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Abstract. In this paper, we introduced Gaussian Fermat numbers and polynomials.
We provided the Binet formula, generating functions, and the exponential generating function
for these numbers and polynomials. Additionally, we derived several identities for these
polynomials, including the Cassini identity, Catalan identity, Vajda identity, Halton identity,
Gelin-Cesaro identity, and D’Ocagne’s identity. We demonstrated that Gaussian Fermat
numbers and polynomials can also be obtained through matrix representations and discussed
key propositions based on the fact that the determinants of these matrix representations are
constant. Furthermore, we explored the relationship between Gaussian Fermat numbers,
polynomials, Mersenne numbers, and Jacobsthal numbers. We also presented the Catalan,
Binomial, and Binomial of Catalan transformations of the Gaussian Fermat sequence and
polynomials. Finally, we introduced the generating function for the Catalan transformation of
the Gaussian Fermat numbers and polynomials.

Keywords: Gaussian Fermat numbers; Gaussian Fermat polynomials; Catalan
transform; Hankel Transform; Binomial transform; Ballot transform.

1. INTRODUCTION

In this study, we consider positive integer sequence as Gaussian Fermat sequence and
polynomials satisfying recurrence relation and we give some well-known identities for these
sequence and polynomials [1]. Undouble, the most well-known of integer sequence is
Fibonacci (and Lucas) sequence. Many researchers are dedicated to Fibonacci sequence such
as Hoggart and Koshy also many researchers investigated the polynomials of integer
sequences [2-4]. In this study we will follow closely some of these studies. Fermat numbers
and Fermat primes were first studied by Pierre de Fermat, who supposed that all Fermat
numbers are prime. Indeed, first five of these numbers are prime but later Leonard

We aim to investigate Gaussian Fermat numbers and their polynomials satisfying
second order recurrence relations. We obtain some important identities of these numbers, and
we present some important transform of Gaussian Fermat numbers and polynomials. Also, we
derive generating functions, Binet formula and summation formula of these numbers and
polynomials. Beside these we present determinants of matrix representations of Gaussian
Fermat polynomials.

The Hankel transform is an integral transform that was first developed by the
mathematician Herman Hankel. It is also known as the Fourier-Bessel transform. The Hankel
determinants calculus is arising in combinatorial analysis. Barry [5] investigated the Hankel
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transform, Catalan transform, and binomial transform of integer numbers of sequences and
polynomials and obtained very remarkable results. Inspired by these studies we present these
transforms in Gaussian Fermat sequences and polynomials. This is done by finding the
explicit form for the coefficients in the second-term recurrence relations that the
corresponding polynomials satisfy.

Fermat numbers investigated by Tsang et al., [6] are defined by F, = 2™ + 1,
named after French mathematician Pierre de Fermat. These numbers are important in various
branches of mathematics as especially number theory and combinatorics. Although Fermat
numbers are of interest many researchers, there are few studies on these numbers. | aim is to
shed light on future studies on Gaussian Fermat numbers and polynomials. Mersenne
numbers are given by M, = 2" — 1 named after French mathematician Marin Mersenne.
Many researchers have investigated the properties of Mersenne numbers [7-9]. These
numbers are important as Fermat numbers in various branches of mathematics as especially
number theory and combinatorics.

Fermat number attract the attention of many mathematician [10]. Following recurrence
relation is about Fermat numbers.

Fo=3F1—2F,_,,n=2 (1)

with F, = 2, F, = 3.
Mersenne numbers M, by the second order recurrence relation [11] that

M, = 3M,_; — 2Mp_p,n > 2 )

Wlth MO = O,Ml = 1.
Mersenne polynomials M (x) by the second order recurrence relation that

M (x) = 3xMy_1(x) — 2Mp_p(x) 1 = 2 3)

with initial conditions M, (x) = 0, M;(x) =1
We can obtain Mersenne numbers giving x =1 in (2). We show some terms of
M, (x) as follows:
M,(x) = 3x
M;(x) =9x2 -2
M,(x) =27x3 —12x
Ms(x) = 81x* — 54x2 + 4

The characteristic equation of M, (x) is
x?=3x+2=0.

