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Abstract. Let V, be the vector spaces and V;" be their dual spaces for 1 <i<r . In
this paper, (V; X Vo, X .. X V)" = V" x V3 X ... x V,* is examined. Furthermore, the dual map
F* and the adjoint map F' of the r-linear map F:V; X V, X ... X V. > W are defined and for
their matrices, the equality [F*] = [F'] = [F]T is found. Analog, the dual map F* of the
r-variable vector valued linear map F:V; X V, X ... X V. > W; X W, X ... X W, is defined and
for their matrices, the equality [F*] = [F]7 is true, for the vector spaces V; and W .
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1. INTRODUCTION

Let V be a vector space over a field & and V* be a dual space of V. Recall that a
symmetric bilinear form B:V XV — § is corresponding to a linear map ¢:V - V*.
Backward, a linear map ¢:V — V* is corresponding to a bilinear form B:V x V — & such
that

px):V->F
y ~ B(x,y)

If two vector spaces IV and W have non-degenerate bilinear forms, then ¢:V — V* and
Y: W — Ware linear isomorphism, [3-4]. The dual map L* of the linear map L:V —» W is
defined such that
Lw*-vV*

B LBV > F
a = [L'(B)](@) = p*(L(a).

Also, we can write L* o f* = f* o L.
If {a;} is a basis in finite-dimensional inner product space V and {a;} is the dual basis
in dual space V* such that

(az‘,aj)=5ij, 1SL,]Sn,

and {B,} is a basis in finite-dimensional inner product space W and {B,} is the dual basis in
dual space W™ such that

<ﬁl*'ﬁk>:6lk' 1<Lk<m,
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then, we have
L(a;) = YicsaiiBe and  L*(By) = X7y afar]. (1)

Hence, we obtain two matrices A* = [aj,| = and A = [ay;| _ suchthat4* = A"
nxm mxn
Moreover, the linear map L% = L' = ¢~ 1o L* o p: W — V is called the adjoint map
of L. The adjoint map L' has A’ = [a;;,] suchthatA’ = A" = A"

nx

If V and W are two inner product spaces, then it provides (L(a), B)w = (a, L'(B))v.
Furthermore, there is only x € V such that linear functional F:V —» &, F(v) = (v,x). Then,
the vector x € V is called the Reisz vector. Thus, there is a linear isomorphism

p: V-V
xo @x):V->F (2)
v ((p(x))(v) = (v, x),

and it is called the isomorphism of inner product spaces. Thus, we can write the inner
product such that

(@, B )y =@~ (@), 0™ (B (3)

over dual vector space V', [3-4].

1.1. MULTILINEAR MAP

Let V;, 1 <i<rand W be vector spaces and {e;1, ;5, ..., e, } and {B1, B2, ..., B} be
their bases, respectively. Recall that, dim W = m, dim V; = k;.

Then, the matrix A of linear map L:V; XV, X ... X ;. > W corresponding to the basis
{(eljl,ezjz, ...,erjr)}, 1 S]l < k1,1 S]z < kz, el S]r = kr is

A= [aS(hfz "'jr)]mX(klkz k)
such that

L(ewj,, €zjyr o €rj,) = Lok Qs(jyjp.jp)Bs:

Also, for the r-linear maps F:V XV X .. XV ->W and G:V'XV'X ..XV'—> W/
there exists a set of linear bijections ¢4, @5, ..., .V - V' and y: W - W' and

G((pl(vl)' (;02(172)' e (pr(vr)) = l/J(L(Ul, U2,y -e) vr))

is provided. Then, the r-linear maps F and G are called equivalent and can be written
F= (q)ll P2, "-1<pr) and G = (1,01, lpi ""lpt)! [1'2]
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2. DUAL SPACE OF CARTESIAN PRODUCT SPACES

Theorem 1. Let V;,1 < i < r be vector spaces. Then,

(VX VyX X V) =V XV X .. XV 4)

Proof. We can write
;i: Vi > V]

a; - @(a):Vi >
Bi~ By, (a;B), 1<i<r.

By the above linear isomorphism, we can define linear isomorphisms

M:Vy XV, X XV > VXV X X!

()
((ll, az, -, ar) = M(ali az, - ar) = (§01(a1), QDZ(CZZ)' ey (pr(ar))
and
O:V, XV, X XV » (Vg XVy X ..xX V)"
(ag, az, ., ay) P O(ag,ay, .., a,): Vi XV X XV > F (6)

(Bl! BZJ "'Jﬁr) = [d)(al,az, "'ﬂar)](ﬁl' ﬁZ' ""ﬁr) = H?:l BVi(ai' :Bl)

Hence, we get a diagram as follows:

L
VIxXVyix. .. XV — (VI XV, X.. X))

T @; (I)/V
Vi X Vo X .. XV,

Thus, we can write
L(<P1 (a1), p2(az), -, <Pr(“r)) = ®(ay, a, -, ar)
and so L o M = @. Therefore, L = M~ o @ is a linear isomorphism. This gives us
(VX VyX X V) =V XV X ... XV
Note 1. Since L(¢@1 (1), 92(ay), .., - (@) € (V1 X V; X ... X V)" we have

[L((pl (al)J (pZ (QZ)' L] (pr(ar))] (ﬁlf ﬁZ' ey ﬁr)
= (@2 (@) (B, (92(a2)) B2, -, (2 (@) (B)).

