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Abstract. In this paper, fuzzy problems with positive and negative coefficients are
investigated by fuzzy Laplace transform method under the generalized Hukuhara
differentiability. Main results are found on the problems. Examples are solved to illustrate the
problems. Conclusions are given.
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1. INTRODUCTION

The topic of fuzzy differential equation has been rapidly growing in recent years. The
fuzzy differential equations are extensively used in applied mathematics, physics and
engineering. Many researchers have been worked in theoretical and numerical solution of
fuzzy differential equations [1-11].

Fuzzy Laplace transform method is practically important method for fuzzy problems.
The problems are solved directly by fuzzy Laplace transform method. Thus, many researchers
used fuzzy Laplace transform in many papers to solve fuzzy differential equations [12-18].

The aim of this paper is to research solutions of fuzzy problems with positive and
negative coefficients by fuzzy Laplace transform method under the generalized Hukuhara
differentiability.

Definition 1.1. [19] A fuzzy number is a function u: R — [0,1] satisfying the following
properties:
u is normal,
u is convex fuzzy set,
u is upper semi-continuous on R
cl{x € Rlu(x) > 0} is compact, where cl denotes the closure of a subset.

Let Ry be the space of fuzzy numbers.
Definition 1.2. [19] Let u € Ry. The a-level set of u is

[u]* = [ga,ﬂa] ={xeRlu(x) 2a},0<a<l.

If « = 0, the support of u is
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[u]® = cl{x € R|u(x) > 0}.

Definition 1.3. [18] A fuzzy number w in parametric form is a pair [u,, u,] of functions
Uy, Uy, 0 < a < 1, which satisfty the following requirements:
1. u, is bounded non-decreasing left-continuous in (0,1], right-continuous at & = 0.

2. U, is bounded non-increasing left-continuous in (0,1] , right-continuous at & = 0.
3 U S U, 0 a1

Definition 1.4. [19] If A is a symmetric triangular number with support [a, @], the a-level set
ofAis
a-a — a-a
(417 = [a+ (5 wa— () a]

Definition 1.5. [11] Let u,v € Rg. If there exists w € Ry such that u = v + w then w is
called the H-difference of u and v and it is denoted u © v.

Definition 1.6. [11] Let f:[a, b] — Ry and t, € [a, b]. If there exists f'(t,) € R such that
for all h > 0 sufficiently small, 3f(t, + h) © f(t,), f(ty) © f(t, — h) and the limits hold

I fGo+M)Of(t) | ) ©f(to—h)
im = lim

h—ot h h—ot h

= f'(to),

f is (1)-differentiable at t,. If there exists f'(t,) € Rr such that for all A > 0 sufficiently
small, 3f (t,) © f(t, + h), f(ty — h) © f(t,) and the limits hold

 f)Ofte+h) . flte—h) O f(ty)
m lim —

hll,0+ _h - h—0+ h = f (to),

f is (2)-differentiable.

Definition 1.7. [18] The fuzzy Laplace transform of fuzzy function f is
s p P _
F(s) = L(f(©) =J0 e St f(t)dt = L}E&L e~s f(t)dt'plillofo e”s f(t)dtl,
F(s,@) = LAFO19 = [L (£®).L(F,0)]
oo p
L(£®) = | e fuode = tim [ e p(oat

L (fa(t)) = [ e St F (D)dt = lim,_o, [ et F_(t)dL.

Theorem 1.1. [12] Let f'(t) be an integrable fuzzy function and f(t) is primitive of f'(t) on
(0, 00].
1. If f is (1)-differentiable, L(f'(t)) = sL(f()) © £(0).

2. If £ is (2)-differentiable, L(f"(t)) = (—£(0)) © (~=sL(F(1))).
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2. MAIN RESULTS

We consider solutions of fuzzy problems

y'(x) = [A]%y(x),x >0 )
y(0) = [B]“, (2)
and
y'(x) = —[A]*y(x),x >0 3)
y(0) = [B]%, 4)

by the fuzzy Laplace transform method and the generalized Hukuhara differentiability, where
[A% = [Ae Aa], (A > 0,2, > 0), [B]* = [ﬁaﬁa] are symmetric triangular fuzzy numbers

and y(x) is positive fuzzy function. In this work, (i)-solution means that y is (i)-
differentiable, i=1,2.

