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Abstract. We present a different point of view for improving some approximation
formulas for the Wallis ratio. In many published papers several such improvements were
announced by adding terms from an asymptotic expansion to an already stated approximation
formula. This addition can be done to almost every approximation formula involving the
gamma function, or ratio of gamma functions. Unfortunately, these new approximation
formulas are obtained via a sacrifice of simplicity. One of the approximation formula for the
Wallis ratio of a simple form stated here is the following:

1
(2n— 1)1 1 1\ 12n+3
~ (1 + —) , N — oo,
2n)! vVemn 2n

Then other formulas are given and a general method for obtaining similar formulas is
presented.
Keywords: Gamma function; Wallis ratio; approximations.

1. INTRODUCTION

In the recent past, a wide method used by authors for improving some approximation
formulas is to add new terms from an asymptotic series. It is true that increasingly accurate
approximations are obtained, but a sacrifice of simplicity.

In this paper, we present a method for obtaining more accurate simple approximations.
This is important for scientists that use these formulas in other branches in science. They need
formulas of simple form, as they use them for other expressions or equations, or for numerical
approximations.

Roughly speaking, an approximation formula

wp~f(n) , n—oo (1)

is valid if lim,_.(w,/f(n)) = 1. Its accuracy is measured by the following sequence
(gn)nen (also named the error sequence) defined by the relations:

w, =f(n)expq, , n=123,...
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Evidently, g, — 0. More precisely, the approximation formula (1) is stronger as
(g)nen Taster converges to zero.

A strong tool for measuring the speed of convergence of (g,,),en IS a result stated by
Mortici [1] according to which the sequence (q,)neny COnverges faster to zero, as the
difference (g,, — qn+1)nen faster converges to zero.

Recent results using this lemma were obtained for example in [2-11].

2. THE RESULTS

We show these facts on the problem of Wallis ratio.
The Wallis ratio is defined for every positive integer n, by the formula:

_@n-1
Yn = o

In terms of gamma function, we have:
1
1 T(n+3) @)

W, = —

Jr Tn+ 1)’
where

I'(x) = f t*letdt, x> 0.
0

In the recent past, the problem of approximation of Wallis ratio has attracted a large
interest through the researchers [2-12].
We illustrate our method motivated by the following double inequality:

n n

1 1
1 (1 1 ) “12n 1 1 1\ 12n+e6 N
VJenn 2n n emn 2n

established by Zhang et al. [12]. This gives two approximation formulas for the Wallis ratio:

n

1 1
1 (1 1 )n-m q 1 (1 1 ) “12n+6 (3)
w,, ~ + — an W, ~ + —
" enn 2n n Vvemn 2n

and a first question is to say what of these approximations is better. More exactly, for every
a = 0, we introduce the following class of approximations:

e “

1 1
W, ~ 1+ —) ,
" \/enn( 2n

The above approximations (4) are obtained for a = 0 and a = 6, respectively.
We prove that the best approximation is obtained for a = 3, namely
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1
1 1\""12n+3
w,, ~ 1+ —) , N — o0, ®)
" \/eﬂn< 2n

In particular, the approximation formula (5) is more accurate than (3).

3. THE PROOFS

As we explained above, we introduce the error sequence (g,)nen associated to the
approximation formula (4) by the relations:

1 1 1\" 12n+a N
= +— ) €EN,
wo==(1+5) = epa., n

or, using (2), then multiplying by vn:

1
\/ﬁf‘ (n + 7) 1 (1 1 )n—ﬁ
_ N 4/ 4+ —

expq,, ne€EN.

rn+1) ﬁ 2n
We get:
Var (n+g

We use also the well-known following asymptotic formula for the ratio of gamma
function [13]:

var (n+ %)
In———==
'n+1) (7)
_ 1 N 1 1 4 17 31 4 0( 1 )
T 8n  192n3 640n5  14336n7 18432n° nlo /)

By using the standard expansion of In(1 + x) in power series, we get:

LY <1+ A
(n 12n+a)rl Zn)
~ 1+(1 1)1 <1 ., 1 1)1 @
= Ton \288% " 192/n3  \3456% T1152% 360/ 0%

+0(-)
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By combining (7)-(8), we get from (6):

_(1 1 )1+< 1 24 1 1)1+0<1> )
= \96 " 288%) 3 "\3256% T1152% " 360/ 7" )

Evidently, the fastest convergence of (g,,),ey iS Obtained when the coefficient of n=3
vanishes, that is:

1 1 ) ;
_ = = = 3.
96 288" @

As we have explained, the best approximation (4) is obtained. In this case a = 3, we
can see from (9) that:

7 1
n = gg0ns T 0 (ﬁ) , (@=3)

For the approximation formulas related to Zhang et al. inequality (3), the obtained
error sequences of inferior rate of convergence:

! +o(1) (@=0)
= 96,3 nt) . TP

1 1
q":_96n3+0(ﬁ> , @=6)

and

4. FURTHER STUDY

We exploit the ideas from previous sections to introduce the following approximation
formula:

n3
Gl L T
—— 2 e 1+—— , n- o, (10)

that is more accurate than the equivalent formula (5).
The method for obtaining such a formula is to search for an expression E,,, with the
expansion

a; G a3z Qa; Qs
En=7+ﬁ+$+ﬁ+$+“' , h > 0o, (12)
and an approximation formula:
var (n + 7) 12
—NETl , n — oo, ( )
'n+1)

such that the the first coefficients in (11) coincide with the corresponding coefficients from
(7). In this way, we search for a fastest possible error sequence (Q,,)nen:
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vnlt (n+%) p N
_ =/ E - € N.
T'n+1) n expln ,

After a careful analysis of approximation formula (12), and having in mind the
previous considerations, we introduce the following family of approximation formulas:

Vnl (n +%)

n n3+bn
N 4 .71 ,
Tnt 1) © ( +2n2+a> noe

where a, b € R. The error sequence (Q,,),en iS given by:

\nT (n +%)

n n3+bn (13)
— =2 =e 2|1 . , € N.
F'(n+1) ¢ ( T o + a) exp Un n

By taking the logarithm in (13), we get:

NN (n +%)

N e

where

pn = n3+bn)ln (1 +

) n
2n? +a 2

By using the classical power series of the logarithm function, we obtain:

3 (a b+1>1+a b ab+a2+1 1
Pr="\34"278)n"\87 8 2 "8

1
32 64 32 16 16 16 16 732 160 _+0(_)'

N a b 3ad*bh a®bh ab a* a® a* 1 1
160 ns

n’?

By comparing with the expansion (7), we impose the condition that the coefficients of
n~1 and n~3 coincide respectively, that is:

a b N 1 _ 1
4 2 8 8
a b ab N a? N 1 1
8 8 4 8 24 192
The solution of this system is
_ 7 _ 7
=12 24
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For these values, the approximation formula (10) is obtained. The corresponding error

( )

Note that this sequence (Q,,),.en 1S faster than the error sequences associated with the
approximation formulas stated in the previous section.
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