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Abstract. Ozdemir [1] introduced Hybrid numbers as a generalization of complex,
hyperbolic and dual numbers. Hybrinomial sequence is the combination of hybrid numbers
and polynomial sequence. In this paper we consider special kind of hybrinomial sequence,
namely the Van Der Laan hybrinomial sequence. Binet-Like Formula, generating function
and exponential generating function of this sequence are shown in this paper. Properties and
some summation identities for Van Der Laan polynomial sequence and hybrinomial sequence
are represented in this paper. In addition, some interesting summation identities of Van Der
Laan hybrid numbers are obtained.

Keywords: Van Der Laan sequence; hybrinomial sequence; generating function;
summation identities.

1. INTRODUCTION

Recently, many authors have studied different kinds of number sequences such as Pell
sequence, Pell-Lucas sequence, Padovan and Perrin sequences, Jacobsthal sequence. They
established new results about these sequences. Ozdemir [1] introduced the hybrid numbers as
a generalization of complex hyperbolic and dual numbers. He has stated that the set H of
hybrid numbers Z is of the form

H={Z=a+bi+ce+dh;ab,c,deR}
where i, €, h are operators such that
i?=-1,e?=0,ih=—hi= e+1.

It is interesting to see that, hybrid numbers are not commutative. For more information
about hybrid numbers, we refer to [1]. The conjugate of hybrid number Z is defined by

Z=a+bi+ce+dh=a—bi—ce—dh.

The real number R(Z) = ZZ = ZZ = a?® + b%> — 2bc — d? is called the character of
the hybrid number Z. The norm of a hybrid number Z is denoted by ||Z]| and is given by v ZZ.
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Liana and Wloch [2] introduced the Jacobsthal and Jacobsthal Lucas hybrid numbers
and investigated some of their properties. The authors in [3] introduced Van Der Laan Hybrid
numbers and presented some results about this kind of hybrid numbers. Motivated by the
work of Liana and Wloch based on the work of Ozdemir, we will combine the definition of
hybrid numbers to the Van Van Der Laan polynomial sequence and introduce the Van Der
Laan hybrinomial sequence. Our aim is to obtain Binet-like formula, partial sum, generating
function, exponential generating function, character and norm of this sequence. We represent
other interesting properties and some summation formulas about the Van Der Laan
polynomial sequence, Van Der Laan hybrinomial sequence. Moreover, we present summation
formulas of Van Der Laan hybrid number which is the special case of Van Der Laan
hybrinomial sequence.

For supplementary information about Van der Laan sequence, Pell sequence, Pell-
Lucas sequence, Jacobsthal-Lucas sequence, Padovan and Perrin sequences and the other
related number sequences we refer to [4-11].

2. VAN DER LAAN POLYNOMIAL SEQUENCE AND VAN DER LAAN
HYBRINOMIAL SEQUENCE

In this section initially we will consider the VVan Der Laan polynomial sequence and
introduce the Van der Laan hybrinomial sequence. Then, we propose some basic properties of
these sequences. Furthermore, we describe Binet-like formula, generating function and some
identities related to these sequences.

The Van Der Laan sequence [7], (14,) is defined by the recurence relation V,, = V,,_, +
V,._3, for all n > 3, with initial values V, = 0,V; = 1,V, = 0. The first values of (1},) are

0,1,0,1,1,1,2,2,3,4,5,7,9,12,16,21, 28,37,49, 65, 86, 114.

Also, the Binet-like-formula for the VVan Der Laan sequence is:

n n n

]

r
(r1 =) (1 —13) * (r; =) (1, —13) * (r —1r3)(r, —13)

T3
v, =

where ry, 15, 13 are the roots of the equation x3 — x — 1 = 0. From [1] we have
T'1 + T‘2 + T3 = O, T'1T2T3 = 1, 1"17"2 + 1"21"3 + T'17"3 :'1.

Definition 1. The Van Der Laan hybrinomial sequence, denoted by Vn[H] (x) is defined as:
VI (x0) = V() + Viyyy (0)i + Vipya ()€ + Vipys ()R 1)
n n n+1 n+2 n+3 ’

where, V;,(x) is the Van Der Laan polynomial sequence and is defined by the following
relation:
0n=0,2
V(x) = 1n=134
Vo) +Vy3(x)n=5

First few values of Van Der Laan polynomial sequence are
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Vo(x) =0,V1(x) =1, Vo(x) =0, V3(x) =1,V,(x) =1,Vs(x) = x, Ve(x) =x+1,
V,(x) = x% +1.

