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Abstract. In this paper, we introduce the notion of generalized n-polynomial P-
function. We explore some algebraic properties of this function class. Additionally, we
establish a new trapezium type inequality for this generalized class of functions and derive
several refinements of the trapezium type inequality for functions whose first derivative in
absolute value at a certain power is generalized n-polynomial P-function. Finally, we
conclude our paper by exploring some applications of the results we have obtained in the
context of special means. Our novel findings generalize previously known results in the
literature.
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1. INTRODUCTION AND PRELIMINARIES

Let 7 be a nonempty interval in the set of real numbers R. A function ®:1 - R is
called convex if

d(ta + (1 — t)b) < td(a) + (1 — )P (b)

for all a,b €1 and t € [0,1]. If this inequality reverses, then f is said to be concave on
interval I # @.

Convex functions appear in a wide range of topics in pure and applied mathematics,
including the theory of inequalities, see, for example, [1-6]. One of the early pivotal results in
the theory of convex functions is the following theorem.

Theorem 1. [6] Let ®:1 — R be a convex function on an interval I with a nonempty interior.
Then for all a,b € I with a < b and ® € L[a, b] (Lebesgue integrable on the interval [a, b]),
the following inequality holds:

b
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The inequality (1) is well known as the Hermite-Hadamard inequality [6]. For the
refinements of the Hermite-Hadamard inequality, interested readers refer to convex functions
that have been obtained [7-12].

In [13], Dragomir et al. introduced the class of P-function and established Hermite-
Hadamard inequality for this class of functions as follows:

Definition 1. A function ®:1 € R — R is called P-function if
P(tx+(1—-0t)y) < P(x) + P(y)
holds for all x,y € I and t € [0,1].

Theorem 2. [13] Let ®@:] — R be a P-function. Then the inequality

(a+b

b
> ) <3 E af @ (x)dx < 2[P(a) + ©(b)] 2

holds for all a, b € I with a < b.

Definition 2. [14] Let h:J — R be a non-negative function, h # 0. We say that ®:] - R is an
h-convex function, if ® is non-negative and for all x,y € I, « € (0,1) we have

Pax+ (1 —a)y) < h(a)®P(x) + h(1 — a)D(y).

Observe that every P-function is an h-convex function, where h here is the constant
function 1, thatis h(a) =1 forall @ € ].

In [15], iscan and Kadakal gave the following definition and related Hermite-
Hadamard inequality:

Definition 3. Let ne€ N. A @:] c R - R is called n-polynomial P-function if for every
x,y €landt € [0,1],

n

1 . )
®(tx + (1 - 0)y) < EZ [2 -t — (1 - 0[ew) + dO)].

i=1

Theorem 3. [15] Let ®:[a, b] — R be a n-polynomial P-function. If a < b and ® € L[a, b],
then the following Hermite-Hadamard inequality holds:

1 b1 (b O(a) + D)\ 2i
Z(n+27_zn_1)¢<a;r )Sb—afa qJ(x)dxg(%);t!f @)

Recently, in [16] Kadakal et al. gave the definition of generalized n-polynomial
convex functions as follows:

Definition 4. Let n € N and a; = 0(i = 1,n) such that /-, a; > 0. A non-negative function
®:1 < R - R is called generalized n-polynomial convex function if for every x,y € I and
t € 0,1],
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The main purpose of this paper is to introduce the notion of generalized n-polynomial
P-functions and establish some trapezium-type inequalities for this class of functions. Some
applications to special means of positive real numbers are also given.

2. SOME ALGEBRAIC PROPERTIES OF GENERALIZED n-POLYNOMIAL P-
FUNCTIONS

In this section, we are going to give a new definition namely generalized n-
polynomial P-function and investigate some of its algebraic properties.

Definition 5. Let n € N and a; = 0(i = 1,n) such that ¥’/ a; > 0. A function ®:] c R -
R is called generalized n-polynomial P-function if

ry a2 -t = (1 -0 [Px) + d(y)]
Dic1 4

O(tx + (1 —t)y) < (5)

holds forall x,y € I and t € [0,1].

We will denote by GPOLP(I) the class of all generalized n-polynomial P-functions on
interval 1. We note that, every generalized n-polynomial P-function is an h-convex function
with the function

a2t -1 -0

n
i=1 Qi

h(t) =

Therefore, if ®,%¥ € GPOLP(I), then
1) ® +W¥ € GPOLP(I) and for c € R(c = 0)c® € GPOLP(I) (see [14], Proposition 9).
i) if & and W be a similarly ordered function on I, then ®¥ € GPOLP(I) (see [14],
Proposition 10).

