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Abstract. We study an integro differential problem of Lane-Emden type that involves
three phi Caputo derivatives. We begin by proving an existence results by means of Schauder
theorem. Then, we investigate the niqueness of solution using Banach contraction principle.
At the end, one example is discussed.
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1. INTRODUCTION

The fractional calculus has shown to be extremely useful in a variety of scientific
domains, as evidenced by [1-6]. However, the majority of these studies have taken into
account the fractonal techniques of Riemann-Liouville, Hadamard, Katugampola, and Caputo.
However, the approach of "functions with regard to another function™ appears to be missing in
the studies mentioned above. [7] is an example of such an approach; it differs from the others
in that its kernel is treated as a term of another function ¢ . Some recent results relating to this
approach have been discussed in [8-13]. The Schauder, Krasnoselskii, Darbo, or Monch
theories have been employed in the majority of the current works to verify the existence of
solutions to nonlinear fractional differential equations with some restrictive conditions [14-
16]. Bahous and Dahmani [17] have considered a Lane Emden type problem involving both
Caputo derivative and Riemann-Liouville integral in its nonlinearities. The problem is the
following:

D’ (D +4)y(®) + f (t.y(®),D°y(t)) + 9(t, y(t). T’ y(t)) = h(t).t € (0.1),
y(0) =v,y(@) =bfja(s)y(s)ds,0 <, f,7 <1, u>0,4 >0,

where D is in the sense of Caputo, I” isthe Riemann-Liouville integral of order o , the
functions g, f :[0,]]xRxR—R are continuous and h,q are continuous over [0,1]. The

authors have investigated the existence and uniqueness of solutions. Then, they have studied
the Ulam-Hyers stability.

Gouari et al. [18] have proposed the following nonlinear singular integrodifferential
equation of Lane Emden type with nonlocal multi point integral conditions:
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D/ (D% +4)y(t) + A, f (1, y(©), D y(1)) + A, (¢, y(1), I°y(©) + h(t, y(1)) = 1(t).t £ (0,1),
y(0) =0, y(2) =bfy(s)ds,0 <7 <1,
I’y(u)=y(@®),0<u<1l
u>0 0<A<] 1<p<2, 0L, 0<1

where A, >0,A, >0,J =[0,1] the derivatives of the problem are in the sense of Caputo, I”
denotes the Riemann-Liouville integral of order p, f and g are two given functions

defined on JxR?,and h,l are two given functions defined over J .

Very recently, Beddani and Dahmani [19] investigated the following new nonlinear
Langevin equation that involves the ¢ —Caputo derivatives:

‘DY (°D;2;4’ (°ij“’ + ,u))u(t) = g(t,u(t),” D ’u(t)),t e J = (a,b)

u(@) = (D Ju() =0, ub) = pu (&),
u,p>0, 0<a<{ <b<owo, and (o(b)—gp(a)zM >0,

where °D"%,i —14 are the ¢—Caputo fractional derivative of orders o, O<a <1,

a,<a,, and a,u,peR’ ,and ¢ : J >R isan increasing function with ¢'#0 . The
two other functions of our problem are to be defined later.

In this work we study the existence and uniqueness of solutions for the following
problem:
"D27 (D7 (DY + #))u(t) = dig (t,u(t),S D u(D) + d, T (4, u(D), T u(D)
+h(t,u(t) + x(t)
(1.1) ted =(ab), u(a) = D**u(b) =0, T**u(b) =3 pu(¢;),
i=1
wup, >0, 0<a<( <b<oo, and p(b)-g(a) =M >0,
u>0 0<A1<1 d;,>0,d,>0

where CD:Iiﬂ’,i:l,_df are the ¢ —Caputo fractional derivative of orders ¢;,a, <a,, and
17 the left-sided ¢@—Riemann Liouville fractional integral of order «, and

O<ea <1 =15 ,a,u,p€R’ ,and @ : J >R be an increasing function with ¢'(t) #0 ,

forall teJ, tobedefined later, g,f : JxRxR —R" isa given function satisfying some
assumptions that will be specified later, and h, x are two given functions defined over J .

2. PRELIMINARIES

Let ¢ : J >R be an increasing function with ¢'(t) =0 , forall teJ, and let
C(J,R) be the Banach space
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Definition 1 ([4]). For « >0 , the left-sided ¢— Riemann Liouville fractional integral of
order « for an integrable function u :J—>R with respect to another function
¢ : J >R thatis an increasing differentiable function such that ¢'(t) =0 , for all teJ
is defined as follows

(21)  TIu() ——fw (s)(e(t)—e(s))*u(s)ds,

where T is the gamma function. Note that equation (2.1) is reduced to the Riemann Liouville
and Hadamard fractional integrals when ¢(t) =t and ¢(t) =Int, respectively.

