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Abstract. The Schamel-Burgers equation, producing the shock-type traveling waves in 

magnificent physical cases, has lots of potential for analyzing ion-acoustic waves in plasma 

physics and fluid dynamics. Scientists have worked for a long time to explore the traveling 

wave solutions of such equations. Thus, in this article, some new traveling wave solutions of 

the Schamel-Burgers equation, different from those found in the literature, are generated. For 

this aim, the         ))- expansion method is implemented. We also provide the solutions 

through two- and three-dimensional figures. Generally, exact traveling wave solutions will be 

useful in the theoretical and numerical study of the nonlinear evolution 

equations. The obtained results are very supportive, which ensures a more effective 

mathematical instrument for examining exact traveling wave solutions of the nonlinear 

equations arising in the recent area of applied sciences and engineering  

Keywords:         )) expansion method; Schamel–Burgers equation; travelling 

wave solutions. 
 

 

1. INTRODUCTION 
 

 

Schamel-Burgers equation is a special form of following Schamel-Korteweg-de Vries 

(SKdV) equation, 
 

      
 

 ⁄    )                (1) 

 

which identifies the nonlinear interaction of ion-acoustic waves when electron capturing is 

present [1], has the form 

 

     
 

 ⁄           (2) 

 

where  , B and C are constants and match up to the activation trapping, convection, and 

dispersion coefficients, respectively [2, 3]. In particular Eq. (2) defines the nonlinear 

interaction of ion-acoustic waves in plasma physics by including a qquasi-potentialeffect [4]. 

In the presence of solitary waves, the S–KdV model is used to simulate the effect 

of surface for deepwater [5]. Several important techniques have been built to generate exact 

solutions of the S-KdV equation such as extended unified method [4], modified Kudrayshov 

approach [5], Lie symmetry approach [6],      ) expansion method [7,8], exp function 

method [1, 9], extended Kudryashov method [10], Khater and the modified Khater methods 
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[11], improved version of Tanh method [12], etc. The S-KdV equation turns into Korteweg 

de-Vries equation (when A = 0) [13-18] 
 

               , (3) 
 

and the Schamel equation (when B = 0) 
 

     
 

 ⁄             (4) 

 

The Schamel equation, which was derived by Hans Schamel, and widely used in the 

field of plasma physics, serves as a mathematical model for studying nonlinear wave 

phenomena, particularly the dynamics of ion acoustic waves in plasmas [19–26]. Eq.(4) was 

solved by some existing methods in [7, 10, 26-30]. Schamel Burgers equation generally exists 

in nonlinear dynamics, plasma physics, and optical fiber. The obtained exact solutions are 

significant for revealing the most complex physical phenomena or exploring new phenomena. 

Besides, these solutions assist for those doing numerical calculations to evaluate the 

correctness of their results. It is noted that this method changes the given difficult problems 

which are solved easily. Since Eq. (2) has a very extensive implementation area, it is 

significant to look for new exact solutions to the equation. In literature, some scientists have 

studied this model analytically such as the tangent hyperbolic method [31-35] extended 

generalized      ) expansion method [2], generalized-improved      ) and and generalized 

     ) expansion methods [3]. 

The implementation of the         ))- expansion method in this work highlights 

our principal objective and shows its capacity to deal with nonlinear equations, permitting it 

to be utilized to solve several types of nonlinearity models. So, we begin in Sections 2 

and 3, introducing mathematical analysis and methodology of the         ))- expansion 

method, respectively. In Section 4, several new families of analytical solutions of the 

equation has been obtained using the         ))- expansion method. Section 5 addresses a 

graphical illustration of a few of these solutions. Conclusions complete this study. 

 
 

2.         ))-EXPANSION METHOD: MATHEMATICAL ANALYSIS OF THE 

MODEL 
 

 

We implement the    (    ))- expansion method [36] to derive exact solutions of 

the equation. To obtain the traveling wave solution of Eq. (2), we employ the following 

transformation: 

     )     ), (5) 

where 

        (6) 

 

where ω represents the speed of the traveling wave. With the help of equations (5) and (6), we 

can rewrite Eq. (2) as: 
 

    ) (  √   )   )          )     (7) 

 

Now, we can take the transformation 

 

   )      )     (8) 

the (7) can be writen as 
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     )       )     )     )     (9) 
 

Then, we can solve (9) to find the solution (2). 
 