ForVv(aj, a3, .., a;) € Vi X VS X .. XV, we can write

(ai" a;' Ty a;) = ((pl(al)r P2 (az): e Pr (ar))

= (Lo d)(ay, ay, ..., ay). ()
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3. THE DUAL MAP AND ADJOINT MAP OF MULTILINEAR MAP

Let V,,V,,...,V,.,W be vector spaces over § and F:V; XV, X ..xV,. > W be a
r-linear map. Then with the following diagram

F
ViXVoX .. XV, - W
X 1y

G
VixXVyx..xVr - W
we can write
G((pl(al)r () (a2)r LD (Pr(ar)) = l/)(F(aI!(ZZi ey ar))- (8)

3.1. THE DUAL MAP AND ITS MATRIX

The map
F*W* >V XV x .. XV
B F*(B): Vi XV X .. XV, > F 9)
(all A2, ey ar) = [F*(ﬁ*)](ali 25 TRy ar) = ﬁ* (F(aI’ A2y wees ar))

is called the dual map of the map F .

Theorem 2. Let V and W be vector spaces over § and L:V XV X ...x V — W be a r-linear
map. If the matrix of the map L is A4, and the matrix of the dual map L* is A*, then

A= AT (10)
is obtained.

Proof. Assume that the basis of the space V is {e;, ey, ...,e,}, the basis of the space
VxV..xVis{(e, e, . e.)} and the basis of the space W is {8, B,, ..., B-}. Then, we
have

m
L(ejl'ejy ---:ejr) = Z At(jy j, .. j)Bes 1<jijzjr=n
t=1

Also, let the basis of the V* x V* x ... x V* space be {(e/ , ¢/, ..., }.)}. Thus, we get

n

L*(BY) = Z a’(‘ilizl__ir)s(eg"l‘, ei*z, ...,el?';), 1<s<m.

il,iz,...,irzl

These give us

A=ty e ad A= [0l 0]
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Since,
n
* * _ * * * *
(L (,Bs))(ekl,ekz, ...,ekr) = Z a(iliz___ir)s(eil,eiz, ...,el-r)(ekl,ekz, ...,ekr)
il,iz,...,ir=1
we can write
n
* _ * * * *
(R ) E SRR 9 A O A C)
il,iz,...,ir=1
or
m n
* — _ *
Bs (Z at(klkz...kr).gt> = Z a(iliz,,,ir)s6i1k18i2k2 ---6irkr-
t=1 il,iz,...,ir=1
Thus, we see that
m n
- _ *
Z at(klkz...kr)5st = Z a(iliz_,_ir)56i1k16i2k2 ---6irkr .
t=1 il,iz,...,ir=1

If we take s=t and i; = k4,1, = k», ..., = k,- then we obtain

As(lerkykr) = Miyky. ker)s
that is

A= AT,
3.2. THE ADJOINT MAP AND ITS MATRIX
The adjoint of the r-linear map F:V; XV, X ...x V,. > W, denoted by F', is the
r-linear map and defined as
F:M loF*oyp:W >V, XV, X ..xXV, (11)
with the help of the r-linear map

M:ViX Vo X XV 5 VXV X XV
(al; A2, o) ar) = M((Zl, a3, o) ar) = (401(611)’ 4’2(“2)’ Ty (pr(ar))

and the diagram
W - VXV x.xXV
Y1 T@;
W - VXV, Xx..XV

where M~ = (o1, 31, ., o7 D and M = (@4, @3, ..., @,).
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Theorem 3. Let A4, A* and A’ be the matrices of the maps F, F* and F', respectively. Then
Ar=A"=AT. (12)

Proof. Since the bases of spaces VV and W are {e;, e, ..., e,} and {B1, B2, ..., Bm}, respectively;
{(ej,. €, -, €;.)} is the basis of space V; x V, X ... x V}., we can write

m
F(eh’ ejz' e ejr) = Z at(jljz---fr)ﬁt' 1 S jl'jZ' ""jr S n.
t=1
Similarly,

n

PG = ) Ghnisleineie)

ilriz""'iT=1

can be written. Thus, we obtain

F'(B3) = (M7t o F* o h)(Bs)
= (Mo F)(y(Bs))
=M (F*(B2))

n

— -1 * * * *
=M z A(iyiy.ip)s (9i1: €, ""eir)

il,iz,...,ir=1

n

_ * -1 * * *
= § A(iyiy..i)s M (eil' €iypr ey eir)
il,iz,...,ir=1
n
_ * -1 * -1 * -1 *
= E Aiyiy.ip)s (<P1 (eil)' ) (eiz)’ e Pr (eir))
il,iz,...,ir=1
n
_ § *
= a(l1lzlr)5 (el'l, eiz,...,el’r)-
il,iz,...,ir=1