Definition 2 ([4]). Let neN and let @,ueC"(J) be two functions such that ¢ is

increasing and ¢@'(t) =0, for allteJ. The left-sided @—Riemann Liouville fractional
derivative of a function u of order « is defined by

couy =LY g
Da+u(t)_(¢,(t) dtJ I "u(t)

B 1
T(n-a)

( '(t) dt] j ?'(s)(@(t) — p(s))"“u(s)ds,

where n=[a]+1.

Definition 3 ([4]). Let neN and let @,ueC"(J) be two functions such that ¢ is

increasing and ¢'(t) =0, forall teJ. The left-sided ¢@— Caputo fractional derivative of a
function u of order « is defined by

oy _peef 1 Y
Drru(t) =17 (q),(t) dt] u(t),

where n=[a]+1 for a¢N,n=a for aeN.
To simplify notation, we will use the abbreviated symbol

ul e
(2

From the definition, it is clear that,

i [ ) )~ o(s)) Ul s)ds, if N,

[n] i
u, () if « eN.

(2.2) “Dou(t) =

This generalization (2.2) yields the Caputo fractional derivative operator when
o(t) =t . Moreover, for ¢(t) =Int , it gives the Caputo Hadamard fractional derivative.
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Lemma 1 ([4]). Let «,8>0,and uel'(J) . Then
T ru(t) =T u(t), aeteld.

In particular, if ueC(J) . Then II’’u(t)=I""u(t), teld.
Next, we recall the property describing the composition rules for fractional ¢—
integrals and ¢ —derivatives.

Lemma 2 ([4]). Let « >0 The following holds:

If ueC([a,b]) then
"DIUIICu(t) =u(t),te[a,b].

If ueC"(J), n-1l<a<n. Then

n-1 ]
LD =u0 -3 P o0 o(@)]

k=0
for all te[a,b] . Inparticular, if 0<a <1, we have
I77Dru(t) =u(t) —u(a).
Lemma 3 ([4, 20]). Let t>a, «>0;and S >0 .Then
o I[pM)-0@)] = ;w [o®) - @],

o D[pM)-p@] " = 5 [e®-e@] ",
o °D[pt)-¢@)] =0, forall ke{0,..n-TneN .

Lemma4 ([18, 20]). Let &« >0,ne N, suchthat n—1<qg<n. Then:
e DI'T7Cu(t) =° D “‘u(t), if q>a.
. °anf”I:;‘”u(t) =TI "u(t), if a>q.

Lemma 5 ([20]) Given a function ueC"[a,b] and 0<q<1, we have

I”u(t) I”U(T,l)‘ ” ” )((/7( ) (p(ti))

Lemma 6. For a given Y e L'(J,R,R) , the unique solution of the linear fractional initial
value problem
CD:ﬁW (cDai;q) (CD;W +§))U(t) =Y (1)

ted=(ab), u(@="Dr"ub) =0, T7°ub)=3pu(<),

1,p,>0, 0<a<(; <b<oo, and p(b)-g(a)=M >0,
u>0, 0<A<1 d,>0,d,>0
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is given by
U(t) Ia1+a2+a3 (pY(t) a,3+ (p( t(:')j
M (p(t) — p(a))™ M~ (p(t) — p(a))™"™
AF(a3 +1)I(a, +a; — +l) AT (a, +a, + 1) (a4, —a, +1)

(1) - (o(a))“zma
AF(a2 +oy +1)T (o —a, +1

__ M (e(t) - p(a))™
AT (g +1)T (e, + g — e, +1

[(a, +1)T (o, + oy + g +1

__ M (e(t) - ()™
AT (e, + a; +1)T (o, + a5 +1)

where

M aytag M aytag
A=

(I o+ +az+as; WY(b) a3+a5 [ (

( a1+a2+a3+a5 (pY(b) 0!3+O!5 [ (

M " (p(t) — p(a)" (I oy () - gz ( u(b) D
N b*

(Ia1+a2+a3 ay; (pY(b) a3 ay; go(

17%°u(b)

F(a3 + o +1)F(052 +o,-q, +1) _F(a3 -a, +1)F(a2 +o,+a; +1)'

andif ee{a;, a3 —a,, 0+, 0+, oy, 0 + o, + a4 — a0 o, +a; + o} Y € {t,b}

then

o [ UCY) 1u(s)
Ia*( v ] F( )I¢( oY) - p(s)) ds,

L (X)) = 1) L[ Eem) -0l (1)t

Proof: For 0<e; <1,i=13, and Lemma 2 we get

[CD:T"’( D“3"’+t Du(t) Y () +c,
and

( D“3¢+t ju(t) Y () + I, +c,,

SO

u(t) = ==Y (t) - p M( ()juam ‘e +I%%, +c,

where c,,c,,C, € R, by conditions u(a) =0, we get
23 R ot LAy

by integrating we find

ISSN: 1844 — 9581

Mathematics Section



294 An integro differential Lane Emden ... Houari Fettouch and Hamid Beddani

u (t ) Ia1+a2+a3 (pY(t ) a3+ ) (ut(i ) J

(p®) —p@)™™ . () -¢@)™
['(a, +a;+1) ? I'(a;+1)