The characteristic equation of the VVan Der Laan polynomial sequence V},(x) is
t3 — xt — 1 = 0. For each arbitrary value of x this cubic equation has three distinct roots

a,pB,y.
According to the definition of VVan Der Laan polynomial sequence, the initial value of

the Van Der Laan hybrinomial sequence are
V(0 = Vo () + Vo ()i + Vo (x)e + Vs()h = i + h,
V) = i (0) + V()i + V(e + V()R = 1+ € + b,
VZ[H](x) =Vo(x) + V5(x)i + Vy(x)e + Vs(x)h = i + € + xh,
V) = Vo (%) + Vo (0)i + Vs(x)e + Vg(x)h = 1 + 1i + xe + (x + 1A,
VI ) = Vy(x) + Vs ()i + Vs(x)e + Vo (x)h = 1+ xi + (x + 1)e + (x2 + 1)h.

By definition of the Van Der Laan hybrinomial sequence and the character of hybrid
numbers, the following relation about the character of the Van Der Laan hybrinomial
sequence is true.

R (K@) = W20 + Vi 2(0) = Via (Va2 (6) = Viaa®(x). m 0

Now, we have the following theorem about the norm of VVan Der Laan hybrinomial
sequence V71 (x).

Theorem 1. Let n > 1 be an integer. Then the norm of the Van Der Laan hybrinomial
sequence V7 (x) is

V|| = 2V s (0 Visa (0 + 0.
Proof: Corresponding to the character of hybrid numbers we have (2). So, we get
R (G0 = Va2 G0 + Vs (0 = 2V (V2 () = () + Vi (1))
= Vo2 () + Vot () = 2V (Vg2 (6) = Va2 () = Vot 2 () = 2V, () Vi1 (1)

= =2V 1 (0) V2 () + V, (x)).
Hence

[ @] = J R (v @)| = J [V2(%) + Vined2(%) = 2V (Vg2 () = Vs ().
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Therefore

V|| = 1200 + Va0 = 2V (Va2 = (10 + Vs (9]
= V2 (0 + Vi1 * () = 2V (Va2 () = Vo2 (0 = Vs (30 = 2V, (Vi1 (0|
= |=2Vn41 () (Va2 (0 + V1 (0)|
= 2Vn41(X) (Vns2 () + V().

Ozdemir in [1] defined the matrix representation of hybrid numbers by

0 1

Mg ypitceran = @ [(1) (1)] +b [_01 é] tc [i :ﬂ +d 1 ol

Now, we consider the matrix representation of the Van Der Laan hybrinomial
sequence.

Theorem 2. Let V,(x) is the Van Der Laan polynomial sequence. Then, the matrix
representation of the Van Der Laan hybrinomial sequence is

M i = V;«(X) + Vr+2 (X) Vr+1(x) - Vr+2 (X) + Vr+3(x)]. (3)

Vr Vi1 () + Viga () + Viy3 () Ve (x) = Vi ()
Proof: By definition of Van Der Laan hybrinomial sequence we know that
VG0 = V(0 + Vipa (01 + Vi (€ + Vygs (O

Consequently, using matrix representation of hybrid numbers, introduced by Ozdemir
we get

My, =h@ [0 ] +Vn@[ 2 ]+ ve®[] J+ V] |
— [ Vr(x) + Vr+2 (x) Vr+1(x) - Vr+2(x) + Vr+3(x)]
Vi1 (%) + Vg2 (X) + Vi3 () V(%) = Vrg2 (%) '

[ ]
Now we have the following corollary that relates determinant correspond to the matrix
representation of the Van Der Laan hybrinomial sequence.

Corollary 3. Determinant for the matrix representation of the Van Der Laan hybrinomial
sequence is given by —2V,,1(x)(Vy42(x) + V.(x)), and the following relation is true about

the modulus of determinant for the VVan Der Laan hybrinomial sequence M, (a1 @'

[det (M, )| = 2V41 G (Va2 () + % 00).