For more results on the class GPOLP(I), see [14].

Remark 1. We note that if & satisfies (5), then @ is a non-negative function. For t = 0, the
inequality (5) reduces to the inequality

P(y) < P(x) + (y)
forall x,y € I. So, one has ®(x) > 0 forall x € I.
Proposition 1. Let @: I — R be a P-function. Suppose that n is a positive integer, and assume
that a4, ..., a,, are non-negative real numbers such that ¥i*; a; > 0. Then @ is a generalized
n-polynomial P-function with respect to ay, ..., a,.

Proof: Let x,y € I, and let t € [0,1]. Note that

1—ti>1—tand1—(1—-0t)i=>1-(1-t)=t
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foralli =1, ...,n. Then

a2 ; ti—(1-10) -

Thus from & being a P-function, we deduce that
d(tx + (1 —t)y)
< O(x) + P(y)

a2t a0 a0

i=1 %

This proves that @ is a generalized n-polynomial P-function with respect to a,, ..., a,,.
Corollary 1. Every non-negative convex function is a generalized n-polynomial P-function.

Proof: Let @:1 - R be a non-negative convex function. Suppose that x,y € I and that
t € [0,1]. Then from & being convex, we get

P(tx+ (1 —t)y) <td(x) + (1 —t)d(y).
Thus from @ being non-negative and t € [0,1], we obtain
P(tx + (1 —t)y) < P(x) + O(y).

Hence @ is a P-function. Then from Proposition 1, the result follows.
Theorem 4. Let a and b be real numbers such that 0 < a < b, and let {®,},ca be an indexed
family of generalized n-polynomial P-functions from [a, b] into R for some indexed set A.
Define the function ® on [a, b] by ®(x) = sup{®,(x): a € A} for all x € [a, b]. Assume that
the set /| = {u € [a, b]: ®(u) < o} contains at least two distinct real numbers. Then J is an
interval and the function @ is a generalized n-polynomial P-function from J into R.

Proof: Lett € [0,1] and let x, y € J such that x # y. Then

P(tx+ (1 —-t)y)
=supP,(tx + (1 —t)y)
a€EA

?:1 ai[z - ti - (1 - t)i] [q)a(x) + Cba(y)]
<z S |
Lo al o QO 0,00 + supo,0)

i=1 @i a€l ael
ey af2—t'—(1-¢t)
a2 20 Q20 40 1 agy)
i=1 ™
<00,
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This shows simultaneously that J is an interval and that ® is a generalized n-
polynomial P-function on J. This completes the proof of the theorem.

3. HERMITE-HADAMARD INEQUALITY FOR GENERALIZED n-POLYNOMIAL
P-FUNCTIONS

In this section, we will establish Hermite-Hadamard inequality for generalized n-
polynomial P-functions. We will denote by L[a,b] the space of (Lebesgue) integrable
functions on [a, b].

Theorem 5. Let @:[a,b] = R be a generalized n-polynomial P-function. If a < b and
® € L[a, b], then

1 o a+b
4\ ¢n l, 1 CD( 2)

l=1al<1 Zi) (6)
biaqu)(x)dx<lq)(a)-:i(b)lz L+1

a

<

Proof: From the propery of the generalized n-polynomial P-function @, we get

q>(a;rb) - CD(%[ta+ (1 - 6)b] +%[(1 - t)a+tb])
T o [z -2(3)]

<
= n

— [®(ta + (1 — £)b) + ®((1 — t)a + th)].

Taking integral with respect to t, we get
c1>(a+b) <f1<b<a+b>dt
2 ) =), 2

220 al(

- Tl

U ®(ta + (1 —t)b)dt + f o((1-t)a+ tb)dtl

i=1 i

Using the substitution x = ta + (1 — t)b, we obtain

1 1 1 b
fo &(ta + (1 —t)b)dt + fo ®((1—t)a +th)dt = mfa d(x)dx.

