;

2 3 4
, ,

2 3 4
, ,

2 3 4

( , ( ), ( )) ( ) sup ( ) sup ( )

( ) sup ( ) sup ( )

.

a a
s a b s a b

s a b s a b

X

f s u s u s t u s u s

t u s u s

u

    

  

  

 

 

 



  

   
     

   

  

I I

 

6) By (A2), we have 

 

   

4 4

4 4

; ;

; ;

1
, ,

1

( , ( ), ( )) ( , ( ), ( ))

sup ( ) ( ) sup ( ) ( )

2 .

c c

a a

c c

a a
s a b s a b

X

g s u s u s g s v s v s

u s v s u s v s

u v

 

 

 

 



 

 

 



 
    

 

 

D D

D D  

7)  
 

 

   
 

 
 

   

5 5 5 5

5

; ; ; ;

2

;

2
, ,

2 2
,

( , ( ), ( )) ( , ( ), ( )) ( ) ( ) ( ) ( )

sup ( ) ( ) sup ( ) ( )

1 sup ( ) ( ) 1 .

c c c c

a a a a

c

a
s a b s a b

X
s a b

f s u s u s f s v s v s u s v s u s v s

u s v s u s v s

u s v s u v

   



   







   

   



 



    

 
    

 

     

I I I I

I

 

10) By (A3), (3) and (4) we have 
 

    

   

 

4 5

4

4

; ;

1 2

;

1 1 1 2 2 2 3 4

3 5

;

1 1 2 2 3 1 1 2 3 2 4 5 2 2

1 1 2 2 3 1 1

( )

( , ( ), ( )) ( , ( ), ( )) ( , ( )) ( )

u

c c

a a

c

a

c

a

s

d g s u s u s d f s u s u s h s u s x s

d u u d u

u x

d d d d d u d u

d d d d

 





 





     

 

        

    

 





   

  

    

  



   

     

  

        

     

D I

D

D

 2 2 2 3 2 4 5 .
X

d d u     

 

 

Theorem 1. Assume that hypotheses (A1) and (A3), are satisfied. Then, the problem (1.1) has 

a unique solution provided that  
 

      1 2 2 2 1 1 3 3 4 2 2 1 1 3max 1 2 , 1 2 1.d d d d                 N N N N  

 

Proof: First step: We consider a ball  { , , 0}r X
B u X u r r      where:    

 

 
2 4

1 3

max ,
.

1 max ,

k
r




   

N N

N N
 

and 

1 1 2 2 3 1 1 2 2 2 3 2 4 5, .d d k d d d d         
  
          

 

For  ru B   and  t J  , we have: 
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       

   

1 2 3 3

2 5 3 5 2 3

5

5 2 3

1 2 3 5

; ;

;

3 2 3 4 2 3 3 4

;

2 3 3 4

( )
sup ( )

( ( ) ( )) ( ( ) ( ))
( )

1 1 1 1

( ( ) ( ))
( )

1 1

ua a

a

ua a

Hu

u t
t

t

M t a M t a
u b

M t a
b

 


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by Lemma 4 , and Proposition 1, we obtain 
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by Lemma 4 , and Proposition 1 , we obtain: 
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Hence, 
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Second step: We proceed to prove that  H   is a contraction mapping. 
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by Lemma 4, and Proposition 1, we obtain: 
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also, using the same method and by Lemma , and Proposition , we obtain: 
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At Least One Solution. 

