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Abstract. This paper gives new asymptotic expansions for Mills ratio, and then 

establishes new inequalities for Mills ratio. 
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1. INTRODUCTION 

 

 

1.1. SUMMARY OF PREVIOUS RESULTS 

 

 

Let      and  ̅    represent the normal density function and the normal tail 

probability function, respectively. Specifically 
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The function 

 

     
 ̅   

    
      ∫         

 

 

 (1.1) 

 

is known in the literature as Mill’s ratio of the standard  normal distribution [1, Section 2.26]. 

Its reciprocal,               ̅   , is referred to as the failure (hazard) rate. It is well 

known that Mills ratio is convex and strictly decreasing on            . At the origin, it 

takes the value       √   , and its tails are described by the asymptotic expansion (see [2, 

p. 44]): 
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Gordon [3] proved the following inequality: 
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In fact, it is easy to see from Shenton [4] 

 
 

    
                                  

 

 
             

 

where       is the  th approximation of the continued fraction 

 

     
 

  
 

  
 

  
 

   

   

 

It is known in the literature that 

 
 

√      
      

 

√       
            (1.4) 

 

which improves the inequality (1.3). The first inequality in (1.4) was proved by Birnbaum [5] 

and Komatu [6], while the second inequality in (1.4) is due to Sampford [7]. Baricz [8]  

presented a different proof of (1.4). 

 The inequalities 
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         (1.5) 

 

 

hold, where the constants     and       are the best possible (see [1, p. 239] and [9]). 

Boyd [10] proved that 
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Gasull and Utzet [11, Theorem 10] proved that 
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(1.7) 

 

The left-hand side of inequalities (1.7) shows that, for      
 

 

√              
         

 

√            
 



New Asymptotic Expansions and …                                                       Jun-Ling Sun et al. 

ISSN: 1844 – 9581 Mathematics Section 

481 

are both the lower bounds of     , there is no strict comparison between the two lower 

bounds. Using Maple software, we find 

 
 

√            
 

 

√              
                

 

which shows that, for small             , the lower bound of the inequality 

 
 

√              
      (1.8) 

 

is better than the one in (1.6). 

 

 

1.2. ANALYSIS OF INEQUALITIES (1.4), (1.5), (1.6) AND (1.8) 

 

 

In view of the inequalities (1.4), (1.5), (1.6) and (1.8), we consider the approximation 

families of      in two cases (    and    ), 
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Case 1.     

 

We are interested in finding the values of the parameters     and   such that 
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is the fastest function which would converge to zero (as    ), and then obtain the best 

approximation of      for large  . Using Maple software, we find that, as    , 
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(1.9) 

 

We get the best approximation when the first three terms of the right-hand side of 

(1.9) vanish. This produces the best approximation from (1.9): 
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and therefore, we obtain the best approximation 
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         (1.10) 

 

The right-hand side of approximation formula (1.10) happens to be the upperbound of 

inequality (1.4). That is to say, in the upper and lower bounds of (1.4), (1.5), (1.6) and (1.8), 

the upper bound of (1.4) (for large  ) is the best approximation, which can also be seen from 

the following asymptotic formulas: 
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as    . The asymptotic formulas (1.11) – (1.16) are given by Maple software. 

 

Case 2.     

 

We introduce the following class of approximations for          
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Using the Maple software, we find, upon letting    , that 
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(1.18) 
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We get the best approximation when the first three terms of the right-hand side in 

(1.18) vanish. When 

  
 

√      
        

 

   
        √

 

   
   

 

we obtain the best approximation of      among all approximations given by (1.17), namely, 

 

     
 

√              
            (1.19) 

 

The right-hand side of approximation formula (1.19) happens to be the lower bound of 

inequality (1.8). 

 

Remark 1.1. It follows from the upper bound of (1.6) and the lower bound of (1.8) that 
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              (1.20) 

 

where the constants 

 

                                        

 

are the best possible, in the sense that          cannot be replaced by a smaller number, 

and          cannot be replaced by a larger number. 

 

Remark 1.2. For    , we have 

 
 

√              
      

 

√              
    (1.21) 

 

where the constants 

 

              √               

 

are the best possible, in the sense that     cannot be replaced by a smaller number, and 

    √       cannot be replaced by a larger number. We here point out that the upper 

bound in (1.20) is better than the one in (1.21), since 
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√            (  √      )  
            

 

In this paper, we give new asymptotic expansions for Mills ratio, and then establish 

new inequalities for Mills ratio. The numerical calculations presented in this work were 

performed by using the Maple software for symbolic computations. 
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2. ASYMPTOTIC EXPANSIONS 

 

 

Write (1.2) as 
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By using the Maple software, we find that 
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Since every term in the right-hand side of (2.22) is even function, we see that all odd 

terms in the asymptotic expansion (2.23) vanish. The asymptotic expansion (2.23) can be 

written as 
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  )              (2.24) 

 

Even though as many coefficients as we please in the right-hand side of (2.24) can be 

obtained by using Mathematica, here we aim at giving a formula for determining these 

coefficients (see Theorem 2.1). Our formula is mainly based on the partition function. 

For our later use, we introduce the following set of partitions of an integer      
 

    {               
                }  (2.25) 

 

where   denotes the set of positive integers and      { }. In number theory, the 

partition function      represents the number of possible partitions of     (e.g., the 

number of distinct ways of representing   as a sum of natural numbers regardless of order). 

By convention,        and        for   a negative integer. The first several 

values of the partition function      are (the starting with       ): 

 

                                
 

It is easy to see that the cardinality of the set    is equal to the partition function 

    . Now we are ready to present a formula which determines the coefficients in the 

expansion (2.24) with the help of the partition function asserted by the following theorem. 