The characteristic equation has the following roots are

3x —V9x2 -8
p(x) = >

3x +V9x2 -8
q(x) = 3 :

This paper introduces a novel extension of Fermat numbers and polynomials to the
complex domain, termed Gaussian Fermat numbers and polynomials. We provide a
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comprehensive analysis of these entities, deriving essential properties such as Binet formulas,
generating functions, and various identities analogous to those of classical number sequences.
Matrix representations are employed to generate these numbers and polynomials, revealing
their intrinsic structure and connections to other number sequences like Mersenne and
Jacobsthal numbers. Furthermore, we explore transformations of the Gaussian Fermat
sequence and polynomials, including Catalan, binomial, and binomial-Catalan
transformations. By establishing these foundational properties and interconnections, this
research lays the groundwork for further exploration of the arithmetic and algebraic properties
of Gaussian Fermat numbers and polynomials, with potential applications in diverse areas of
mathematics and beyond.

2. NEW GAUSSIAN FERMAT NUMBERS
In this section, Gaussian Fermat numbers are introduced and some of their basic
properties are presented.
Definition 2.1. Gaussian Fermat number GF, are defined by
GF,=3GF,_4 —2GF,_,,n>2 4
with GF, = 2i, GF; = 3. Here Gaussian Fermat numbers are defined with these initial values
by adhering to the recurrence relation of Fermat numbers and ensuring that the original

Fermat numbers are obtained when i is replaced by 1.
The first terms are as follows:

GF, =9 — 4i
GFy =21—12i
GF, = 45 — 28i
GFs = 93 — 60i

Theorem 2.2 For n > 2 there is a relationship between Gaussian Fermat numbers and Fermat
numbers, expressed as follows:

GF, =3(F,—2) - 2i(F,—3)
Proof: Let's prove the theorem by induction over n: The theorem is true for n = 1, that is:
GF, =3=3(3-2)-2i(3-3)
We assume that the theorem holds for n = k that is;
GF) = 3(F), — 2) — 2i(F, — 3).
Then for n = k + 1 we have
GFrs1 = 3GF, — 2GFy_4

= 3[3(Tk -2)- Zi(Tk - 3)] - 2[3(Tk—1 -2)- Zi(Tk—l - 3)]
=9(F, —2) —6i(Fr —3) — 6(Fr—1 — 2) + 4i(Fy—1 — 3)
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= 9F, — 6Fj_1 — 6iF, + 4iFj_1 — 6 + 6i
= 3(3F, — 2Fy_1) — 2i(3F), — 2Fy_,) — 6 + 6i
= 3Fk41 — 2iFpqq — 6+ 60 = 3(Fp1 — 2) — 2i(Fpy1 — 3)
as desired. O
Based on the relationship between Gaussian Fermat and Fermat numbers, we obtain
the Binet formula of Gaussian Fermat numbers as follows:

GF,=302"+1—-2)—2i(2"+1-3)
32" — 1) — 2i(2™ — 2)
= 27(3 — 2i) + 4i — 3.

From here, the relationship between Gaussian Fermat numbers and Mersenne numbers
can be easily seen. Namely;

GF, = 3M,, — 2i(M,, — 1) = M,,(3 — 2i) + 2i.
Theorem 2.3 The finite sum of Gaussian Fermat numbers can be formulated as follows:

k
Z GF, = (3 = 20)My, 1 + k(4i — 3).
n=0
Proof:
k

k
ZZ”(B—Zi)+4i—3=(3—21’)22"+k(4i—3)
n=0

= (3n—=02i)(2"+1 — 1) + k(4i —3) = (3 = 20) M4, + k(4i — 3).