Then
1

rhy 4% a(1-5) o
d)(az )s T Czli L ®(x)dx.
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Now, we prove the second inequality in (6).

b

b—al,

d(x)dx = fl d(ta+ (1 —t)b)dt
0

<

fll ", a[z—tl—(l—t)]q)(a)”’(b)]l
0

an a‘L

O] d(b . )
_ l (a)‘|1' al( )lz f T (1- t)l]dt
®(a) + P(b)
- l =1 @ lz ’

fl[Z—ti—(l—t)i]dt=
0

where

\S]
o~

+
H-

This completes the proof of the theorem.
Remark 2. For n = 1, the inequality (6) reduces to the inequality (2).
Remark 3. For a; = 1(i = 1,n), the inequality (6) coincides with the inequality (3).

4. TRAPEZIUM TYPE INEQUALITIES FOR GENERALIZED n-POLYNOMIAL P-
FUNCTIONS

In this section, we will establish new estimates that refine Hermite-Hadamard
inequality for functions whose first derivative in absolute value is a generalized n-polynomial
P-function.

Dragomir and Agarwal [17] gave the following lemma:

Lemma 1. Let I° denotes the interior of I, and let ®:/° — R be a differentiable mapping on
I°,a,b € I°witha < b. If @' € L[a, b], then the following identity holds:

®(a) + ©(b) 1
2 “b—a

b bh—a 1
f d(x)dx = Tf (1 - 20)®'(ta + (1 — t)b)dt.
a 0

Theorem 6. Let ®@:1 — R be a differentiable function on [°(the interior of I), a,b € I° with
a < b and assume that ®' € L[a, b]. If |®'| is a generalized n-polynomial P-function on
interval [a, b], then the following inequality holds:
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d(@)+dB) 1 (P

‘ > P afa d(x)dx
<b—ai (24i+2)2i—2
I el DG+ 27

(6)

lA(Id)’(a)l, |D" (D)D),

where A4 is the arithmetic mean.

Proof: Using Lemma 1 and the inequality

|®'(ta + (1 — t)b)| < i1 a2 -t = (1 =019 (@) + ' (B)]]

n ) al 4
we get
®(a) + ®(b) 1 (P
‘ > ~3 —aJa d(x)dx
<b_—af1 11— 2t[|9' (ta + (1 — t)b)|dt
<)
_b-a 1|1_2t|< e a[2—#—(1;0][|c1>'(a)|+|cb'<b)|]>dt
2 g 1 Qi
_22 119/ @]+ @' B)] Z al.f 11— 2t][2 — ¢ — (1 — t)]de
b—a ~  [(2+i+2)2 -2 , ,
=57 Z ai[ e ]Aucb QIRLIGD
where

(i2+i+2)2t-2
I+ DI+ 2)2¢

1
f 11—2¢|[2—t'— (1 —t)]dt =
0

and A is the arithmetic mean. So, the proof is completed.

Corollary 2. If we take n = 1 in the inequality (7), then we get the following inequality:

“1’(“) te®) 1 < b%aA(m:'(a)L |®' (b))

b
> _b—afa d(x)dx

Remark 4. If we take a; = 1(i = 1,n), then the inequality (7) reduces to the inequality in
[15, Theorem 4.1].
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Theorem 7. Let ®:1 — R be a differentiable function on I°(the interior of I), a,b € I° with
a<b, g> 1, %-l—i =1 and assume that &' € L[a,b]. If |®'|? is a generalized n-
polynomial P-function on interval [a, b], then the following inequality holds:

|<I)(a)+CD(b) 1 qu)
— (x)dx
2 b—al,
1 n 1 (7
boar 1 (4 i "A%CD, ¢ &' (BY|@

where A is the arithmetic mean.
Proof: Using Lemma 1, Holder's integral inequality and the inequality

|®'(ta + (1 - t)b)|7 < by a2 -t — (1 =09 (@] + ' (b)|]

n )

i=1 i
we get
®(a) + ®(b) 1 fb
‘ > b—al. d(x)dx
1 1
b—a/ (! (! q
ST f |1—2t|pdt> f |®'(ta + (1 —t)b)|9dt
0 0
b 1 5 (19" (@) + ||@(b)]7 | < 1 a
_ 1A + ! ) )
2 \p+1 =1 @ = 0
_b_a( : )E - : qAé(ICD’ 19, 19" (b)|9)
2 \p+1/) \3r, ai,laii+1 @I 12°(B)[),
1=
where

1 1
1 —2t|Pdt = ——
fo| Pt = —

fl [2-ti— (1 -0t)i]dt = 2
o -0 i+1
This completes the proof of theorem.