I) The problem (1)-(2):
1) Let y be (1)-differentiable. Then, from the differential equation (1), we obtain the equation

sL(y(x)) © y(0) = [A]%L(y(x))

by the fuzzy Laplace transform method. From this, we have the equations
S (7)) = 3u0) = AL (7)),

SL(7400) =74 (0) = 1L (7,().
Using the initial condition (2),

L (za (X)) = sé—za

L(7,00) = —La

5= g

are obtained. From this, (1)-solution is obtained as

X(l(x) = ﬁae/lax;
vy, (x) = B e,

Y1 = [ya(6),7,(0]
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2) Let y be (2)-differentiable. Then, from the fuzzy differential equation (1)

~y(0) © (=sL(y())) = “L(y(x))

is obtained. That is, the equations

5,0 + 5L (7,09) = el ()

~2e(0) + 5L (@) = Al (7,00)

are obtained. Using the initial value (2) and taking the necessary operations, we have

L(Xa(x)>: Iaﬁa_ s SPa

$2 = Aghy  S2— Aghg

Then, the lower solution is obtained as

Yo (x) = Aab sinh< Moﬁax> + ﬁacosh( /&azax) 5)

Aala

Similarly, the upper solution is obtained as

/105 a —_ j— —_
y,(x) =— b sinh( /x_laxlax> + ,Bacosh< Ma/lax) (6)

Axla

-

That iis, (2)-solution is [y (x)]% = [Xa(x),ya(x)], where y, (x) is (5) and ¥, (x) is (6).

Example 1. Consider the problem

y'(x) = [1]"y(x),x > 0 (7)

y(0) = [2]%, (8)

by the fuzzy Laplace transform method, where [1]* = [a,2 — a],[2]* = [1 + a,3 — a].
(1)-solution of the problem is

Yo () = (1 + a)e™, (9)
y,(x) = 3 —a)e® (10)
Y1 = [ya(0), 7,60 (11)

and (2)-solution of the problem is
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2-a)3-a)

Va2 —a)

v, (x) = %sinh (\/a(z — a)x) + (3 — a)cosh (\/a(z - a)x), (13)

1 = [3a(), 7,60 (14)

sinh (\/a(Z — a)x) + (1 + a)cosh (\/a(Z — a)x), (12)

Xa(x) =

From Definition 1.3, according to Fig. 1, (1)-solution is a valid fuzzy function,
according to Fig. 2, (2)-solution is a valid fuzzy function for x€[0.34308503003499247].

10

—

05 10 15 20 05 10 15 20

Figure 1. Graphic of (9)-(11) for ¢ = 0.5 Figure 2. Graphic of (12)-(14) for a = 0.5

Legend: red — y,(x); blue -y (x); green - y(x).

I1) The problem (3)-(4):
1) Let y be (1)-differentiable. Then, the fuzzy differential equation (3) yields the equation

sL(y(x)) © y(0) = —[A]°L(y(x)).

From this, the equations
SL (30 = 7(0) = 2L (7,00)),

sL(7,0)) = 57,(0) = 4,1 (Xa (x))

are obtained. Thus, using the initial value (4) and taking the necessary operations, the
equation

Aa,b’a_ N sﬁa_
s? — Aala s? — AaAa

L (Xa(x)> = -

is obtained. From this, the lower solution is
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Ya(x) = — Aaﬁ_“ sinh< //_inax) + Eacosh< iaiax) (15)

Aal

]

Similarly, the upper solution is
_ AaPa — _ —
y,(x) =— = sinh| [Aghqx |+ B cosh| [Adgdax ). (16)
1/&0/1(1

(2)-solution is [y(x)]* = [Xa x),7, (x)], where y, (x) is (15) and 7 (x) is (16).

2) Let y be (2)-differentiable. From the fuzzy differential equation (3), we have the equation

~y(0) © (=sL(y(®))) = —[A1“L(y(x)).

That is, we have the equations
5,0 + 5L (7,(0) = 7oL (7,(0)),

~70(0) + 5L (3 () = ~aL (3 (0))
are obtained. From this, using the initial value (4), (2)-solution is obtained as
Xa(x) = Eae_&ax,
Vo () = B e
Y1 = [ya (), 7,()]
Example 2. Consider the problem
y' () =—[1]"y(x),x > 0 (17)
y(0) = [2]%, (18)
by the fuzzy Laplace transform method, where [1]* = [a,2 — a,[2]* = [1 + a,3 — a].

(1)-solution of the problem is

Xa(x) = — %sinh (\/a(Z — a)x) + (1 + a)cosh (w/a(z — a)x), (19)
y (x) = —a(l—msinh (\/a(z — a)x) + (3 — a)cosh (\/a(Z — a)x), (20)
* Va2 —a)
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] = [ya (), 7,00 (21)
(2)-solution of the problem is
Yoa(X) = (1 + a)e™™, (22)
y,(x) =(3—a)e” @9, (23)
Y1 = [ya(), 7,00 (24)

From Definition 1.3 and since [y(x)]* positive fuzzy function, according to Fig. 3,
(1)-solution is a valid fuzzy function for xe[0.41726096626595527], according to Fig.4,
(2)-solution is a valid fuzzy function x€[0.5108256237659908].

25

N

05 10 15
Figure 3. Graphic of (19)-(21) for ¢ = 0.5 Figure 4. Graphic of (22)-(24) for ¢ = 0.5

20

Legend: red — Xa(x); blue -y (x); green - y(x).

3. CONCLUSION

In this work, we investigate fuzzy problems for fuzzy differential equations with
positive and negative coefficients by fuzzy Laplace transform method under the generalized
Hukuhara differentiability. We find main results for the solutions and solve examples. We
show that solutions are valid fuzzy functions in different intervals for each a —cut.
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