 

Theorem 2.  Assume that hypotheses (A1) and (A3) are fulfilled. Then, the problem (1.1) has 

at least one solution over J . 
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 Proof: 

First step: First of all, we show that the operator  H   is completely continuous on  X . We 

have: 
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 





 



 

   

      

  
   
              
 

 



  
   

3 5 ;

2 3 3 4

( ) ( )
( )

1 1

n

u a

u b u b
t I

b b

  

 


   




   

      

 

    
   

    
   

 

3 1 2 3 5 3 52 5

2 3 1 2 3 4 3 44

32 4

; ;

3 2 3 4

; ;

2 3 3 5

( ) ( )
( ) ( ) ( ) ( )

1 1

( ) ( )
( ) ( ) ( ) ( )

1 1

( ) ( )

n

n

n

u ua a

n

u ua a

a

u b u b
M t a I t t I

b b

u b u b
M t a I t t I

b b

M t a I

         

 

         

 

  

  

   

  

   

 

 

 



   

    



     


      

     


      





  
   

1 2 3 4 3 4; ;

3 2 3 5

( ) ( )
( ) ( )

1 1

n

n

u u a

u b u b
t t I

b b

      

 


   



    
     




       


 

by Lemma 4, and Proposition 1, we obtain: 

 

  1 2 2 2 1 1 31 2 .n n X
Hu Hu d d u u   


        N N  

 

Thanks to hypothesis (A1), so 

 

0,  as .nHu Hu n


    

 

Similarly, it can be shown that: 

 

  4 4; ;

3 4 2 2 1 1 31 2 .c c

n n Xa a
Hu Hu d d u u       


        D D N N  

 

Therefore, it yields that: 

 
4 4; ; 0,  as .c c

na a
Hu Hu n  

 


  D D  

 

We conclude that 

 

0,  as n X
Hu Hu n    

 

Consequently,  H   is continuous on  X  . 
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Second step:  H   maps bounded sets into bounded sets in  X  . Indeed, it is enough to show 

that for any  0r  , there exists a positive constant l such that for each 

 

{ , ,}r X
u B u X u r      one has  

X
u l  . 

 

Let  rv B  .  

We put: 

    1 2 3 4max ,l r k r k     N N N N  

 

By (A1) and (A3), for all  t J ,  and by Lemma 4, and Proposition 1, we obtain, 

 

 1 2Hv r k

  N N  

 

Also 

 

 4 ;

3 4 .c

a
Hu r k  


  D N N  

 

Hence, 

 

    1 2 3 4max , .
X

Hv r k r k l      N N N N  

 

Consequently,  H   is uniformly bounded on  rB  . 

 

Third step:  H   maps bounded sets into equicontinuous sets of  X  . The functions  , ,u g   

are continuous, hence the operator  H   is continuous. For any  ru B   and  1 2, [ , ]t t a b   such 

that  1 2t t  , by Proposition 1, and Lemma 5 we have 

 

       

 

   

 

   

 

   

1 3 3 3

3 2 32 5 5

5

2 35

; ; 2 1

2 1 2 1

2 1

2 1 2 1 ;

3 2 3 4 3 3 3 4

2 1

2 3 3 4

( ) ( )
sup ( ) ( )

( ) ( ) ( ) ( )
( )

1 1 1 1

( ) ( )

1 1

u ua a

a

a

u t u t
Hu t Hu t I t t I

t t

M t t M t t
I u b

M t t
I

     

 

    

 

 



   

       

 

   

 



 



 



      

  
  
              
 



      

 1 2 3 5 3 5; ; ( )
( )u a

u b
b I

b

       


 

    
  

 

 

 

   
 

 

   
 

 

 

32 5

1 2 3 5 3 5

2 34

1 2 3 4 3 4

32 4

2 1 ; ;

3 2 3 4

2 1 ; ;

2 3 3 4

2 1

3 2 3 5

( ) ( ) ( )
( )

1 1

( ) ( ) ( )
( )

1 1

( ) ( )

1

ua a

ua a

M t t u b
I b I

b

M t t u b
I b I

b

M t t

 

       



 

       



 

 


   

 


   

 

   

 

 



   



   



  
   
        

  
   
        



       

 1 2 3 4 3 4; ; ( )
( )

1
ua a

u b
I b I

b

       


 

    
  

 

 

 

  



 An integro differential Lane Emden …  Houari Fettouch and Hamid Beddani 

www.josa.ro Mathematics Section 

306 

So, 

 

 
 

1 2 3 2 3 3

2 1

2 1 1 2 1 2 2 1

1 2 3

( )( ) ( )( )