Proof: From Theorem 2, we know the equation (3).
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Hence

_ Vr(x) + Vr+2(x) Vr+1(x) - Vr+2(x) + Vr+ (x)
det (M, ) = det ([—Vm(x) + V2 () + Vyas (1) V() Vo () D

= (%) + V2 (0) H (x) = V2 (1))
- ((Vr+1(x) - Vr+2(x) + Vr+3 (x))(_Vr+1(x) + Vr+2(x) + Vr+3(x)))-

By some computations we have

det (M, ) ) = %2 G + Vs () = 2Vi1 (V2 (0 = %2 (O = Vs’ ()
— 2V (V1 ()

= 2V () Va2 () + G:(0) = R (B ).

Therefore

|det (M, )| = 2041 (Vraz + %)

det (M1, )| = 2Vris ) (Vrsa () + V(). m

Lemma 4. Let n > 0 be an integer. Then the VVan Der Laan hybrinomial sequence Vn[H] (%)
satisfies the recurrence relationship:

V@) — 2 0 - vt = 0.

n

Proof: By definition of the VVan Der Laan hybrinomial sequence, we have

Vo) — xv M0 = v (x0)
= [(Va(x) + Vo1 ()i + Vo ()€ + Vi3 () )]
- x[(Vn—Z(x) + Vn—l(x)i + Vn(x)e + Vn+1(x)h)]

— [(Va—3(X) + Vaa ()i + Vi g (x)€ + V, (X) B)]

= V(%) = xVyp (%) = Vi3 (0] + [Viny1 (%) — V-1 (x) = Vi p (0D i
+ [Viaa (1) = 2V () = Vima (€ + [V (1) — xViy s (1) = V()]

=0.

As (V,) is a Van Der Laan sequence, hence

@) -2 - vt =0 m

In the continuation of this section, we will display the generating function, exponential
generating function, Binet-like formula and identities of the Van Der Laan hybrinomial
sequence. For the total result, the more general results of which is found in the article [12], the
special case for Van Der Laan's hybrinomial is given below.
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Theorem 5. The generating function for the Van Der Laan polynomial sequence V},(x) is

given by
£() =Z AGEEE

—t2x —t3°

Proof: Suppose that the generating function of the Van Der Laan polynomial sequence
1}, (x) has the following formal power series

f@) = Z () t" =V (x) + VL ()t + Vo (x)t? + Vi (x)t3 +

Then
t2xf (t) = xVo(x)t? + xV; (x)t3 + xV, () t* + xV5(x)t> +

and
t3f(t) = Vo()t2 + Vi ()t + Vo (x)t5 + V5 (x)tb +

Therefore

f@) = t2xf(x) = 3f () =(Vo(x) + V10t + Vo ()t + V5 ()t® + -+ ) = (xVp (x)t? +
xVy ()3 + xVo ()t + xV3 ()t + -+ ) = (Vo ()3 + Vi ()t + Vo (0)t° + Vo ()t + )

= Vo(x) + V1 ()t + (Vo (x) — xVo () t? + (V5 (x) — xVy(x) — Vo (x))t? + - +
(Va () = xVy 2 (%) = Vs ()" +

As we have V,(x) — xV,_,(x) = V,,_3(x) = 0,and V5 (x) = 0,V;(x) = 1,V;(x) =1,
hence, we obtain

F@©) —t2xf(£) — 3£ (8) = Vo(x) + V1 ()t + (Vo (x) — xVp(x))e? = ¢.

So
fOA—-t?x—t3) =t

£ = Z (x)t"—ﬁ.l

n=0

Consequently,

Theorem 6. The generating function for the Van Der Laan hybrinomial sequence V (x) is
given as

{ Vo) + v ot
00 [H]

o @ - eo) e
ZV” (D" = 1—t2—1¢3

n=0

Proof: Suppose that the generating function of the Van Der Laan hybrinomial sequence
Vn[H] (x) has the following formal power series

WWW.josa.ro Mathematics Section
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F©) = Y e =vieo + u e+ u e + i e +

n=0

Then

xt?f(t) = xVO[H] (x)t? + le[H] )t + xVZ[H] (0)t* + xI/3[H] (X)t°> +
and
) = Vo6 + M@t + s + 1M eoe +

Hence, we obtain

f@&) —t2f (@) —3f ()
“”(x) + VM@t + 02 + Mo + ) -x (W e
Hl e + v o et + v (05 + ) ( T3 + v et
H(x)e5 + V Hlxo)s + )

( o) + v (x)t) (2 (x)—xVH](x))tz (V“”(x)—xv I — (x))
(V,'l[ (x) — xV[H;(x) 3(x))t”