(2.4)

+C,;

For 0<q,,a, <1 and by (2.3), and Lemma 2 we have

D a1 artaz-ay; I~ —aty; (t) artaz—ay, -y,
¢u (t) I taptas ¢Y(t) 3 ¢ ( + I 2 3 ¢C +I 3 ¢CZ|

and
Ia5 ¢u(t) Ia1+a2+a3+a5 ¢Y(t) a3+a5 ¢ ( (t) j + Ia2+a3+a5 ¢C1 + Ia3+0(5 qﬁc
So,
CD;‘L;¢U (t) — I;ljrazmrm;szﬁy-(t) _ 'ur::zmw (%j
o BO-g@) (GO —g@)
1 2 I
I'(a, +a,—a, +1) ['(a;—a,+1)
and

a a1+a2+a3+a5 a3+a5 u(t
TGRS & Y(t) - ¢( tg)j

(@O —g@)™™™ . (#1)-4@)"™

(e, +ay+az+1)  ° T(op+ag+l)

+C

by conditions ¢(b)-g¢(a)=M, °D?u(b)=0, and I:i?"’u(b):ipiu(gj) , We give
i=1

M i CZ M — #Iai—a4;¢ [ u (E) j _ Ial:ra2+a3—a4;¢Y(b)
[, +a;—a,+1)  “T(ay—a,+1) 2 b 2
and
Cl M i C2 M — I“i;¢u (b) + /ng@:—aS;gﬁ ( u (?) j _ Ialj-a2+a3+a5;¢Y(b).
I'(a, +a,+ag+1) (g +ag+1) ° 2 b 2
So,
M %
c,=-
YAl (e, +1) Z P
" M Ial:ra2+a3+a5;¢Y(b) _ ﬂI(l:i+lZ5;¢ ( u (?) j
Al (g —a, +1)\ ® a b
_ M Ia1+a2+a3—a4 ¢Y(b) ﬂIag—Dm N (U (E) j
AT (o + a5 +1) b
and
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M ay—as n

2Pu(s

AF(a2 +a,—-a, +1 =

n M 2T (Ia1+a2+a3—a4 ¢Y(b) ,uIag ¢ (ué?) j]

AT (a, + oy + a5 +1)

) M 205 (I:ljaﬁanras;(éY(b) _/L[I::iﬂls;(é (%)]

AT (e, + o —a, +1)

C, =

where
M 0!2 +a3 M az +!Z3

A= _
C(ag+as+1)T(a, +ay—a,+1) T(ay—a, +1)T (o, + o +ag +1)

Substituting the values of C1, €2 into (2.4), we find the solution.
By derivation we get:

D)
— I:1+0!2+0!3 ay, ¢7Y(t) 0!3—0!4 (4 (ut(:)j
M™™ (o(t) —p(a))™ ™ (o) —p(a)) 1o
; =y (b)
AF(a3—a4+1)F(a2+a3 a, +1) AF( —a, +1)T(a, + oy —, +1)

+ M (¢(t) - (P(a)) Ia1+a2+a3+a5 (pY(b) I 3+a5;(p (U(E))
AT (g —a, +1)T (o, +a, —a, +1) b

_ M 2% ((p(t) B (D(a'))ag_a4 a1+a2+a3+a5 wY(b) a3+a5 o (m
Al (g —a, +1)T (o, + a3 —a, +1)
M 2 ((D(t) B (0(3)) o (I?f"‘“%“‘”‘”Y(b) _ 'uIz;fm?t/? (@]

Iy —a, +1)T(a, + a3 + a5 +1)

. M (gﬂ(t) _¢(a)) e ID(1+0!2+0!3 ay; (PY(b) 0‘3 49 [w
AT (o + a5 + )T (o, + 3 — 2, +1)

+

3. MAIN RESULTS

Now, let us introduce the Banach space:
X ={u: (ueD"u)e(C(3,R))’}
ozu] |

and the norm:

Jull, = max {Jul, |

where

Du(t).

Jul., = sup Juce)],
tefa,b] tefa,b]
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Then, we define the nonlinear operator H : X — X by

(Hu)(t)
— It;1+a2+013 wY (t) as 4 (ut(:)j
M™™ (p(t) - p(a))™ M (e(t) —p(a))™™™ T%u(b)
AT (o +1)T(a, + a3 —a, +1) AT (e, + o, +1)T (-, +1) |

M~ (€0(t) — ¢(a))a2+a3 at+aytagtas;p a3+a5 ® U(b)
+AF(0(2+0(3+1)F(0¢3—054+1)(I 0= ( b* D

. M #27% ((D(t) B (D(a)) ’ In,1+a2+a3+a5 (pY (b) a3+a5 ) (_
AT (g +1)T (o, + a3 —at, +1)

M (p(t) - p(a)) ™ [I i, (b) - pI (@j

[(a; +1) (e, + oy + g +1)