( ( ) ( )) ( ( ) ( )) ( ( ) ( ))
1

X

Hu t Hu t

k u
t t t t t t

     


     
  

  




     
   

A A
 

 

where, 

 

   

 
   

 
   

52 5

1 2 3 5 3 52 5

1 2 3 4 3 44

;

1

2 3 3 4

( ); ;

2 3 3 4

( ); ;

2 3 3 5

( )
sup

1 1

( )

1 1

( )
,

1 1

a

u b

ua a b

u b

ua a b

M u b

M b

M b



 



 



  

       

      

   



   



   



 

 



    

   


 

      

 


      

  
 

       

I
A

I I

I I

 

and 

     

 
   

 
   

55

1 2 3 5 3 55

1 2 3 4 3 42 4

;

2

3 2 3 4 3

( ); ;

3 2 3 4

( ); ;

3 2 3 5

( )
sup

1 1 1

( )

1 1

( )
;

1 1

a

u b

ua a b

u b

ua a b

M u b a u

M b

M b



 



 



  

      

       



    



   



   



 

 

 



    

    


 

        

 


      

  
 

       

I
A

I I

I I

 

Also, 

 

   

 
 

4 4

1 2 3 4

2 3 4 3 4

; ;

2 1

2 1

1 2 3 4

1 2 1 2 2 1

( ) ( )

( ( ) ( ))
1

( ( ) ( )) ( ( ) ( ))

c c

a a

X

Hu t Hu t

k u
t t

t t t t

  

   

    


 

   

   

 

  

  




 
    

   

D D

B B

 

where 

 

 
   

 
   

1 2 3 4 3 44

1 2 3 5 3 5 55

( ); ;

1

3 5 2 3 4

( ); ; ;

3 4 2 3 4

( )
sup

1 1

( ) ( )
,

1 1

u b

ua a b

u b

ua a ab

M b

M b u b

 



  



      

       



    



    

 

  

   

    

  
 

       

   
 

        

I I
B

I I I

 

and 
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 

 
   

 
   

1 2 3 5 3 5 52 5

1 2 3 4 3 42 4

2

3 4

( ); ; ;

3 4 2 3 4

( ); ;

3 4 2 3 5

sup
1

( ) ( )

1 1

( )
.

1 1

u b

ua a ab

u b

ua a b

a u

M b u b

M b

  



 





        

       



 



    



    

  

 





    

    


 

  

  


       

  
 

        

B

I I I

I I

 

 

The right hand sides of Equation (1.1) tend to zero independently of u as  2 1.t t   As 

a consequence of first step second step  and third step together with the Arzela-Ascoli 

theorem, we conclude that  H   is completely continuous. 

 

Forth step: The set   : ,0 1u X u Hu         is bounded: let  w   then  

,w Hw   hence, we can write 

 

    1 2

.

a w Hw Hw r k

r

   



  
    



N N
 

We have also, 

 

      4 4 4; ; ;

3 4

.

c c c

a a a
b w Hw Hw r k

r

       



  
  
    



D D D N N
 

 

By (a) and (b) we state that  
X

w    . The set is thus bounded. As a consequence 

of Schauder fixed point theorem, we deduce that  H   has a fixed point which is a solution of 

the problem (1.1). 

 

Example: Consider the following nonlinear Lin-Emden equation of fractional orders 

 

  
 

 

0, 5; 0, 25; 0, 5; 0, 33; 0, 2;

0, 05

2

1 1
2

3 3

1
2

2 1
11 91

; 2
1

4 2 8 5

( ) ( , ( ), ( )) 2 ( , ( ), ( ))

( , ( )) ( ), ,1 ,

( ) , ( ) , ( , ( )) ( )

( , ( ), ( )) sin ( )

c c c c

a a a a at

tt

t

c ct t t

a a

u t g t u t u t f t u t u t

h t u t x t t

t t x t h t u t u t

g t u t u t u t

    

 



    

 



  

  

   

   