[
Theorem 2.4. (Catalan identity). For n > r, we have
GFpirGFo_y — GF? = 2M7(18i — 1) (2" — 1)%
Proof: From the Binet formula for Gaussian Fermat number we get,
(2™ (3 — 2i) + 4i — 3)(2""(3 — 2i) + 4i — 3) — (2™(3 — 2i) + 4i — 3)?
=2"2"(4i—3)(3—-2i)+27"(4i —3)(3—2i) — 2(4i — 3)(3 — 2i0))
o .1 2™(18i — 1)(2"—1)? et 1o . 5
=2 (181—1)(2 +?—2)= > =2""(18i — 1)(2" — 1)-.
[
Theorem 2.5. (Cassini identity)
GFps1GFp_1 — GF? = 2"1(18i — 1).
Proof: For r = 1 in Catalan identity we get Cassini identity.
[

Theorem 2.5. (Halton identity). For n > r,s and r > s we have
GFpsyGFyy — GFp sGFog = 2™(18i — 1)(2°M,_ + 275M,_,).

Proof: From the Binet formula for Gaussian Fermat number and after basic algebraic
operations we get,
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(2M7 (3 — 20) + 4i — 3)(2"T(3 — 20) + 4i — 3) — (2" (3 — 20) + 4i — 3)(2"5(3 — 20)
+4i —3)
= 2"(18i — 1)(27 + 27 — 25 — 275) = 2"(18i — 1)(2°M,_s + 2™5M,_,)

(]
Theorem 2.6. (Gelin-Cesaro identity).
GTn+ZGTn+1G?n—1GTn—2 - G:Fri}
= 2"(18i — 1)[2™3(18i — 1)53 + 22"72(5 — 12i) + 272(=7 — 24i)11]
Proof: From the Binet formula for Gaussian Fermat number we get desired.
[

Theorem 2.7. (d’Ocagne’s identity). Let n and r be any integers. Then the following identity
is true.
GFpni1GF — GFrpq = (2" —=2")(18i = 1)

Proof: From the Binet formula for Gaussian Fermat number we get desired.

[
Definition 2.8. For n > 1, Gaussian Fermat number matrix g#,is defined by
_(9—4i —6\(3 —2\"_ (GFniz —ZGTM)
9#n _( 3 —4i) (1 0) - (GTn+1 —2GF,
For example,
forn =2,
_(9—4i —6\(7 —6\_ (45—28i —42+24i
gf2 = ( 3 —4) (3 —2) - (21 —12i —18—8i )
Proposition 2.9. For n > 1, we have
det(gf,) = 2" 1(—72i + 4).
Proof: We can do the proof by induction method on n such that;
Forn = 1, we have
21—12i —18+8i\|_ .
|(9_4l, i )| =-72i+4.
For n = k, assume that the equation holds. That is:
9—4i —6\(3 =2\ _ okc1s 0
|( ; _4i)(1 0) = 2k-1(=72i + 4).
Thenn = k + 1, we have
9—4i —6\(3 —-2/3 -2\ _ . . okt .
|( Z _4i)(1 0) (1 0) = 2.2%(=36i + 2) = 2K*1(=72i + 4).
as desired.
]
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Proposition 2.10. For n = 1 we have
det(gf2,,) — det(gf2) = 3.22"72(=72i + 4)2.
Proof. From the definition of Gaussian Fermat polynomial’s determinant

det(gf2,,) — det(g#2) = 22" (=72i + 4)? — 22""2(=72i + 4)?
= 3.22""2(—72{ + 4)2.
[
Theorem 2.11. Gaussian Jacobsthal number and Gaussian Fermat number have a relationship
shown as follows:

i

_61(—1)") 10— 11i
2+

(18 — 12i) (G]n -
GF, =

Proof: Binet formula of Gaussian Jacobsthal in [12] is as follows

202
6

1y 2+i2n
Gy +T()

GJn
Binet formula of Gaussian Fermat is as follows:
GF,=2"(3—2i)+4i—3

If the two equations are equal to each other over 2™ , the desired result is achieved.

[

Proposition 2.12 For m,n > 2, we have

det(gfm+1) det(ghn41) + det(gfyy,) det(gf,) = 2™*"72(4 — 720)5.
Proof:
det(gfm+1) det(ghn+1) + det(ghy) det(gfn)
= 2M(4 — 720)2"(4 — 720) + 2™ 1(4 — 720)2""1(4 — 720)
= 2MAN(4 — 727) 4 2MHN2(4 — 72() = 2Mmn-2(4 — 72)5.