M “ (Q)(t) - gp(a))a2+a3 (Ia1+az+0!3 ay; (PY (b) /JI'ZS ag; @ (U(b) jj

_AF(a2+a3+1) ['(a; +a; +1) b*
and
“D“* (Hu)(t)
— I;1++az+a3*a4;¢/)Yu (t) _ /JI;;::&A;(/’ (%j
M ™ (p(t) —p(a)) ™™™ B M~ (p(t) — p(a)) ™™ pio
+ u(b)
AT (ay—a, +1) (@, +a; —a, +1) Al (e, +a;—a, +1)T(a; - a, +1)
+ M™% (gﬂ(t) - @(a)) 2 Ia1+a2+a3+a5 <pY (b) a3+a5 ® LU(E)j
Al (a, +ay —a, +1)T (e, —a, +1) b
MO (i () e [u(b)j
AT (g —a, +1)T (o, + a, —a, +1)
+ M 2 (gD(t) _¢(a)) s Ia1+a2+a3 —ay; (/)Y (b) 0(3 ay,Q U(b)
I(ay—a, +1)T (o, + oy + a5 +1)
_ M 4((0(1:)—(0(8.)) 2 Ia1+a2+a3 a; oy (b) #Iag ay; go(u b)
AT (a, + ay —a, +1)T (o + o +1)
where if

eel{ay, oy —a,, 0+ a5, 0+, + oy, 0 +a, oy —a,, 0 +a, + oy +ag |, C € {t,b},

Then,
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I (“(f )j - oS0 -y S as,

c I'(e)s
and
'Y, (y) = 1_( )I(ﬂ( )o(y) = @(3))*7 g(s,u(s),” D u(s))ds
1_( ) "L (s,u(s),° I27u(s))ds
1_( )I¢ ()(2(y) = ()" (h(s,u(s)) + x(s)) ds.

Now, we are ready to study the above problem by means of the fixed point theory.
A Unique Solution. For the sake of convenience, we introduce the following
quantities:

M “

F= I(l+as)

B Iuafl M a3 zﬂafﬂv M a,+2a3
! I'(c; +1) |A|F(a2+a3+1) (a3 —a, +1)I (o + a5 +1)

m M a2+a3*a5
( aX pl ) I[,[a.il M a,+2a3

i=Ln

+|A|F(a2 +oy +1)T (o — 2, +1) ’ AT (e, +1)T (e, + @3 —a, +1)T (@ + a4 +1)

m M| %2 tea=as
( aX pl ) I[,[ail M a,+2a3

i=Ln

+|A|F(a3 +1)I (e, + o, —a, +1) ’ AT (e, +1)T (e, + @3 + o +1)T (e — @, +1)

2a—iM o +20,+2a3
AT (e, + oy +1)T (@ —a, +1)T (e + @, + ay + g +1)
2M atay+ag 2a—/1M o +20,+2a3
+
D(g+a, +a,+1) AT (o +1)T (e, + a2y —a, + )T (o + a1, + 3 + 0t +1)
zafﬂ.M o +20,+20;
+|A|F(a2 +o, +1) (g + o5 + )T (e + @, + 2, —a, +1)
2a—/1M o +20,+2a3
+|A|F(a3 +1) (o, + oy + o + 1) (o + a, + a4y —a, +1)

N, =
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2n max o. Ma2+a3—a4—a5
/uafﬁ.Mog—aA ( p|j

i=l,n

N, =

[(a;—a,+1) ' AT (e — ety +1)T (e, + a3 —a, +1)
. luafﬂ.M o, +2a3-0y
AT (e — ety +1)T (@, + oy —a, +1)T (et + g +1)
. luafﬂ.M o, +2a3-0y
AT (e — ety +1)T (@, + g + o + 1T (e —t, +1)
ZluafﬂM o, +2a3—-0y
+ H
|A|F(a2 +a,—-q, +1)F(a3 -a, +1)F(a3 + oy +1)

and

2M oy +o+az—a,

N, =
YTt tas—a, +1)

2afﬂ M o +20,+203-ay

Jr|A|l“(0¢2 +oy—a, +1)M (o —a, + )T (o + @, + o, + g +1)

2a—/1 M o +20,+203-0y

+|A|F(a2 +oy—a, +1)M (g + o + )T (e + @, + 2, —a, +1)

2afﬂ M o +20,+203-ay

Jr|A|1“(053 —a, +)T (e, +ay +as + V)T (g + a, + oy —a, +1)

Also, we consider the following hypotheses:
A1) f,g :[a,b]xR? —[0,+[ are continuous functions.