 

3. METHODOLOGY OF THE         ))- EXPANSION METHOD 
 

 

Take into consideration that a nonlinear partial differential (NLPDE) equation has the 

form 

 (                       )   . (10) 
 

Step 1: Joining the independent variables x and t into one variable ξ. The traveling wave 

transformations (5) and (6) allows us to reduct (10) to the following ordinary differential 

equation (ODE): 

               )   . (11) 
 

Step 2: Assume traveling wave solution of (11) is written as a finite series: 
 

   )  ∑      (     )))

 

   

  (12) 

 

where         ) are constants,      and      ) procures following ODE, 

 

    )     (    ))      (   ))     (13) 
 

Equality (13) has the following solutions: 
 

Group 1: when              
 

   )      
 √      )      

√(     )

 
    ))  

  
), 

(14) 

 

   )      
 √      )      

√(     )

 
    ))  

  
), 

(15) 

 

where   is a constant of integration. 
 

Group 2: when              
 

   )      
√      )     

√(     )

 
    ))  

  
), 

(16) 

 

   )      
√      )    

√      )
 

    ))   

  
)  

(17) 

 

Group 3: when                  
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   )     (
 

   (     ))   
)  (18) 

 

Group 4: when                  
 

   )       
       )  

      )
). (19) 

 

Group 5: when                  
 

   )        )   (20) 

 

Step 3:   is obtained by balancing the highest order derivative term with the highest 

power nonlinear term in (12). We substitute (12) into (9), all coefficients of the same 

power of         )) is taken zero. This leads a system of algebraic equations for 

              κ, ω, which can be solved by Mathematica program. 
 

 

4. IMPLEMENTION OF THE         ))-EXPANSION METHOD 
 

 

Applying the balance principle to (9) between the terms      and      
yields    

        which implies that    . Using (12), we can express the solution to (9) as 

follows: 

   )  ∑  (   (     ))) 

 

   

 (21) 

 

By substituting Eq. (21) for Eq. (9) and equating coefficients of like powers of 

        )) to zero, following system is obtained: 

 

     
             

        
               , 

     
            

           
        

             
              

    
 , 

       
        

        
         

             
       

        
    

        , 

     
          

        
            

     
      

     
       

     . 
 

By solving aforementioned set of equations using the Mathematica program, following 

sets of solution was obtained: 
 

Set 1: 

    
√  
 

√ 

√              

   

  
√  
 

√      ⁄

√         ) 
 

    )  ⁄ √       ⁄

(         ))
  ⁄  

   )  ⁄ √        ⁄

          ))  ⁄

   
 

(22) 
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 √  

 
 √ 

 √            
  

 

By substituting Eqs. (22) to (21) with Eqs. (8), (5) and (6), respectively, solutions of 

Eq. (2) is obtained in the following way: 
 

Group 1: when              
 

      )         
  

 √      )     (
√     

 
    ))   

))   

      )         
  

 √      )     (
√     

 
    ))   

))   
(23) 

Group 2: when              
 

      )         
  

√      )    (
√     

 
    ))   

))   

      )         
  

√      )    (
√     

 
    ))   

))  

(24) 

 

Group 3: when                   
  

      )         
 

   (     ))  
)) . (25) 

 

Group 4: when                  
 

      )          
      )

       )  
)) . (26) 

Set 2: 

  
√  
 

√ 

√            , 

   

   
√  
 

     ⁄

√            
 

    )  ⁄        ⁄

(           )
  ⁄  

    )  ⁄       ⁄

(           )
  ⁄ )

   
, 

    
 √  

 
 √ 

√  √         ) 
  

(27) 

 

By substituting Eqs. (27) to (21) with Eqs. (8), (5) and (6), respectively, solutions of 