]

Proposition 2.13.

det(gfm,) — det(g#) = 2™ (4 — 720)M,
Proof:

det(g#,,) — det(gl) = 2"° (4 — 72i)" — 2V~ (4 — 72i)"
=27 (4 — 720)(2" — 1) = 2" (4 — 720) M,

If you pay attention here, it can be seen that the result obtained is related to Mersenne

numbers.
[]
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3. NEW GAUSSIAN FERMAT POLYNOMIALS

In this section Gaussian Fermat polynomials GF, (x) introduced and presented some
of their basic properties.

Definition 3.1. Gaussian Fermat polynomials GF, (x) are defined by
GF,(x) = 3xGF,_1(x) — 2GF,_, (x),n = 2 (5)

with GFo(x) = 2 + 3xi — >, GFy (x) = 3+ 2i.
The first terms are as follows:

GF,(x) =9x — 4+ 3i
GF3(x) = 27x% —12x + 9xi — 6 — 4i
GF,(x) = 81x3 — 36x2 + 27x%i — 36x — 12xi — 6i + 8.

Theorem 3.2. For n > 2, we have a relation between Gaussian Fermat polynomials and
Fermat polynomials expressed as follows.
GF(x) = F(x) + iF,-1 (%)
Proof: we can prove the theorem by the induction method on n. for n = 2 we have,
GF,(x) = Fy(x) + iF(x) =9x — 4 + 3i.
We assume that the theorem holds for n = s that is;
GFs = Fs(x) + iFs_1 (x).
Then for n = s + 1 we have
GFsy1(x) = 3xGFs(x) = 2GF;5_4 (x)
= 3x[Fs(x) + iFs—1 ()] — 2[Fs—1 (x) + iFs—o(x)]
= 3xF(x) — 2Fs_1 (%) + i(3xFs_1 (1) — 2Fs5(x)) = Fiya (%) + iFs(x).

as desired.
[
We defined Binet’s formula for the Gaussian Fermat polynomials. Let a; (x), a,(x) be
the solutions for the

a’?—3xa+2=0

3x +vV9x2 -8 3x +V9x2 -8
5 yap(x) = > :

ai(x) =
So, we obtain

GF,(x) = Tn(x) + i:Fn—l(x)
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_ <(2a1(x) —3)al(x) N (—2a,(x) + 3)a;l(x)>

ay(x) — as(x) az(x) — ag(x)
ny ((Zaz(x) —3)ai ™ (%) N (—2a,(x) + 3)6!5”06))
az(x) — ay(x) az(x) — ay(x)

a0 (QRay(x) = 3)i+ 4 — 3a;(0)) + aF () ((—2a1 () + 3)i — 4 + 3a,(x))

B ay(x) — a;(x)

0
Theorem 3.3 It can be seen that there is a relationship between Gaussian Fermat polynomials
and Mersenne polynomials as follows:

GF,(x) = 3M,(x) + (3i — H)M,,_, (x) — 4iM,,_,(x).

Proof: When the Binet formula for Mersenne polynomials in [13] is substituted, the desired
equality is obtained.

[
Definition 3.4. For n > 1, Gaussian Fermat number matrix g#,, (x)is defined by

_(9x—4+3i —6 — 4i 3x —2\" _ (G?n+z(x) —ZGTn+1(x)>
gFa(x) = ( 342 —4—6xi+ 3i)( 1 0 ) “\GF (x)  —2GF,(x)
For example,
forn=1,
_ (9x — 4+ 3i —6— 4i 3x -2
9$:1(x) _( 3+ 2i —4—6xi+3i)(1 0)

_ (27x2 —12x + 9xi — 6 — 4i —18x+8—6i>

9x — 4 + 3i —6—4i )

Proposition 3.5. For n > 1, we have
det(g#,(x)) = 2" (—54x2%i + 51xi — 18x + 17).
Proof: We can do the proof by induction method on n such that;
For n = 1, the claim is true. For n = s, assume that the equation holds. That is;