Ay) There exists a constant J,,5,,0, >0 such that
|g(t,u,v) —g(t,w, 2)| <5, (ju—w|+ v —2|),
| (tu,v) = f(t,w,2)| <6, (Ju-w+v-2]).
and

Ih(t,u) —h(t,v)| < 8, lu—Vv],

forall te[ab]l, (uv,wz)eR*.
As) 1 - There exist constants p;, p,, 05, 0,, 05 € |0,+[ , such that, for any te[ab],
(u,v)eR* we have

|9(t,u,v)| <@, (1) + p, Ju()] + oo V(D).

| f(t,u, V)| <o, (1) + o, [ult)| + o, v (1)),

Ih(t,u)| < @, (t) + ps Ju(t)],
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and
o <ol . le.®|<|el. . |le:®<|es. -

and the function x satisfies: ||x| =6 .

Proposition 1. Let >0 ,and ¢,u,veC"([a,b]), we have

D (M) —p(@)" <M*,

oo U] Ml

T t# | I(q+1)

3 o(su(s) peeus)| <[4l + (o +po)uly

4 |fuE). TZUE) <[, + (o + o)l

5 Ints.u| <], + o lul

6) ‘g(s, u(s),” D?u(s)) — g(s,v(s),* D‘;i;“’v(s))‘ <26, Ju-v|, .

7) ‘ f(s,u(s), I=7u(s)) - f (s,v(s).° I:i?‘/’v(s))‘ <8, (1+ f)|u—v|,

8) Ih(s,u(s)) —h(s,v(s))| < & u -V, -

WO v) M fu-y]
AoTa | I(q+1)

2)

X, (a>0)

9)

X, (a>0)

q; ¢
I

and

10) |Yu (S)| < (dl ”¢1”o0 +d, ”¢2 ”oo + ||¢3||oo + ‘9) + (dlpl +d,0, +d, 0, +d, 8o, + ps )”u”x .
Proof :
1) We have ¢'(t)>0, Vte[ab],then

(#(t) —4(a))* <(¢(b) - ¢(a))" =M*
2)

o U] 1 us),g

a* tﬂ

j ?'(s)(p(t) - 9(s)"

suri |u(s)|
<t ] j #'(8)(p(t) - o(s))" ds

qu”u”w< M ul,
r(q+1) — TI(gq+1) °

3) By (As3), we have

D4 u(s)|

|a(s,u(s)" D4 7u(s))| < 4 (1) + oy s[up;]|u(s)|+ p: sup ¢

<lal. +alul, + e[ py ],

<lgl. + (o + )l -
4) By (A3), we have
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‘f (s,u(s),I;i”f’u(s))‘ <g¢,(t)+ p, sEJri]|u(s)| +p, s[uri] I;’i“”u(s)‘

< ¢, (t) + p; [Ssgp Iu(s)|]+ﬂp4 LS‘;P Iu(s)I]

<|oll. + (s + Ao )l -
6) By (Az), we have

|9(s,u(s),° D2 °u(s)) - 9 (5, V(s),° DL *V(s))

<5 { sup |u(s) —v(s)|+ sup “D’u(s) —° D ‘/’v(s)U
sefa,b] sea,b]

<26, |u-v], .
7)

| (s,u(s).° T2 7u(s)) — f (5,v(5), T2 ()| < 5, (|u(s) —v(s)| +

; I:i”"V(S)D

=0 (S"ia Ju(s) —v(s) + sup [T (u(s) - V(S’)U

<6, (1+B) Ss[lip;]‘ (u(s) —v(s))‘ <6, (1+ B)Ju—v, .

10) By (As), (3) and (4) we have
Y. (5)
<|d,g(s,u(s)." D2 u(s))| +|d, F (s,u(s),° T2 u(s))|+ (s, u(s))| + x(s))
<d (Jil, + pilul, + oo Deu], )+ 0, (Il + (o + Boo)lul.)
*lésll. + sl + X1,
< (dl I, +de]l, +]el, + ‘9) +(dipy +dy o5 +dy B, + 5 )|ull, +d,, |
< (dl I, +de]l, +]ell, + ‘9) +(dypy +dy0, +d, 05 +d, Bp, + 5 ), -

;:“u
00

Theorem 1. Assume that hypotheses (A;) and (As), are satisfied. Then, the problem (1.1) has
a unique solution provided that

9=max (N, + N, ((1+ B)d,3, +20,5, +5,), N, + N, ((1+ 8)d,0, + 20,5, + 3, )} <1.