 

Theorem 2.1. Mills ratio      has the following asymptotic expansion: 
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)               (2.26) 

 

with the coefficients           given by the following relations: 
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∑
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              (2.27) 

 

where the    (for    ) are given in (2.25). 

 

Proof: To determine the coefficients    , we first express (2.26) as follows: 
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where                . Further, we have: 
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(2.28) 

 

Equating the coefficients by the equal powers of   in (2.22) and (2.28), we see that 

(2.27) holds. This completes the proof of Theorem 2.1. 

 

Remark 2.1. Here we give explicit numerical values of some first terms of     by using the 

partition set (2.25) and the formula (2.27). This shows how easily we can determine     in 

(2.27). Obviously, 

∑
 

   
  
  

    

           

 

For         , since       , the partition set    in (2.25) is seen to have 2 

elements: 

   {           }  
 

From (2.27), we have: 
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For                 , since         , as above, the partition set    in (2.25) 

contains 3 elements: 

  {                       }  
 

From (2.27), we have: 
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Likewise, the partition sets    and    have          and          elements, 

respectively, and so 

 

   {                                                 } 
and 

 

   {                                                                                   }  
 

which yields 

   
   

 
           

    

 
   

 

We note that the explicit numerical values of      (for              ) here 

correspond with the cofficients of       (for              ) in (2.24), respectively. 

 

Remark 2.2. The asymptotic expansion (2.26) can be written as 
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)               (2.29) 

 

with the coefficients    given by 
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   (2.30) 

 

where     can be calculated using the relations (2.27). 

Theorem 2.2 gives a unified treatment of asymptotic expansions for the Mills ratio 

     and the failure (hazard) rate       . 
 

Theorem 2.2. Let      be a given real number and      has the following asymptotic 

expansion: 
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with the coefficients            (for    ) given by 
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 (2.32) 

 

where the    are defined by (2.30), summed over all nonnegative integers    satisfying the 

equation 

                             
 

Proof: In view of (2.29), we can let 
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(     )
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where    are real numbers to be determined. Write (2.29) as 
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with                 Further, we have 
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Equating the coefficients by the equal powers of   in (2.33) and (2.34), we obtain the 

formula (2.32). This completes the proof of Theorem 2.2. 

 

Remark 2.3. In particular, setting             in (2.31) yields (1.2). Setting       
        in (2.31), we obtain the following asymptotic expansion of the failure (hazard) rate 
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Setting             and               in (2.31), respectively, we obtain the 

following asymptotic expansions for the Mills ratio and the failure (hazard) rate 
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Using Maple software, we find that, as    ,      has the following asymptotic 

expansions: 
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(2.38) 
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(2.39) 

 

Even though we can obtain as many coefficients as we please in the right-hand sides 

of (2.38) and (2.39) by using Maple software, here we aim at giving a formula for determining 

the coefficients of each asymptotic expansion. Theorem 2.3 gives a formula to determine the 

coefficients of expansion (2.38). 

 

Theorem 2.3. As    , we have 
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where 
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Proof: Using the power series expansion of       , 
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we obtain that, as    , 
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which can be rewritten as 
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Write (1.2) as 
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Using (2.42) and (2.43), we get 
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where 
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     (an empty sum is understood to be zero). The expansion (2.44) can be written as 

(2.40).  The proof of Theorem 2.3 is complete. 

Using Lemma 2.1 below, the expansion (2.38) can be converted to (2.39). 

 

Lemma2.1. (see [12, Corollary 2.3]) Let      and 
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be a given asymptotic expansion. Define the function      by 

 

     
  

    
   

 

Then the function             has asymptotic expansion of the following form 
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Theorem 2.4 gives a formula to determine the coefficients of expansion (2.39). 

 

Theorem 2.4. As    , we have 
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and    are given in (2.41). 

 

Proof: Let     . Write (2.40) as 
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where the coefficients    are given in (2.41). Define the function      by 
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where        By Lemma 2.1, the function               has asymptotic expansion of 

the following form 
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By (2.47), (2.48) and (2.49), and noting that                   , we obtain 
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which can be written as (2.45). The proof of Theorem 2.4 is complete. 

Theorems 2.3 and 2.4 develop the asymptotic formula (1.11) in to the complete 

asymptotic expansions. 

 

 

3. INEQUALITIES 

 

 

The expansion (2.38) motivates us to establish Theorem 3.1. 

 

Theorem 3.1. For    , we have 
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Proof: In order to prove the left-hand side of (3.50), it suffices to show that 
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Noting that 
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we obtain              Thus   
     Hence,       is strictly decreasing on      , and 

then 

         
   

                   

 

In order to prove the right-hand side of (3.50), it suffices to show that 
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Further, 
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We obtain              Thus   
     Hence,       is strictly increasing on      , 

and then 

         
   

                   

 

The proof of Theorem 3.1 is complete. 

The expansion (2.39) motivates us to establish Theorem 3.2. 

 

Theorem 3.2. For    , we have 
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Proof: In order to prove (3.51), it suffices to show that 
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Differentiation yields 
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Noting that 

 

           
                                             

                                        

                              
 

we obtain            so              
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Hence,      is strictly increasing on      , and we have 

 

        
   

                     

 

The proof of Theorem 3.2 is complete. 

Using Maple software, we find 
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)}  (3.52) 

 

as    . Obviously, the asymptotic formula (3.52) is much better than the asymptotic 

formulas (1.11) to (1.16). 
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