— ! _ _ . _ s
|(9x3 -fzt * _66xi4fr 20) (31x 02) | = 25(~54x%i + 51xi — 18x + 17).
Thenn = s + 1, we have

|(9x — 443 —6 — 4i ) (3 —2)5 (3 —2)1
3+ 2i —4—6xi+3i/\1 0 1 0
= 2.25(—54x%i + 51xi — 18x + 17) = 251 (—=54x2i + 51xi — 18x + 17).

as desired.
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Proposition 3.6.
det(g#™,(x)) — det(g#™(x)) = 2™ (—54x2i + 51xi — 18x + 17)"(M,,)

Proof:
det(gfi1(x)) — det(g#r(x))
= (2"*1(—54x% + 51xi — 18x + 17))"
—(2"(~54x2i + 51xi — 18x + 17))"
= 2" (—54x2i + 51xi — 18x 4+ 17)"(2" — 1) = 2"°(—=54x2i + 51xi — 18x + 17)"(M,,)

Similar to Gauss Fermat numbers, it is seen that the result obtained in Gaussian
Fermat polynomials is related to Mersenne numbers.
[
Theorem 3.7. The sum of the first n terms of the Gaussian Fermat polynomials are as
follows:

= —6x + 5 — 9x%i + L/ + 15X1 /) — 3xGF, (x) + 26F 1 (x) + 2GF, (%)
D> R =
’ 1—3x+2
S=

Proof: From the definition of the Gaussian Fermat polynomials, we have

GF,(x) = 3xGF,(x) — 2GFy(x)
GF;(x) = 3xGF,(x) — 2GF,(x)

GF,(x) = 3xGF,_1(x) — 2GF,_,(x)
so, we have

n
—5—3xi -1/, + Z GF,(x)
s=0

= 3x [—2 — 3xi + 3t/ — GF(x) + Z GF,(x)

s=0

-2

n
_GF,_.(x) — GF,(x) + Z GF.(x)
s=0
n
—5—3xi — i/z + z GF,(x)
s=0
n
= —6x — 9x%i + 9xi/2 —3xGF,(x) + SxZ GF,(x) + 2GF,,(x) + 2GF,_,(x)

s=0
n
—2 2 GF.(x)
s=0

If we take the total Y7, GF;(x) of the right and left sides of the equation in
parentheses and rewrite it, we obtain the desired equality.
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ZGT(x)(1—3x+2)

= —6x — 9x?%i + 9’”/ — 3xGF,(x) + 2GF,_1(x) + 2GF,(x) + 5 + 3xi

1/2

thus, we obtain:

= —6x +5 — 9x%i + I/ + 19X/, — 3%GF, (x) + 26F,_1 (x) + 2GF, (x)
ZGT(")z 1-3x+2

tl
Theorem 3.8. The generating functions for Gaussian Fermat numbers and Gaussian Fermat
polynomials are given as follows, respectively:

() ZGT 21+3x—6xl
wx) = G g v )

and
4+ 6xi —3i+ 6a + ai(4—18x? + 9x) — 12xa
2(1 — 3xa + 2a?)

v(x) = z GF,(x)a" =
n=0
Proof: By the definition of the Gaussian Fermat sequence, we get
u(x) = Z GFox™ = GFy + GF1x + GFyx* 4 GF3x3 4 -

u(x) = GFy+ GFix + z GFx™

n=2

= GTO + G.'le + (z 36?71_1 - ZGan_2>xn
n=
== GTO +GT1X+3x(GT1x+GT2x2 + "') _ZXZ(GTO +GT1X+GT2)C2 +"')
Z GF,x"(1 — 3x + 2x2) = GFy + GFyx — 3xGFy = 2i + 3x — 6xi
n=0 o
ZG}" n _2i+3x—6xi
T 3 + 222
o n=0
Similarly;

v(x) = z GF,(x)a"™ = GFy(x) + GFy(x)a + GF,(x)a* + GF3(x)a> + -
n=0

v(x) = GFy(x) + GF(x)a + Z GF,(x)a™

n=2
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= GFy(x) + GF(x)a + <Z 3xGF,_1(x) — 2GF, _, (x))
=GFy(x) + G?-"l(x)a + 3xa(GF;(x)a + GFy(x)a? + ) — 2a*(GFy(x) + GF (x)a + )

z GF,(x)a™(1 — 3xa + 2a?) = GFy(x) + GF,(x)a — 3xaGF, (x)
n=0

ZGT( ) . 4 +6xi—3i+6a+ai(4—18x* +9x) — 12xa
nan= 2(1 — 3xa + 2a?) '