Proof: First step: We consider aball B, ={ue X, |u||, <r,r >0} where:
k max{N,,N,}
[1+w—max{N, N} |

and
d, e, +d, e, +|e], +0=k, dpo+d,p,+d,0+d,80,+ps =@

For ueB, and teJ , we have:
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[Hul,
u(t)

t/l

< SUp{I;lfaeras:(p |Yu (t)| + luI:iif/’

N M (p(t) - p(a))™ L M () —p(a))™ ™

AT (a; + )T (e, + @y —a, +1) AT (e, + 23 +1)T (a2 — 1, +1)
u(b)
b_/l
M™ ™ (o) - p(a))™ g astasip erasio [U(D)
Jatoetastas, Y b I 5P [N~/

AT (a + )T (ar, + oy — e, +1) % X, @)+ u @ b*
M (1) - p(a)) ™ u()

AT (e, + o, +1)T (@, + a +1) b*

M ay+ay ((D(t) _ (o(a))% Ial+a2+a3—a43¢7
AT (e +1)T (e, + o5+ +1)

JI“;”” ju(o)

|

a

M~ (00 = @)™ (Lo
Jatetastas, Y b e 0
|A|F(0{2+a3 +1)F(0{3—a4+]_)[ * | u( )|+,U 2t

I:+az+a3*a4:lﬂ |Yu (b)| + luIZi—zm;(ﬂ

a0 lU(D
Y, (b)|+ pxi él) }

by Lemma 4 , and Proposition 1, we obtain

[Hul.

’ua—iM ag 2,ua—/lM ay+2ay
< ul +
“|T(a;+1) |AT (e, + o, +1)T(a; + a5 +1)T (e, —a, +1)

n(maxp, j M ay+az—as

i=1,n

-1 ay+2a3
+ + pa M
AT (e, + oy +1)T (e —a, +1) AT (g +1)T (e, + a3 + oy +1)T (@ + g +1)

n(maxp, j M ay+az—as

i=1,n

. . lua—iM ay+2a3
AT (et +1)T (e, + 23—y +1) AT (@3 +1)T (e, + oy —a, +1)T (o, — et +1)

M %2 testas
a, + oy +ag, +1)
Za—ﬂM o +20,+2a3

Jr|A|F(0{2 +oy +1) (g —a, + 1) (e + @, + o + g +1)
2a—lM oy +2a,+204

+|A|F(a3 +1) (e, +ay —a, +1)T (o + a, + a4y + o +1)
Za—ﬂM o +20,+2a3

+|A|F(0{2 +oy +1)T (g + o + 1) (e + @, + a2, —a, +1)
za—ﬁ.M o +20,+2a3

+|A|F(a3 +1) (e, + oy + o +1)T (a4 + a, + a3 —a, +1)

vl )
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< Ny Jull, + N, (k + @l )
<(N, + co)||u||X +kN,.
Also,

. (u(t

+£|A|r( M (p(t) - p(a)) “(p(t) - p(a)) ] I=u(b)

aa—a4+1)l“(a2+a3 a4+1 a2+a3—a4+1)r(a3—a4+l)

AT (e =, +1)T (@, +aty —

M % (p(t) — ()"

a4+1
+
AT (e =, +1)T (@, + a3 —a, +1)

L M () —p(@) (1 O, (B) + T2

Ia1+a2+a3+a5 ‘/’Y (b) + /JI"’3+0:5 ) (U(b) j}

+ M 4(¢(t)_¢(a)) 2T Ia1+a2+a3 as; 2% (b)+luIa3 asp (u(?)j
AT (a3 + oy +1)T (, + a2y — 2, +1) b

+ M 27 (@(t) - @(a)) o a1+az+a3—a4 (pY (b) + ﬂIag—a4 2 (U(b)j
AT (e = +1)T (e, + a + g +1)

by Lemma 4 , and Proposition 1 , we obtain:

i=1,n

(0{3 a, +1) " AT (a; —a, +1)T (e, + o, —a, +1)

Dy Hul | <],

. ﬂailM o, +2a3-0y
AT (a; —a, +1)T (e, + ay —a, +1)T (o + a5 +1)
. lua—ﬂ.M a,+2a3-ay
AT (e —a, +1)T (@, + oy + o +1)T (o, —at, +1)
2’ua—/1 M ay+2a3-a, 2M +ay+az—ay
K
|A|F(0¢2 +a;-a, +ZI.)F(053 -a, +1)F(a3 +a; +1)}+( " w”u”X ){F(al +a,+a;-a, +1)

2a—/1 M ay+20,+203-a,

+|A|F(a2 +a;-a, +1)F(a3 -a, +1)1“(a1 +a, o, +a; +1)
. 2a—/1 M ay+20,+203-a,
|A|F(0¢2 +a;-a, +1)F(a3 + o +1)F(al +a,+a;-a, +1)

Za—lM o +20,+205-ay
+
AT (et — e, +1)T (a2+a3+a5+1)F(al+a2+a3—a4+1)}

<N JJul|, +N (k+co||u|| ) (N, + @)1 +kN,.
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Hence,

[Hu, = max {[Hul,

°D“ai;"’HuHm} <max {(N, +@)r +kN,, (N, + ) r +Kkn, }

< (max{N,,N,} + @)r +kmax{N, N, } <.

