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Abstract. In this paper, the concept of Hg-convex function is given for the first time in
the literature. Some inequalities of Hadamard'’s type for Hg-convex functions are given. Some
algebraic properties of Hg-convex functions and special cases are discussed. In addition, we
establish some new integral inequalities for Hg-convex functions by using an integral
identity.
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1. INTRODUCTION

Convexity theory plays a central and fundamental role in the fields of mathematical
finance, economics, engineering, management sciences, and optimization theory. In recent
years, the concept of convexity has been extended and generalized in several directions using
novel and innovative ideas; see, for example, [1-9] and the references therein.

Definition 1. A function f:1 € R — R is said to be convex if the inequality
ftx + (1 — vy) < tf(x) + (1 — Of(y)

is valid for all x,y € I'and t € [0,1]. If this inequality reverses, then f is said to be concave on
interval I # @. This definition is well-known in the literature. Denote by C(I) the set of the
convex functions on the interval 1.

Definition 2. f:1 € R — R be a convex function defined on the interval I of real numbers and
a,b € I with a < b. The following inequality

a+b 1 (P f(a) + f(b)
f( > )sb_afa fdx < ———— (1)

holds. This double inequality is known in the literature as Hermite-Hadamard integral
inequality for convex functions.
In [6], Kadakal and Iscan gave the concept of the Ag-convexity as follow:
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Definition 3. LetI R be aninterval, f:1 - R, g:] = R, ] 2 f(I). fis said to be Ag-convex if
the inequality

ftx + (1 = y) < tg(f(x)) + (1 = Yg(f(y))

is valid for all x,y € I and t € 0,1]. Denote by AgC(I) the set of the Ag-convex functions on
the interval 1.

Definition 4. [4] A function f:1 € R\{0} is said to be harmonically convex (or HA-convex)
on interval I if
f( d )<tf +(1-of
ST oy =0+ -f)

holds for all x,y €I and t € [0,1], where xy/(ty + (1 —t)x) and tf(x) + (1 — t)f(y) are,
respectively, the weighted harmonic mean of two positive numbers x and y and the weighted
arithmetic mean of f(x) and f(y). We will denote by HAC(I) the set of the GA-convex
functions on the interval 1.

In [4], Iscan proved the following lemma and established new inequalities of Hermite-
Hadamard type for harmonically convex functions:

Lemma 1. Let f: 1 € R\{0} — R be a differentiable mapping on I° and a,b € I° witha < b. If
f" € L[a, b], then

f(a) + f(b) ab J‘bf(x)dx _ab(b—a) fl 1-2t , ( ab )dt
2 b—al, x2 2 o b+ (1 —0a)z \tb+(1—ta/
The main purpose of this paper is to give a new class of convex functions called as
Hg-convex function (or (HA, g)-convex) and establish both the Hermite-Hadamard type
integral inequalities and we establish some new integral inequalities for Hg-convex functions
by using an integral identity. The results obtained in special cases are reduced to the results
obtained in the literature.

2. MAIN RESULTS FOR Hg-CONVEX FUNCTIONS

Definition 5. Let I ¢ R\{0} be an interval, f:1 - R, ] 2 f(I), g:] = R be differentiable
functions. If,

() < o) + (1 - V[T @

holds for all x,y € I and t € 0,1], then the function f is called Hg-convex (or (Harmonic, g)-
convex). If the inequality (2) holds in reverse, then the function f is called Hg-concave. The
set of Hg-convex functions on the interval I is denoted by HgC(1).

From the above inequality, it is possible to write

(fo o™ () + (1 — D)) < t[g(f)] + (1 - O[g(f(y))]

where ¢ (x) = ifor x # 0.
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Based on this, the following proposition can be formulated. Additionally, if g(x) = x,
the definition of Hg-convex functions reduces to the definition of harmonic convex functions.

Proposition 1. Let [ ¢ R\{0} be an interval, f:1 - R, g:] = R, ] © f(I). If f is Hg-convex on
lLifand only if fo ™1 is Ag-convex on Q(I) = {dp(x) = i:x € I}.

Proposition 2. Let I ¢ R\{0} be an interval, f:1 - R, g:] - R, ] © f(I). If f is Hg-convex,
theny < g(y) for every y € f(I).