O
Theorem 3.9. The exponential generating function for GF, and GF,,(x),
o GFyx™
Z n'x = (3 —20)e** + (4i — 3)e”
oy n.
and
i GF,(0)a"  (Qay(x) —3)i + 4 — 3a,(x))emr ™
n=0 n - a; (x) (az(x) — a;(x))
az (%) (az(x) — a;(x))
O

Proof: For the proof, we use Binet formula of GF,, and GF, (x),

[ee)

ZGT”xn = izn (3 —2i) + (4i —3)

n!
n=0

- (3—21)Zzn—+(4l—3)2 — (3 = 20)e?* + (4i — 3)e*

similarly,

i GF,(x)a"™ i a1 () ((2ay(x) — 3)i + 4 — 3, (x))a™

o o = n! (az(x) — a1 (x))

a2 () ((—2a0 () + 3)i — 4 + 3a,(x))a™
' nz:c:) ( n! (az(x) — a;(x)) )
N (aal (x))n((zaz (x)—=3)i+4- 3a1(x))
B Z al(x)n' (az(x) — a;(x))
Z (aaz(x)) ((Zaz(x) —3)i+4-— Sal(x))
az ()n! (az(x) — a1 (x))
i GFa()a"  ((Ray(x) = 3)i + 4 — 3y (x) )@
n! a; () (az(x) — a1 (x))
((=2a1(x) + 3)i — 4 + 32, (x) ) e %)
az (x)(az(x) — a;(x))
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Theorem 3.10. Let n — oo, b > a. Then the ratio of the bigger to the smallest of the two
consecutive terms of the Gaussian Fermat numbers and polynomials are as follows:

lim P i1 =2
n—-oo n
and
lim M = a,(x)
now GF,(x) 2

Proof: The Binet Formula of the Gaussian Fermat numbers and polynomials we get,
. 4i—3
G 2B 2i+ )
lim = =

n—oo GTn 27’1(3 —2i+ 4‘l2; 3)

Similarly, as per the limit rules
i GFriq1(x)
noo Gy (x)
af(x)((Zaz(x) —3)i+4-— 3a1(x)) + a?(x)((—Zal(x) +3)i—4+ 3a2(x))
~im 0,00 — ()
n-o | @ (x) ((2ay(x) = 3)i+ 4 — 3a,(x)) + a1 () ((—2a4(x) + 3)i — 4 + 3a,(x))
ay(x) — a;(x)

(a{‘(x)(Zaz(x) —3)i+4-— 3a1(x))

aZ(x) m + (—2a;(x) +3)i — 4 + 3a,(x)
= lim @z (%)
n-eo (a1 (@) 2y (x) - 3)i + 4 — 30, ()
a1 (x) — + (—=2a,(x) +3)i — 4 + 3a,(x)
a, (x)
= a,(x).

4. CATALAN AND BINOMIAL TRANSFORMATION OF GAUSSIAN FERMAT
NUMBERS AND POLYNOMIALS

The Catalan transform is a sequence transform introduced by Barry [5]. Also, many
researcher [14-17] investigated the Catalan transform of integer sequences. Recall the Catalan

numbers C(n) are given by
C = 1 <2n>
" n+1\n/

Later the formula given above can be written as

(@)
" (n+ Dnl

First few Catalan numbers are 1,1,2,5,14,42,132,429, ...
Also, one can easily see the following recurrence relation for C(n)
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Cor1 22+ 1)
C, n+2

It is given that the ordinary generating function (0.g.f.) c(x) as follows:

1—+v1-—-14x
c(x) =——.