Corollary 3. If we take n = 1 in the inequality (8), then we get the following inequality:

® (b b— 1y
@*20)_ < o) A @ e en. ©

1 b
> P aL d(x)dx
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Remark 5. If we take a; = 1(i = 1,n) in the inequality (8), then we get the inequality in [15,
Theorem 4.2].

Theorem 8. Let &:1 € R — R be a differentiable function on I°, a,b € I° witha < b,q = 1
and assume that @’ € L[a, b]. If [®'|? is a generalized n-polynomial P-function on [a, b],
then the following inequality holds for t € [0,1].

‘(D(a) +ok) 1

b
3 = afa d(x)dx

: (9)

b— 1 - 2 pi+2)2i—2\7 1
< ( — @ g " +)z)zi_1> A0’ (a)1%, [ (D)1,

i=1

where A4 is the arithmetic mean.

Proof: From Lemma 1, power-mean integral inequality and the property of the generalized n-
polynomial P-function |®'|4, we obtain

®(a) + ®(b) 1 (P
‘ > - a.fa d(x)dx

1 1
b—af(t s 7
ST f |1 — 2t|dt (J |1 —2t||®'(ta + (1 — t)b)|9dt
0 0

1
_ ! ! n 1 q
_b f<|cp(a)|f;+|cp(b)|qz o ll_Ztl[z_tl—_(l_t)i]dt>
0

2—= i=1 i
2°7q =1 ™ i=1

1

n . S
b-a 1 (?+i+2)2t-2\7 1
- i - q ! q ! q
3( =1 “l’; “ (i+1)(i+2)21—1> A1l (@19 @' (B)]),

where

1 1 - 2t|dt !
Ll_ | _Er

(i2+i+2)2t=-2
(D@ + 2)2i+1

fl 11—2¢t|[2—t! = (1 —t)i]dt =
0

So, the proof is completed.

Corollary 4. Under the assumption of Theorem 8 with g = 1, we get the conclusion of
Theorem 6.
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Corollary 5. If we take n = 1 in the inequality (9), then we get the following inequality:

®(a) + @(b)

1 (P a 1
2 b—af P(x)dx AT(|D" (@)1, | (B)]9).

<

This inequality coincides with the inequality in [5, Theorem 1].
Corollary 6. If we take a; = 1(i = 1,n) in the inequality (9), then we get the inequality in
[15, Theorem 4.3].

5. APPLICATIONS FOR SPECIAL MEANS
Throughout this section, the following notations will be used for special means of two

nonnegative numbers a, b with > a:

1. The arithmetic mean

a+b
A:=A(a,b) = > ab=>0
2. The geometric mean

G:= G(a,b) =Vab, a,b =0

3. The harmonic mean

2ab
H:=H(a,b) =

Py ab>0
4. The logarithmic mean
b—a
L:=L(a,b) :{lnb—lna’ a;tb;a,b >0
a, a=>»

5. The p-logaritmic mean

1

bp+1_ap+1 P
), a*bp€eR\{-10};ab>0.

Lp:=Ly(a,b) = ((p +1)(b —a)
a, a=>»b

6. The identric mean

1

1 (bP\b-a
I:=I(Cl,b)=z<ﬁ> ,a,b>0

WWW.josa.ro Mathematics Section
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The following simple relationships are known in the literature:
H<G<L<I<A

Proposition 2. Let a,b € [0,00) with a < b and m € (—o0,0) U [1,0) \ {—1}. Then, one
has

@ 2 < 2
- _ | am(a,b) < IM(a,b) < A(a™, b™) = E a (—)
1\ [ i+1
Yiz1 ai|1— (7) =1

Proof: The assertion follows from the inequalities (6) for the function

NN

®d(x) =x™, x € [0, ).

Proposition 3. Let a, b € (0, ) with a < b. Then, one has

( =1 @ )1>A1(a,b)SL1(a,b)
o[-0

n
2 Z 21
— 2, «(59)
i=1ali=1 i+1

Proof: The assertion follows from the inequalities (6) for the function

< H Y(a,b)

®(x) = x71, x € (0,00).

6. CONCLUSION

In this paper, we have shown new Hermite-Hadamard type inequalities for the newly
defined class of functions, the so-called generalized n-polynomial P-functions. Furthermore,
we have derived certain trapezium type inequalities for this class of functions. Additionally,
we have investigated some applications of these results in the context of special means.
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