Using Lemma 4, we have V™!(x) —xV"™ ) — M (x) = 0. Accordingly, we
obtain

f&) —t*f () —t3f () = (X)+V (X)t+( (x)—xV (x))
Thus
fOA-t>?—t3)=i+h+ 1+ e+ht+(+e+x—x(i+h)t’

Consequently

{ VO[H](x)_l_Vl[H](x)t
© [H] [H]
S o - + (W) — a0 2 -

1-t2-1t3

n=0

Corollary 7. The exponential generating function for the VVan Der Laan hybrinomial sequence
V1M (x) is given as

Z Vn[H](x) i ak,e® + Bk,ePt + ykse't,

n=0

where a, B,y are the roots of the equation t3 — xt — 1 = 0 and
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1+ai+a26+a3h>
(a—p)a-vy) )

1+vyi +y2€+y3h>
-l —-p )

oo
oo
oo

14 i+ p%*e+ B3h
B-0)B-v)

Proof: Considering the Binet-like formula of the Van der Laan hybrinomial sequence
v (x), we have

#”@)=<

1+ ai + a?e + a3h 1+ pi

+ B%e + B3h

o+

1+yi+y%e+y3h
-y -8

(a = B)(a—y)

+(

B-—a)(B-v)

>yn+1.

>'Bn+1

By the Maclaurin expansion for the exponential function, we have

2#%@%=
i [(1 + i + ale + a3h> . (1 + Bi + fPe + ﬁ3h> e
2\ @-pa-7n B-0E-7)
N (1 +yi+y%e + y3h> Vn+1l t" .
y—ay—8) n!

Therefore

WWW.josa.ro

(o] tn
>
n

n=0

t
= Z (akir™ + Bkory™ + ykars™) Pyl

n

={a +ai+a26+a3h> - (at)"+ﬁ<1+ﬂi+ﬁze+ﬁ3h> - (B

(e —=p)a-v) = n! B-—a)B-7v) L m!
+yi+y%e+y3h (yt)"

+V( —a)(y—ﬁ))n=0 ! }

_ (1+ai+a’e+a’h) . 1+ Bi+ f%+ p3h Bt

‘“( CEIICES)) )e +ﬁ((ﬁ—aXﬁ—w )e
1+yi+y%e+y3h ”

+V< 000 - ﬁ))e
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Lemma 8. Let n > 0 be an integer. The Binet-like formula for the Van Der Laan polynomial
sequence 1, (x) is given by

an+1 ﬁn+1 n+1

Y
@-Ba-1 B-0@-1  G-0u-p

Va(x) =

where a, 3,y are the roots of the characteristic equation t3 — xt — 1 = 0.

Proof: We know that the recursive relation V,(x) = xV,_,(x) + V,,_3(x) has the

characteristic equation g(t) = t3 — xt — 1 = 0. For an arbitrary value of x, this equation has

three distinct roots a, 3, y. Hence %%i are the roots of h(t) = g (%) =1—-t?x—t3=0.

In exact we have
ht)=1—-t*’x—t3= 1 —at)(1 - pt)(1 —yt).
According to generating function of the Van der Laan polynomial sequence V,,(x), we

have
t A B C

= + +
—t?2x—t3 1—at 1—-pt 1—yt

=A i(at)” +B i(ﬁt)" +C i(yt)”.
n=0 n=0 n=0

Thus, we have

f(O =1
@

t
g(t)_l—xt—t3

AL =B —y) + B(1—at)(1 —yt) + C(1 — at) (1 — Bt)
a (1 —at)(1 - B)(A —yt) '

Therefore, by comparison of the left and right sides of this equality
t=A0-Bt) A —yt) + B —at)(1 —yt) + C(1 — at)(1 — Bt).

If we substitute ¢ by —we find that

b a(1-90s-D

Hence, we get

a=A(a—-p)(a~-vy)
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Consequently, we derive

a

T @-Ra-y)

Similarly, we have

___F P
B-DB-»" G- -p

Thus by (4), we get

B - aa™ n C BB"™ n vt ¢n
6= ;(a—ﬁ)(a—y)t +;(ﬁ—a)(ﬁ—y)t +Z(V—a><y '

n+1

z [ n+1 'Bn+1 N % o
@—Pa-1 G-0F-1 G- -5

Consequently, we obtain

n+1 n+1 n+1
a B 14

K e T MR R T[T

Thus, the proof is completed.