X
c(x) =1+ x + 2x2% + 5x3 + 14x* + -

We define the Catalan transform of Gaussian Fermat sequence (CGF,) as
n . .
CGF, —Z l (2n_l)GT
n - 2n—i\n—i !
l=
forn>1,
First few terms of CGF,, as follow:
1 . .
CGF —z : (2_1)6}" =3
YU L2—-i\1-i) T
1
2 ] .
CGF —Z : (4_1)(,‘? =12—4i
2T La—i\2—i) T l

3
i 6—i
CGF, =Z ( ) GF; = 45 — 20i
1

6—1\3—1i
4 . .
CGF Z : (8 - l) GF; =168 — 84i
= , = —_ l
* 8—i\4—i/
1
It can be written the following equations as the product of matrix € and n X 1 matrix
GFy
[CGF,7 1 0 0 0 07 [GFy
CGF,l 11 1 0 0 oflGcF,
CGF;|=12 2 1 0 0[.|GF;
CGF, 5 5 3 1 0f|GF,
. B A N R (E :
3 1 0 0 0 0 .. 3
12 —4i 1 1. 0 0 O 9—4i
45-20i|=12 2 1 0 O 021 —-12i
168 — 841 55 3 10 45 — 28i

Similary, for Gaussian Fermat polynomials we define the Catalan transform of
Gaussian Fermat polynomials (CGF,(x)) as
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CGF,(x) = Zn: Zni_ : (Zn _.i) GF;(x)
i=0

n—i
forn>1
First few terms of CGF,, (x)as follow:

1
i 2-i
CGTl(x)=Z—2_i<1_i)GTi(x) =3 +2i
1

CGF,(x) = i

3
i 6
CGF4(x) = 2 (3 - l_) GF,(x) = 27x% + 6x + 9xi + 6i — 8
1

i(4_i>GT()—9 1+5i
a—i\z—y) T l

6—1i

It can be written the following equations as the product of matrix € and n X 1 matrix
GTk(X)

CGF,(x)] 1 0 0 0 0] [GF(x)]

ceF,0)| 111 0 0o ol lerm

ceF(0l=12 2 1 0 ol|ler.
55 3 10
Folooy o ol

34 2i 1 0 0 0 0 .., 34 2i
9x — 1+ 5i 1 1 0 0 O 9x — 4 + 3i
27x*+6x+9xi+6i—8|=]|2 2 1 0 0 J27x% —12x + 9xi — 6 — 4i
55 3 10

Bernstein and Solane [18] investigated the binomial transformation of integer
sequences. We define the Binomial transform of Gaussian Fermat numbers and polynomials
BGF, an (BGF,)(x) respectively.

BGF, = Y7, (j) GF;.

forn > 0 with BGF, = 2i,BF, = 2i + 3.
First few terms of BGF, as follow:

2

2
BGF, = ) (j)c;fj = 15-2i,

j=0
3

3
BGF; = Z (}) GF; = 57 — 22i,

j=0
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4

4
BGF, = Z (}) GF; = 195 — 98,
j=0

The Binomial transform of Gaussian Fermat sequences can be written as matrix
product as follow:

BGF,1 L 0 0 0 0 0 07[GF,
11 0 0 00 0
BGFil 11 2 1 0 o o ol |
BGF,|=|1 3 3 1 0 o ol.ler
1 4 6 4 10 0
BGFs| 11 5 10 10 5 1 ol |9
2 1 0 0 0 0 0 O9r 2i
. 110 0 00 0
15—2i 12 1 0 00 0 3
57—22il=|1 3 3 1 0 0 ol|| 9-4i
1114 6 4 100 .
195-98i| |; < 10 10 5 1 of |21— 12

Similarly Gaussian Fermat polynomials first few terms of BGF, (x) as follow:
BGF,(x) = X () F ().
for n > 0 with BGF,(x) = 2 + 3xi — %i,BG}"l(x) =5+ é + 3xi.