D D D D I

D D 
   

1 1
2

5 5

2

;

; 2 ;
1 1

9 7 5 3

1
1 2 34 9 11

( )

( , ( ), ( )) cos ( ) ( )

( ) ,    ( ) ,    ( )

t t t

a a

tt t

u t

f t u t u t t u t u t

t t t



 


  

 














    

   

I I

 

 

Observe that the function  f, g , is continuous, also 
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1 2 3

1
( , ) ,  and  ( , ) ( , ) ,

11 9 9

49 491
( , , ) ,  and  ( , , ) ( , , ) ,

4 64 5 64 5

2
( , , ) ,  and   ( , , ) ( , , ) ,

9 175 3 175 3

1 2 1 1
,    ,    ,   and ;

4 9 11 2

u u w
h t u h t u h t w

u v u w v z
g t u v g t u v g t w z

u v u w v z
f t u v f t u v f t w z

x  
   


   

 
     

 
     

   

 

 

Thus, the assumptions (A1) and (A2) are satisfied and Theorem 1  implies that the 

problem has a solution. 
 

 

5. CONCLUSION 
 

 

In this paper, we study a Lin-Emden integral differential problem involving three 

derivatives of phi-Caputo, and we prove the existence of the results by means of Shauder's 

theorem. After that, we investigated the uniqueness of the solution using the Banach 

contraction principle, and finally we also supported this with an illustrative example to 

demonstrate the applicability of our results. 
 

 

REFERENCES 
 

 

[1] Dahmani, Z., Marouf, L., Journal of Interdisciplinary Mathematics 16, 2013. 

[2] Diethelm, K., The Analysis of Fractional Differential Equations, Lecture Notes in 

Mathematics, Springer-Verlag, Berlin, 2010.  

[3] Herrmann, R., Fractional Calculus for Physicist, world scientific publ. 2014.  

[4] Podlubny, I., Fractional Differential Equations, Academic Press, San Diego, 1999. 

[5] Qin, H., Zuo, X., Liu, J., Abs. Appl. Anal., 2013, 12, 2013. 

[6] Samko, S.G., Kilbas, A.A., Mariche, O I., Fractional integrals and derivatives, 

Yverdon, Gordon and Breach, 1993.  

[7] Agrawal, O.P., Fract. Calc. Anal. Appl., 15, 2012. 

[8] Ahmad, B., Matar, M. M., EL-Salmy, O. M., Int. J. Anal. Appl., 15, 86, 2017. 

[9] Almeida, R., Commun. Nonlinear Sci. Numer. Simul., 44, 460, 2017.  

[10] Benhamida, W., John, R.G., Hamani. S., Fractional Differential Calculus, 8(1), 165, 2018. 

[11] Benhamida, W., Hamani, S., Henderson, J., Advances in the Theory of Nonlinear 

Analysis and its Applications, 2(3), 138, 2018. 

[12] Kassim, M. D., Tatar, N. E., J. Pseudo-Differ. Oper. Appl., 1, 447, 2020.  

[13] Aghajani, A., Pourhadi, E. Trujillo, J.J., Fract. Calc. Appl. Anal., 16, 962, 2013.  

[14] Osler, T.J., SIAMJ Math. Anal., 1, 288, 1970.  

[15] Yigider, M., Tabatabaei, K., elik, E., Discrete Dyn. Nat. Soc. 2011.  

[16] Bahous, Y., Dahmani, Z., India. J. Indust.and Appl. Math., 10(1), 60, 2019.  

[17] Gouari, Y., Dahmani, Z., Sarikaya, M. Z., Math. Meth. Appl. Sci., 2020.  

[18] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., North-Holland Mathematics Studies, 

Elsevier Science, Amsterdam, 2006.  

[19] Beddani, H., Dahmani, Z., Eur. J. Math. Appl., 1, 11, 2021. 

[20] Seemab, A., Alzabut, J., Rehman, M., Adjabi, Y., Abdo, M.S., arXiv:2006.00391v1, 2020. 