Theorem 9. Let n >0 be an integer. Then, the Binet-like formula for the Van Der Laan
hybrinomial sequence V (x) IS

Vn[H](x) — klan+1 + kz,Bn+1 + k3)/n+1

where,
" _<1+ai+a26+a3h)
Y\ @-Pla-y) )
. _<1+,8i+,826+ﬁ3h)
T\ B-@B-v) /)
" _<1+yi+y26+y3h>
T\ -G -p) )

Proof: From the Binet-like-formula of the VVan Der Laan polynomial sequence we have

a,n+1 ﬁn+1 yn+1
@-Pa-1 B-0G-1 -G -p)

where, a, 3, y are the roots of the equation t3 — xt — 1 = 0.

h(x) =

WWW.josa.ro Mathematics Section
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We know that V (x) =V, (x) + Vi1 ()i + Voo ()€ + V1 3(x)h. By substituting
17,(x) in this relation, we find that

[H] B an+1 ﬁn+1 yn+1
@) = <<a DD TG-0G-p G- a)(V-ﬁ))
an+2 ,Bn+2 yn+2 ) .
((a Da-1 G-a@-1n G-a0-p)"

n+3 lgn+3 yn+3
((a BDa-1 G-0B-1 T-00- ﬁ)) ¢

( n+4 ﬁn+4 N yn+4- )h
(a —p)(a— V) B-a)B-v) G-y -B)
<1+al+a e+a3h>an+1 +<1 + Bi +ﬁ26+ﬁ3h>ﬁn+l

(@ =pB)a—7y) B-a)B-7)
(1+]/l+)/ e+y3h> nl g
- -8 '

Theorem 10. Let n > 0 be an integer. Then

( 3 atl nt1 )
<(1+al+a €+ a’h) [(a ) )a

~~
-

(a) Vnﬂ(x) + M) = {+ ((1 + Bi + B%e + B3h) [dﬁ])ﬁnﬂ

. 2 3 y+1 n+1
L + (1+yl+y e+y°h) [—(y_a)(y_ﬁ)])y )

\
1 3 n+1
<( +ai+a’e+a h)[—(a s y)>a +

"

GV -y = { | ((1 +Bi+ e+ B0 [ )ﬁ

((1+’”+V ety )[(y - B))VnHJ

where a, 8,y are the roots of the equation t3 — xt — 1 = 0.

Proof: We prove part (a). Part (b) is similarly proved. Exploiting the Binet-like formula of the
Van Der Laan hybrinomial sequence V (x) we have

(1+ai+a26+a3h) ne2 (1+ai+a26+a3h) n+l
(a=B)(a-v) (a-pB)(a-y)
1+Bi+p%e+B3h 1+Bi+pB%e+B3n
V00 + 1760 = {4 ( (ffl—a[j(;—i) )gme b+ ( (gl—cg(;—ﬁ) )g
(1+yi+y26+y3h) na2 (1+]/i+]/26+]/3h) nai
r-a)r-p) - -p)

ISSN: 1844 — 9581 Mathematics Section
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( l(“ L) (1 + ai + ae + a%)l gt )
(a—pB)a—-v)

14 Bi+p%e+ ﬁ%)l gne1
B-)B-v)

1+yi+y’e+v°h\| ..,
e (e

This relation proves the theorem. m

A

"

oo

3. SOME SUMMATION IDENTITIES

In this section we will present some summation identities of the Van Der Laan
polynomial sequence and Van Der Laan hybrinomial sequence. Furthermore, we demonstrate
some summation formulas of the Van Der Laan hybrid number which is the special case of
the Van Der Laan hybrinimial sequence. Using the definition of (1), we see that if we put

x = 1, we obtain the Van Der Laan hybrid number Vn[”], which is the number system that the
authors introduced in [9].