2
2 11
BGF,(x) = Z ( ) GFj(x) =4+ 9x + 3xi + -
=
3 .
3 , 19i
BGF;(x) = Z (]) GF;(x) = 27x* — 7 + 12xi + 15x + -
j=0

The Binomial transform of Gaussian Fermat polynomials can be written as matrix
product as follow:

BGF,()] 1 0 0 0 0 0 0][GF,00)]
BeE®| |1 3 1 o o o o [6F®
BGF,)|=[1 3 3 1 0 o ol|erw
BGF5(x) 1 g 160 140 é (1) 8 GF3(x)
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2 + 3xi 3
xi—=
i
5+E+3Xl'
11
4+9X+3X1+7
. 19i
27x2—7+12xl+15x+7
: _ 30
10 0 0 00 0 23yt
110 0 000 2
1 2 1 0O 0 0 O 3+ 2i
=113 3 1 00 0 Or — 4+ 3i
1 4 6 4 1 0 O
1 5 10 10 5 1 0! [27x* —12x+ 9xi — 6 — 4i

Binomial transform [19] enables the given sequence a,, to be obtained as b,, with the
help of the transformation given below, namely;

Il
1=
~—
N

S

&

=0

The representation of the matrix coefficients of this transformation is as follows:

1 0 0 0 0 0 O
11 0 0 0 0 O
12 1 0 0 0 O
A=|1 3 3 1 0 0 0}
1 4 6 4 1 0 O
1 5 10 10 5 1 0

Also Binomial transform of the Catalan transform can obtain as follows:

s =35 () (o

Here if we also talk about the binomial transform of the Catalan transform, we can
also obtain the binomial transforms of the Catalan transforms of Gaussian Fermat
polynomials with the help of the transformation given above.

seonr=3 (1 () O orw () oo

r 5 () (7S eme s () () omo)
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First few terms of BCGF,,(x) as follow:

BCGF,(x) = 1.GF,(x),
BCGF,(x) = 4.GF,(x),
BCGF;(x) = 14.GF3(x),
BCGF,(x) = 50.GF,(x)

These coefficients {1,4,14,50, ... }obtained are the self-convolution of the sequence
generated from the Binomial transform of the Catalan numbers Ba,,.
The Binomial transform of the Catalan transform is also called the Ballot transform [5] and is
denoted as:
Bal = Cat o Bin .

4.1. THE GENERATING FUNCTIONS OF THE CATALAN TRANSFORM OF GAUSSIAN
FERMAT NUMBERS AND POLYNOMIALS

Let u(x),v(x) and c(x) be the generating functions of Gaussian Fermat numbers,
polynomials and Catalan sequences, respectively. CGF,(x * c(x)) = j(x) and CGF,(x)(x *
c(x)) = J(x), shown the generating function of the Catalan Gaussian Fermat numbers and
polynomials. The generating function of the Catalan numbers in [3] are

1-vV1—4x
() =—"Fp—

The following equations can be written for the generating function of the Catalan
Gaussian Fermat numbers and polynomials resperctively. From Theorem 3.8 we get,

—2i+3+(6i—3)V1 —4x
v1—4x+1—4x

16 — 2ai + 72aix + V1 — 4x(—12i + 24a + 18ai)
4(2 — 3a + 3aV1 — 4x)

j(x) = CFy(x * c(x)) =
and

J0O) = CF () (x * c(x)) =

5. CONCLUSION

We introduced the new Gaussian Fermat numbers, GF,, and polynomials, GF,(x),
and presented several important identities associated with them. We derived the generating
functions for both GF,, and GF,(x), as well as identities including Cassini, Catalan, Vajda,
Honsberger, Halton, Gelin-Cesaro, and D’Ocagne’s, which are significant in the study of
number sequences. Furthermore, we demonstrated that Gaussian Fermat polynomials can be
represented through matrix representations, discussing key propositions based on the constant
nature of the determinants of these matrices. Additionally, we explored the Catalan, Binomial,
and Binomial of Catalan transformations of the Gaussian Fermat sequence polynomials.
Finally, we introduced the generating function for the Catalan transformation of the Gaussian
Fermat numbers and polynomials.
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