Second step: We proceed to prove that H is a contraction mapping.
Forany u,ve X , teJ and (A2 ), Proposition 1 we give:

[Hu—Hv| <sup {14 (X, (1) = Y, () + 21 5 g_g
M~ (p(t) - p(a))” M~ (p(t) - p(a))™ Jr%¢g9_ﬂ9
AT (e +1)T (e + 3 ety +1) AT (2 + 2 +1)T (e —ex, +1) | & [ tF
M”%¢®—¢@HW%U?””“%%Yﬂm—YJmD+u¢””Lﬁ?—f?
’ AT (@, + @, + 1) (e 2, +1)
M () - () (12775 (1,0 - 1, 0) =40 YO)
’ AT (e, +1)T (@, + o — ay +1)
M () = (@) (12777747 (1, (0) = ¥, (5)) ) + gz (420 - ¥0)
" AT (a, +a + 1) (et +z; +1)
M () = (@) (1277747 (1, (0) - ¥, 0) )+ g oo (520 YD)

’ AT (e +1)T (@, + 2y + ot +1)

by Lemma 4, and Proposition 1, we obtain:
[Hu—Hv|, <[ N, +N, ((1+ B)d,3, +2d,5, +6,) |Ju V],
also, using the same method and by Lemma , and Proposition , we obtain:

"D HU— D HY| <[ N+ N, ((1+ B8)d,8, + 20,6, + 6, ) [Jlu V], -

Then, we obtain
|Hu = Hul, < 3fu-v],.

At Least One Solution.

Theorem 2. Assume that hypotheses (A;) and (As3) are fulfilled. Then, the problem (1.1) has
at least one solution over j.
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Proof:
First step: First of all, we show that the operator H is completely continuous on X . We
have:

|Hu, - Hu|, Ssup{lgwaz"ﬂ (7, ©) =X, 1)+ ul 7 “t—f)—g
M (o(t) - p(a))” M (pO @)™ ) O _u
AT (a; +1)T(a, + a3 —a, +1) AT (o + oy + 1) (g -, +1) |2 | t8 ¢
—ag ap+ag o +o,+astas; oz+os; un (b) U(b)
) M~ (p(t) - ()™ (14 ? (0, (=0, (0)))+ 1 i
|A|F(a2 +oy, +1)M (g —a, +1)
a—ag a3 o +a,+aztas; op+as, un (b) U(b)
) M (o(t) - p(a))” (12 (0, =X, @)+ e PR -
AT (e +1)T (e, + @ —x, +1)
ay aztag oy +az—ay; az—ay; un (b) u(b)
) M (p(t) - p(a)) (|a+ “(x, ®-, (t)))+ula+ e
AT (e, + oy +1)T (e + a5 +1)
+a a3 o+a,+az—ay; az—ay; unb u(b
M () = (@) (1277 (6, (=0, )+t e o) 80

+

IAIT (e, +1)T (@, + oy + a5 +1)
by Lemma 4, and Proposition 1, we obtain:
|Hu, —Hul <[ N, +N, ((1+ 8)d,8, +2d,5, + ;) ||u, —u] -
Thanks to hypothesis (A1), so

|Hu, —Hul| —0, asn — oo,

Similarly, it can be shown that:

"D 7Hu, —° D Hu| <[ N, + N, ((1+8)d, 6, + 24,5, + 5, ) [Ju, —u]

X

Therefore, it yields that:

‘D"Hu, - D:fWuH —0, asn— o,
We conclude that

|Hu, —Hu||, -0, asn— o

Consequently, H iscontinuouson X .
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Second step: H maps bounded sets into bounded sets in X . Indeed, it is enough to show
that for any r > 0, there exists a positive constant | such that for each

ueB ={ueX,|u|, <r} onehas |ul, <I.
Let veB, .
We put:
| = max {(N, + @)1 +kN,,(N, + )r +kn, }
By (A1) and (A3), forall t e J, and by Lemma 4, and Proposition 1, we obtain,

|Hv], <(N, + @)r +kN,

Also

"”’Hu” (N, +@)r +kN,.

Hence,
IRV, < max{(Nl +o)r+kN,, (N, + o)r+ kN4} <.
Consequently, H is uniformly bounded on B, .

Third step: H maps bounded sets into equicontinuous sets of X . The functions ¢,u,g
are continuous, hence the operator H is continuous. Forany ueB, and t,t, e[a,b] such
that t, <t, , by Proposition 1, and Lemma 5 we have

ut,) u)

() ()~ ()] {1 (0,0 - X, ) g 2026

M (plt) —o(t)” M (006) = 0)™ )y
|A|F(a3 +1)I(a, + oy —a, +1) |A|F(a3 +a, +1)T (o —, +1) o

—a5 t a2+a3
( ( ) (o(tl) a1+a2+a3+a5 [ Y (b)) + ,UI az+as,p U(E))
AT (e, + oty +1)T (o, —  +1) b
M %2~% t t a3
((/7( ) w( ) ( a1+a2+a3+a5 [ Y (b)) + ILlI az+as,p ub(E)

