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Abstract. In this paper, fuzzy problems with positive and negative coefficients are 

investigated by fuzzy Laplace transform method under the generalized Hukuhara 

differentiability. Main results are found on the problems. Examples are solved to illustrate the 

problems. Conclusions are given. 
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1. INTRODUCTION  

 

 

The topic of fuzzy differential equation has been rapidly growing in recent years. The 

fuzzy differential equations are extensively used in applied mathematics, physics and 

engineering. Many researchers have been worked in theoretical and numerical solution of 

fuzzy differential equations [1-11]. 

Fuzzy Laplace transform method is practically important method for fuzzy problems. 

The problems are solved directly by fuzzy Laplace transform method. Thus, many researchers 

used fuzzy Laplace transform in many papers to solve fuzzy differential equations [12-18]. 

The aim of this paper is to research solutions of fuzzy problems with positive and 

negative coefficients by fuzzy Laplace transform method under the generalized Hukuhara 

differentiability. 

 

Definition 1.1. [19] A fuzzy number is a function     [   ] satisfying the following 

properties:  

  is normal,  

  is convex fuzzy set,  

  is upper semi-continuous on    

  {   | ( )   } is compact, where    denotes the closure of a subset. 

 

Let    be the space of fuzzy numbers.  

 

Definition 1.2. [19] Let     . The  -level set of   is 

 

[ ]  [     ]  {   | ( )   },      . 

 

If    , the support of   is 
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[ ]    {   | ( )   }. 
 

Definition 1.3. [18] A fuzzy number   in parametric form is a pair [     ] of functions 

     ,        which satisfty the following requirements:  

1.    is bounded non-decreasing left-continuous in (   ], right-continuous at    . 

2.    is bounded non-increasing left-continuous in (   ] , right-continuous at    . 

3.      ,      . 

 

Definition 1.4. [19] If   is a symmetric triangular number with support [   ], the  -level set 

of   is 

[ ]  [  (
   

 
)     (

   

 
)  ]. 

 

Definition 1.5. [11] Let       . If there exists      such that       then   is 

called the H-difference of   and   and it is denoted    . 

 

Definition 1.6. [11] Let   [   ]     and    [   ]. If there exists   (  )     such that 

for all     sufficiently small,   (    )   (  ),  (  )   (    ) and the limits hold 

 

   
    

 (    )   (  )

 
    

    

 (  )   (    ) 

 
   (  )  

 

  is (1)-differentiable at   . If there exists   (  )     such that for all     sufficiently 

small,   (  )   (    ),  (    )   (  ) and the limits hold 

 

   
    

 (  )   (    ) 

  
    

    

 (    )   (  ) 

  
   (  )  

 

  is (2)-differentiable. 

 

Definition 1.7. [18] The fuzzy Laplace transform of fuzzy function   is 

 

 ( )   ( ( ))  ∫     
 

 

 ( )   [    
   

∫     
 

 

 ( )      
   

∫     
 

 

 ( )  ]  

 

 (   )   ([ ( )] )  [ (  ( ))   ( 
 
( ))]  

 

 (  ( ))  ∫     
 

 

  ( )      
   

∫     
 

 

  ( )    

 

 ( 
 
( ))  ∫      

 
 

 
( )         ∫      

 
 

 
( )  . 

 

Theorem 1.1. [12] Let   ( ) be an integrable fuzzy function and  ( ) is primitive of   ( ) on 

(   ].  

1. If   is (1)-differentiable,  (  ( ))    ( ( ))   ( )   

2. If   is (2)-differentiable,  (  ( ))  (  ( ))  (   ( ( ))).  
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2. MAIN RESULTS 

 

 

We consider solutions of fuzzy problems  

 

  ( )  [ ]  ( )     (1) 

  

 y( )  [ ] ,  (2) 

and  

  ( )   [ ]  ( )     (3) 

 

y( )  [ ] , (4) 

 

by the fuzzy Laplace transform method and the generalized Hukuhara differentiability, where 

[ ]  [     ] (         ) , [ ]  [    
 
] are symmetric triangular fuzzy numbers 

and  ( ) is positive fuzzy function. In this work, (i)-solution means that   is (i)-

differentiable, i=1,2.  