So this gives us
A=A =AT,

4. MULTIVARIABLE VECTOR VALUED MAPS
Let V; and W;, 1 < i < r be vector spaces over & and V;* and W;*,1 < i < r be dual

spaces, respectively. We can define linear isomorphisms as

pi:Vi=Vy, YW > W
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Also, we can describe linear isomorphisms as
OV X Vo X X V> (Vy XV, XX )
and
YW, X Wy, X o X W, » (W X Wy X o X W)
Let
F: Vi XV, X .. XV.>W; xXW, X ..XW,

be a r-linear map. We thus obtain the diagram as follows:

Lo F v
WXV X X V) — Vi XV, X . XV, — W, X W, X ... X W, — (W; X W, X
X W)Y
K

TL (O]
G
VixXVy X .. XVt — Wi X W5 X .. X Wr

Considering this, we can write
G((pl(al)J (Pz(az): vy Pr (ar)) = (wll ¢21 ey lpr)(F(ap Ay, ..., ar))

= (t/)l (F(al, Ay, ey ar)), . v,br(F(al, Ay, ey ar))),

where
M = (@1, 02, ., @) Vi X Vo X XV = VI X VS XL XV
and
N = W, Yg v, U ): Wy X Wy X o X W - W X WS X X W
are linear maps. Therefore, we have
(LoM)(ay,az, ..., ay) = L(§01(a1)» pz(az), ..., (pr(ar)) = O(ay, ay, ..., ay)

and

(K ° N)(Vl! Y25y yr) = K(lpl(yl)' ¢2(y2)' ) lpr(]/r)) = T(Yli Y2, 'Yr)'

4.1. THE DUAL MAP AND ITS MATRIX

The dual map of the r-linear map F:V; XV, X ... X V. > W) X Wy X ... X W, s
defined by
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FUW XWX . XWS >V XVX..XV'

V1 V2r s ¥7) 2 FE (12, V) Vi XV XXV = § (13)

(F* i, vz o ¥)) @y, @, e, ) = (V1,20 0 V) (Flag, @, ey )

Theorem 4. Let A and A* be the matrices of the r-variable vector valued r-linear map
F:VXVX..xV->WxW X ..Wand its dual map F*, respectively. Then, we have

A= AT

Proof: Since the bases of the vector spaces V,V*,W,W* are {v;},{v;}, {wy}, {wy} where
1<i<n, 1<k <mrespectively. We can write

F(vjl’ 17]'2, . Ujr)
= Aty by her) G o) (P D o) D),
kl,kz,...,kr=1
1 Sjl,jz,...,jr <n

Thus, we get the following matrix

A= [a(klkz...kr)(hfz ---fr)]mzxnz'

Similarly, considering

n

* * * * — * * * *
F (wkll Wieys ees ‘“kr) = E Aiyiy.ip) (i jr) (”il' Vigs e ”ir)
il,iz,...,irzl

we have the matrix
A = [afiyi, ik k)] 22
Then, we can write
[F* (wky ks o @i )] (0710550 09,

n

* * * *
§ a(iliz...ir)(klkz...kr)(vilf Vi s Vg, (le’ Vjyr wees er)
i1,i9,0ir=1

or

(@i @3 er,) (FC3 0 3,)
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n

= Z @trtyir)eska o) (V0 (91 V5, (01), v (97,))

il,iz,...,ir=1

Thus, we obtain

m

* * * -
(wk1’ Wieys wees wkr) z A(mymy..my)(ajz jr) (wm1’ Wiy ey wmr)
ml,mz,...,mr=1

n

= Z gty iy eenir) (6 (9397, (), 7, (97,))

ilrin"'liT‘:l

or
m
- * * *
z a(mlmz---mr)(hfz---jr) wk1 (wm1) wkz (wmz) wkr (wmr)
mq,my,..,Myp=1 5k1m1 5k2m2 6krmr
n
— * . . . . . .
- z a(lllzlr)(klkzkr) 611]1 612]2 b 6lrjr'
il,iz,...,ir=1
Then, we have
ky =my,
kz == mz,
k., =m,,
i1 = ju
l, = J2
Lr = Jrs
1 . . . == *
Ak1kz. k) G1jzedr) = Ay (keky.ky)
or

A* = AT,
5. CONCLUSION

In this study, the dual space of the cartesian product of vector spaces
Vi, Vs, ..., V. was defined, and thus the adjiont map and the dual map of the r —linear maps
are defined. In addition, the adjoint map and the dual map of the vector valued r —linear maps
are considered. In both cases, the corresponding matrices of the dual and the adjoint maps
were compared (associated) by using the » —linear maps.
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