Lemma 11. Let n > 0 be an integer and suppose that V, (x) is the VVan Der Laan polynomial
sequence. Then the partial sum of Van Der Laan polynomial sequence satisfies the following
relation:

n
1
D V@) = < W) + Va0 + VG0 = 1]
k=0
Proof: From the definition of Van Der Laan polynomial sequence, we have V,(x) =
= (Vg2 (%) = Viuea (). Ths,

1
Vx) = X V3(x) — Vo (%)),

1
Vo(x) = X (Va(x) = V1(x)),
Va(x) = - (Vs(x) = V2 (%)),

Va(x) = = (Vs(x) = V3 (2)),

1
Vn—S(x) = ; (V=1 (x) = Vs ()

1
V-2 () = — (1 (%) = Va3 (x)),

WWW.josa.ro Mathematics Section
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Va1 () = = (Vi (%) = Noa (),

Vo) = = (Vnaa (%) = Ny (1)),

Therefore, we get

- 1
D Vi) = Vo) = = (Vrya00) + Vi 0 + (@) = Vo) = Vy (@) = V, ()
k=0

Accordingly

c 1
D V@) = Va2 () + Vs () + V00 — 1]
k=0

Theorem 12. Letn > 0 be an integer The following relation about the partial sum of the Van
Der Laan hybrinomial sequence V (x) Is true:

Z%[H](x):% VG0 + V@) + v G| - [1+ i+ e + A)).
k=0

Proof: By definition of partial sum for V11(x) we know Xp_o ™M (x) = 1" (x) +
Vl[H] (x) + VZ[H](x) 4 et Vn[H](x). Thus

z VY () = [V () + Vo ()i + Vo ()€ + Vs ()R] + [Vi(x) + Vo (0)i + Va(x)e + V,(x)h]
=0 o [V (3) + Vi GO+ Vg ()€ + Vi3 ()R]

= [Vo(x) + Vi(x) + Vo (x) + -+ + Vp(x)]
[Vi(x) + Vo (x) + o+ Vg () + Vo (x) — Vo (x)]i
[V2(x) + V3 (x) + -+ + Vigo () + Vo () + Vi (x) — Vo (x) — Vi (x)]e
[V3(x) + Va(x) + -+ + Vi3 () + Vo () + Vi (x) + Vo (x) — Vo(x) — V()
— V2 (x)h]

- ivk(x) + ka(x)—o
k=0 k=0

Therefore, by Lemma 11 we find that

+
+
+

n+2
z Ve(x) — 1
k=0

i+ €+

n+3
z Ve (x) — 1] h.
k=0

D V@) = 2 Vo) + Vi () + o) = 1]

k=0

1 .
+ (; Va3 + Vo () + Vs @) = 1] )
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1 1
+ (S04 + Vs @)+ Vi @) = 1) € + (S Va5 () + Vs @) + Vs (@) = 11 )
= Vs + Va4 Vs G+ VagsCOR + Vi () 4 Vg (1 + Vs (e

1
[14+i4€+h]

s (GOR] + 2 TGO + Vs (1 + Vs (e + Vg (R —

1
- ;([Vn[ﬂ x) + Vo () + Vn[H](x)] —[1+i+e+ h]) ..
Definition 2. [9] Van Der Laan hybrid numbers, denoted Vn[”] is defined as:

Vi =V + Vs + Vg€ + Viash, (5)

where () , is the Van Der Laan sequence. The first few values of VVan Der Laan hybrid
numbers are:

VHy=i+h, VH=14+€+h, VH,=i+€e+h, VH;=1+4+i+€e+2h, VH,=1+1i+
2€ + 2h.

From [9] we have the following Lemma about VVan Der Laan hybrid numbers Vn[H].

Lemma 13. Let n > 0 be an integer. Then the Binet Formula of VVan Der Laan hybrid

numbers Vs

" (ry — 1)1y —13) (ry =)y — 13)
(1 + 130 + 3% + r33h> .
(r3 =) —13) '

] _ <1 +ri+rle+ r13h> e (1 + 1yl + 1y%e + r23h> .

where 7,7, and r; are the roots of characteristic equation t3 — t — 1 = 0 of Van Der Laan
sequence V;,.

Remark 14. Let n > 0 be an integer. We know that the characteristic equation of the VVan Der

Laan sequence V,,, is given by t3 —t — 1 = 0. This equation has three distinct roots r;, r, and
r3. Thus, we obtain

3

&1 —T1—1=0,T23—T'2—1=0,T'33—T'3—1=0.

Hence,
rP=n+1nrd=rn+1nrd=r+1

Now we can write the summation formulas of VVan Der Laan hybrid numbers.