 

I) The problem (1)-(2):  

1) Let   be (1)-differentiable. Then, from the differential equation (1), we obtain the equation 

 

  ( ( ))   ( )  [ ]  ( ( )) 

 

by the fuzzy Laplace transform method. From this, we have the equations 

 

  (  ( ))    ( )     (  ( ))  

 

  ( 
 
( ))   

 
( )     ( 

 
( ))  

 

Using the initial condition (2),  

 

 (  ( ))  
  

    
  

 

  ( 
 
( ))  

 
 

    

 

 

are obtained. From this, (1)-solution is obtained as 

 

  ( )          

 

 
 
( )   

 
      

 

[ ( )]  [  ( )  
 
( )]  
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2) Let   be (2)-differentiable. Then, from the fuzzy differential equation (1)  

 

  ( )  (   ( ( )))  [ ]  ( ( )) 

 

is obtained. That is, the equations 

 

  
 
( )    ( 

 
( ))     (  ( ))  

 

   ( )    (  ( ))     ( 
 
( )) 

 

are obtained. Using the initial value (2) and taking the necessary operations, we have 

 

 (  ( ))  
   

 

       

 
   

       

 

 

Then, the lower solution is obtained as 

 

  ( )  
   

 

√    

    (√     )        (√     )  (5) 

 

Similarly, the upper solution is obtained as 

 

 
 
( )  

    

√    

    (√     )   
 
    (√     )  

(6) 

 

That is, (2)-solution is [ ( )]  [  ( )  
 
( )]  where   ( ) is (5) and  

 
( ) is (6). 

 

Example 1. Consider the problem  

  

  ( )  [ ]  ( )     (7) 

 

y( )  [ ] , (8) 

 

by the fuzzy Laplace transform method, where [ ]  [     ] [ ]  [       ]   
(1)-solution of the problem is 

  

  ( )  (   )     (9) 

 

  
 
( )  (   ) (   )   (10) 

 

 [ ( )]  [  ( )  
 
( )]   (11) 

 

and (2)-solution of the problem is  
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  ( )  
(   )(   )

√ (   )
    (√ (   ) )  (   )    (√ (   ) )  (12) 

 

 
 
( )  

 (   )

√ (   )
    (√ (   ) )  (   )    (√ (   ) )  (13) 

 

[ ( )]  [  ( )  
 
( )]  (14) 

 

From Definition 1.3, according to Fig. 1, (1)-solution is a valid fuzzy function, 

according to Fig. 2, (2)-solution is a valid fuzzy function for   [                   ]. 
 

  
Figure 1. Graphic of (9)-(11) for        Figure 2. Graphic of (12)-(14) for       

 

Legend:       ( );       
 
( );        ( )  

 

II) The problem (3)-(4):  

1) Let   be (1)-differentiable. Then, the fuzzy differential equation (3) yields the equation 

 

  ( ( ))   ( )   [ ]  ( ( ))  
 

From this, the equations  

 

  (  ( ))    ( )      ( 
 
( ))  

 

  ( 
 
( ))    

 
( )      (  ( )) 

 

are obtained. Thus, using the initial value (4) and taking the necessary operations, the 

equation  

 (  ( ))   
   

 

       

 
   

       

 

 

is obtained. From this, the lower solution is  
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  ( )   
   

 

√    

    (√     )        (√     )  (15) 

 

Similarly, the upper solution is  

 

 
 
( )   

    

√    

    (√     )   
 
    (√     )  

(16) 

 

(2)-solution is [ ( )]  [  ( )  
 
( )]  where   ( ) is (15) and  

 
( ) is (16). 

 

2) Let   be (2)-differentiable. From the fuzzy differential equation (3), we have the equation  

 

  ( )  (   ( ( )))   [ ]  ( ( ))  

 

That is, we have the equations 

 

  
 
( )    ( 

 
( ))      ( 

 
( ))  

 

   ( )    (  ( ))      (  ( )) 

 

are obtained. From this, using the initial value (4), (2)-solution is obtained as 

 

  ( )           

 

 
 
( )   

 
      

 

[ ( )]  [  ( )  
 
( )]  

 

Example 2. Consider the problem  

  

  ( )   [ ]  ( )     (17) 

 

y( )  [ ] , (18) 

 

by the fuzzy Laplace transform method, where [ ]  [     ] [ ]  [       ]   
 

(1)-solution of the problem is  

 

  ( )   
(   )(   )

√ (   )
    (√ (   ) )  (   )    (√ (   ) )  (19) 

 

 
 
( )   

 (   )

√ (   )
    (√ (   ) )  (   )    (√ (   ) )  (20) 
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[ ( )]  [  ( )  
 
( )]  (21) 

 

(2)-solution of the problem is  

 

   ( )  (   )      (22) 

 

  
 
( )  (   )  (   )   (23) 

 

 [ ( )]  [  ( )  
 
( )]  (24) 

 

From Definition 1.3 and since [ ( )]  positive fuzzy function, according to Fig. 3, 

(1)-solution is a valid fuzzy function for   [                   ], according to Fig.4, 

(2)-solution is a valid fuzzy function   [                  ]. 
 

  
Figure 3. Graphic of (19)-(21) for       Figure 4. Graphic of (22)-(24) for       

 

Legend:       ( );       
 
( );        ( )  

 

  

3. CONCLUSION 

 

 

In this work, we investigate fuzzy problems for fuzzy differential equations with 

positive and negative coefficients by fuzzy Laplace transform method under the generalized 

Hukuhara differentiability. We find main results for the solutions and solve examples. We 

show that solutions are valid fuzzy functions in different intervals for each   cut. 
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