+
|A|F a, +1)T (o, + a4y —a, +1
+1

t a2+a3
( ( ) (D(tl) Ia1+a2+a3 Ay Y (b))+,Ll| Az —0y @
AT (e, + oy + )T (et — 2, b
M ay+ay t t a3
(q)( ) Q’( ) I a1+0!2+a3 ag,p Y (b)) + ﬂl a3—0y,Q u(?)
IAIT (e +1)T (@, + ay + a5 +1) b
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So,

|(Hu)(t,) — (Hu)(t,)|

(k+@]ul, )

where,

and

Also,

where

and

WWW.josa.ro

[y +a, +a,+1)

R M )
=Su
! P AT (e, + o, +1)T (a4 — a1, +1)

u(b)

M %% (I:1++az+a3+a5;§0 |Yu (b)| + ﬂI;iJras;w >

AT (e, + o, +1)T (ay — a1, +1)

)

M oy (I:++a2+a3—a4;(p Yu (b)| + /«lI?_Dm;gﬂ )
AT (e, + a3 +1)T (a5 + a5 +1) ’

u)
b/l

y apl MIROL
? AT (o +1)T (e, + oy —, +1)  T(ay +1)

u(b) )
o

M % (I:1++a2+a3+a5?!ﬂ |Yu (b)| + IuI:g,:rzxs?(ﬂ
AT (a +1)T (e, + 0y — 2, +1)

M ay+a, (I:+az+a3—a4;¢ Yu (b)|+/JI:3:a4;¢ %

)
AT (e +1)T (@, + oy + g +1) '

"D (Hu) (t,) =° D (Hu) (t,)|

(k+ @]ull,)
B F(al +a,+a;—q, +1)

+B, (p(t,) —o(t) ™™ + B, (p(t,) —o(t,)) ™™™

)

(o(t;) —(t,)) ™ =™

M a, (I:+a2+a3_a4;¢ |Yu (b)| + luIZi—Om;lP
AT (a; + o +1)T (@, + o, — , +1)

u)
b/l

B, =sup

M % (I:ljaﬁaa*%?(/’ |Yu (b)| + ,uI:iWs;‘p + I:i;w |u(b)|)

u(b)
o

AT (a; —a, +1)T (o, + a; —a, +1)

(o(t,) — ()™ + A (p(t,) — (1)) + B, ((t,) — p(t,))™
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)
o 2L
I'(a;—a,+1)
M %% (Iz1++a2+a3+a5;(ﬂ |Yu (b)| +/JI:3++(Z5;¢ % +I:5+2</) |U(b)|)
AT (e —a, +1)T (, + oy — x, +1)
M a,+oy (I:++a2+a3—a4;(p |Yu (b)| + IUI?_%:@
AT (e —a, +1)T (@, + ay + g +1)

+

u(b)
v

)|

The right hand sides of Equation (1.1) tend to zero independently of uas t, ->t. As

a consequence of first step second step and third step together with the Arzela-Ascoli
theorem, we conclude that H is completely continuous.

Forth step: The set A={ueX : u=oHu,0<o <1} is bounded: let weA then
w = oHw, hence, we can write

(a) Wi, =lloHw], =oHw], <o ((N,+@)r+kn,)
<ol.
We have also,
(b) °D;‘i”"w”m =|°Dx* (an)Hw o CDZ‘LWHWH% < a((N3 +@)r+ kN4)
<or.

By (a) and (b) we state that |w|, <+ . The set is thus bounded. As a consequence

of Schauder fixed point theorem, we deduce that H has a fixed point which is a solution of
the problem (1.1).

Example: Consider the following nonlinear Lin-Emden equation of fractional orders

"D (CD"a’fs;“’ (°DL7 + ) Ju(®) = 96, u(t) DL (D) + 2F (t,u(D), T2 "u(L)
+h(t,u(t)) + x(t),t € [£,1],
o(t) =7, x(1) = 2, h(t,u(®)) = £ + fu(®)

9(t,u(®). DI"u(®) =4+ (sin % ~3)’ u(® + £ "2 Ju(®
(L, u(), T57u(t) = 52+ 2( - coszt) u(t) + g(ng’)u(t)

4 =14, M= gt)==

Observe that the function £6 , is continuous, also
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Ih(t,u)| < +U and |h(t,u) —h(t,w)| < ﬂ
9 9

Ig(t,u,v)|3—+—49|u|+M, and |g(t,u,v)—g(t,w,z)|g49|U_W|+|V—Z|,
4 64 5 64 c
|f(t'u"’)|Ssz o | | , and |f(tuV) f(t,w,z)|< Ju—w |V |
9 175 3’ 175 3

1 2
ol =l =2, Jal = and =3

Thus, the assumptions (A;) and (A,) are satisfied and Theorem 1 implies that the

problem has a solution.

5. CONCLUSION

In this paper, we study a Lin-Emden integral differential problem involving three

derivatives of phi-Caputo, and we prove the existence of the results by means of Shauder's
theorem. After that, we investigated the uniqueness of the solution using the Banach
contraction principle, and finally we also supported this with an illustrative example to
demonstrate the applicability of our results.
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