Theorem 15. The following summation formulas hold:
n
n\ [H] _,[H]
@ () =via,
k=0
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H
(b)Z v = vl

(C)z 3n kV _3n V3[n]'

@ (1) oy = o)
kZo (k) k

Proof: Using the Binet like formula of the VVan Der Laan hybrid sequence V lin [9], we have

Y ny [H] _ n m [(1+mni+n’e+r’h K+l 1+ ryi+mnr2e+n3h bl
()™ =2 () n'th r
prrd P (ry —=r)(ry —13) (ry =)y, —13)

(1 + r3i + 3% + r33h> 7’3k+1l
(rs —1r)(r3 — 13)

1+ni+ne+rns lz
"
(ry = 1) (ry —13)

1+ i+ n2e+n3 l
+ Z r2
(r; = 1)1y — 13)

1+T3i+T32€+T3 n
+ — — Z (k) T3k+1
. (rs —a)(r3 — 1) P

AN

~~

( [1+ri+nrn%e+n3h

\
g (q—an—m>l“+“)

1+ i+ n%e+n3h
=+ 1+7)"
"2 (r; = 1), —13) ( 2)

g

ll + 131 + 13%€ + 1330
+73
\ (r3 —1m)(3 —13)

l 1+ r3)"J

Using Remark 14, we write ;3 =1, + 1, 1,3 = r, + 1,733 = r3 + 1. Consequently,

n ; 2 3 ; 2 3
m _[1tni+n®e+n’h| o 0 |1+nit+net+n’h

n
= T
kZO (k) k (n—r)—13) | ° (r; —1)(ry; —13)
1+ 130 +1r3%€e + 1330

(rs =13 —12)

3n+1

H
lr33n+1 -~

Other statements can be proved by similar manner.
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Lemma 16. [2] Let o is the zero of cubic equation t3 —¢t — 1 = 0. Then the following
equations hold:

(@) x*+ 1 =,

(b) x’+ 1 =2 >,

(c) x’—1 =24,

(d) oc*—1=4°.

Theorem 17. The following summation formulas hold:

@ Z =,

(b) Z 2n+kV =2n V7[711-I]'
n

© (J) ! = i

) Z —onylHl

Proof: We prove part (a). Using the Binet like formula of the VVan Der Laan hybrid numbers,
we have

n

n . .
ny . (m ny [(1+ni+r’e+r’h\ .., (1+ni+tn’e+n’h\ . .
i) Var = k £} + Ty
P P (ry =)y —13) (r; =) (r, —13)
(1 + 130 + 3% + r33h> T34k+1l
(rs —=m)(r3—13)

. 2 3 n \
1+ni+n e+r1hlz(n) a1
T
(rp — 1)y —13) k)t
. 2
:<+[1+r21+r2 €+r1,° lz pre
(r; =), —13)
[1+r3i+r32€+r3 l g
+ Z
\ (3 —a)(r3 —132)
( 1+ ni+r2e+r3h )
| ](1+r14)n
(rp = 1)y —13)

1+ 10 + 1% + 1,30
e 2 l(1+r24)"
(r; =) (r, —13)
1+ 130+ 1% +135h

(rs —r)(3 —12)

v~

=< +T2[

+ + 3 l (1 + r34)n
\ J

According to the Lemma 16, we find that 1 + * =5, 1+ n* =nrand 1 + r3* =
r3°. By substituting these relations, we have
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( ll +ri+nre+r3h s \
(ry —12)(ry —13)

14+ nri+nr%€+nrh
Z(n) V[H] _< + 2 2 2 Sn+1 \ = V[H]

)

P k/ "4k (r; =)y —13) o
; 2 3
1+ ri+1r3%€ +13°h Lsn+
3
\ (r3 =13 —17) J

Other statements can be proved by similar manners.
4. CONCLUSIONS

In this paper we introduced the Van Der Laan hybrinomial sequence based on the
definition of hybrid numbers and Van Der Laan polynomial sequence. We proposed the
Binet-like formula, partial sum, generating function, exponential generating function,
character and norm of this sequence.

In addition, we investigated some summation identities about this sequence and Van
Der Laan hybrid numbers. We demonstrated some summation formulas of Van Der Laan
hybrid number which is the special case of VVan Der Laan hybrinimial sequence. Using the
definition of (1), we see that if we put x = 1, we obtain the VVan Der Laan hybrid number

Vn[H], which is the number system that the authors introduced in.

Because of the application of particular number sequences in matrix algebras and
combinatorial theory, the subject of this paper has the potential to motivate young researchers
to introduced new number sequences related to this sequence. Because of the application of
the complex, hyperbolic and dual numbers in the areas of mathematics and physics, the
subject of our paper is beneficial in these areas of sciences.
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