Eq. (2) are obtained in the following way: 
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Karakoc              

      )         
  

 √      )     

(

 
√(     )

 
    )

)

   

)) , 

      )         
  

 √      )     

(

 
√(     )

 
    )

)

   

)) .  
(28) 

Group 2: when              
 

      )         
  

√      )    

(

 
√(     )

 
    )

)

   

)) , 

      )         
  

√      )    

(

 
√(     )

 
    )

)

   

)) .  
(29) 

Group 3: when                  
 

       )         
 

   (     ))  
)) . (30) 

 

Group 4: when                  
 

      )          
      )

 (     ))  
)) . (31) 

Set 3: 

   
   )  ⁄ √ 

√           , 

   

  
   )  ⁄      ⁄

√            
 

 √  
 

       ⁄

(           )
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 √  
 

      ⁄

(           )
  ⁄ )
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    )  ⁄  √ 

 √            . 

(32) 

 

By substituting Eqs. (32) to (21) with Eqs. (8), (5) and (6), respectively, solutions of 

Eq. (2) is obtained in the following way: 
 

Group 1: when              
  

      )         
  

 √      )     

(

 
√(     )

 
    )

)

   

)) , 

      )         
  

 √      )     

(

 
√(     )

 
    )
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)) . 
(33) 

Group 2: when              
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√      )    
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√(     )
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√(     )
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Group 3: when                  
 

      )         
 

   (     ))  
)) . (35) 

 

Group 4: when                  
 

      )          
      )

 (     ))  
)) . (36) 

Set 4: 
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By substituting Eqs. (37) to (21) with Eqs. (8), (5) and (6), respectively, solutions of 

Eq. (2) is obtained in the following way: 
 

Group 1: when              
 

      )         
  

 √      )     

(

 
√(     )
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)
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 √      )     
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√(     )
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Group 2: when              
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Group 3: when                 
 

      )         
 

   (     ))  
)) . (40) 
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      )          
      )

 (     ))  
)) . (41) 

 

5. GRAPHICAL ILLUSTRATIONS 
 

 

We utilize the analytical approach in this study to explore the equations we derived. 

To enhance the clarity of our outcomes, we present a collection of two-dimensional and 

threedimensional figures that depict some of the analytical solutions we obtained. 

Specifically, we illustrated the analytical solutions for Eqs. (24), (28), (34) and (38) in Figs. 1-

4, respectively, under various parameter configurations. These figures visually represent the 

solutions behavior and demonstrate how the different parameters influence the system. 

By analyzing these figures, we gain insight into the problem dynamics and the impact of 

the parameters on the solutions’ overall behavior. Our outcomes demonstrate the efficacy 

of our approach and provide valuable insights into the solutions’ behavior and properties. 
 

 
Figure 1. Graph of (24) for A = 0.6, B = 0.7, λ = 0.01, µ = 0.01, ω = 0.005, E = 0. 

 

 
Figure 2. Graph of (28) for A = 0.1, B = 0.2, λ = 0.4, µ = 0.01, ω = 0.1, E = 0. 
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Figure 3. Graph of (34) for A = 0.5, B = 0.2, λ = 0.01, µ = 0.01, ω = 0.005, E = 0. 

 

 
Figure 4. Graph of (38) for A = 0.4, B = 0.2, λ = 0.4, µ = 0.01, ω = 0.07, E = 0. 

 

 

6. CONCLUSION 
 

 

In this study, we propose an analytic solution procedure to obtain some new traveling 

wave solutions of well known Schamel-Burgers equation which is popular for studying 

ionacoustic waves in plasma physics and fluid dynamics. For this goal,         ))- 

expansion method is successfully implemented. The obtained solutions from         ))-

expansion methods are plotted graphically to check the dynamical behavior of the solutions. 

The presented exact solutions provided here may describe various new characteristics of 

waves and then may be useful in the theoretical studies of the considered equation. From this, 

the proposed technique is extremely influential and competent and can be further 

applied to various NLPDEs. 
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