Proof: Let y € f(I) be arbitrary. Then, there exists x € I such that y = f(x). Since is Hg-
convex on I, for every t € 0,1], f being Hg-convex implies

60 = f( ) < tlg(EC0)] + (1 = DB = 8(EC)

XX
tx+ (1 —t)x
for x € Tand every t € 0,1]. This shows that y < g(y) for every y € f(I).

Remark 1. LetI ¢ R\{0} be aninterval, f:1 - R, g:] = Rand ] o f(I).
I) If the function g satisfies the condition y < g(y),y € f(I) and the function f is harmonically
convex, then f is Hg-convex function. Indeed, for every t € [0,1] and every a,b € 1

f(— 3 Yoy 1—0)f(b
(tb+(1—t)a>_t(a)+( ~ Oib)

< tg(f(2)) + (1 — Yg(f(b))
st(geH@ + (1 - 0(geH(b).

i) If the function g satisfies the condition g(y) <y, y € f(I) and the function f is Hg-convex,
then f is harmonically convex function. Indeed, for every t € [0,1] and every a,b € I

b
f(m) < tg(f(2) + (1 — Yg(f(b)) < tf(a) + (1 — Of(b).
iii.) It is obvious that HgC(I) = HAC(I) & g(x) = x.

Theorem 1. Let I < R\{0} be an interval and c € [0, o). If f € HgC(I) and g is linear, then cf
is Hg-convex function.

Proof: For c € [0, ),

(cH(x'y'™) < cftg(fx) + (1 — Hg(y))]
= tg(cf(x)) + (1 — Hg(cf(y))
=t(go (cH))X) + (1 —t)(go (cH)(Y)

This completes the proof of the theorem.

Theorem 2. Let I ¢ R\{0} be an interval. If the functions f,h € HgC(I) and g is linear, then
f + h € HgC(I).

Proof: Forx,y e land t € 0,1],

(f+h) (ty + (le— t)x) - f(ty + (Xf— t)X> h (tY + (le_ t)X)
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< [tg(f(x)) + (1 = Og(f(y))] + [tg(h(x)) + (1 — Og(h(y))]
= t[g(f(x)) + g(h(x))] + (1 = Y[g(f(y)) + g(h(y))]
= tg(f(x) + h(x) + (1 — Yg(f(y) + h(y))
=t(ge (F+h) () + (1 = (ge (F+h) ().

This completes the proof of the theorem.

Theorem 3. Let [ < R\{0} be an interval. If the function f € HgC(I) and monotone
increasing, and h is HH-convex, then f o h € HgC(]).

Proof: Forx,y € land t € 0,1],

Xy . Xy
(foh) (ty +(1- t)x) B f(h (ty +(1 - t)x))
< f< h(x)h(y) )
th(y) + (1 —t)h(x)
< tg(f(h(x))) + (1 — Og(f(h(y)))
<t(ge (feh))(x) + (1 —)(ge (Fe h))(W).

This completes the proof of the theorem.

Theorem 4. Let I < R\{0} be an interval, fh:I - R are both nonnegative, monotone
(increasing or decreasing) and g:] = R, ] © f(I), is monotone (increasing or decreasing) and
satisfies the condition g(u)g(v) < g(uv). If f,h € HgC(I), then th € HgC(D).

Proof: If x <y (the case y < x runs in the same fashion) then

[8(f(x)) — g(f(yN1[gh(y)) — gh(x)] < 0

which implies

g(f())g(h() + g(f())g(h(x)) < g(fx))g(h(x)) + g(f())g(h()). (2.1)

On the other hand for x,y € I and t € 0,1], we have

(M) (xy' ™) = f(x'y! "Oh(x'y' ™)
< [tg(f(0) + (1 — Dg(fy)][tg(h()) + (1 — Og(h())]
= ?g(f(0)g(h() + t(1 — D)) + t(1 — DEEENgh®) + (1 - H*gfF)gh())-

Using now (2.1), we obtain,

() (xy'™) < 2 g(f(x)gh(x)) + (1 — t)%g(f(y))g(h(y))
+t(1 — )[g(fx)g(h(x)) + g(f))g(h(m)]
< tlt+ (1 - 9]g(fx))gh(x) + (1 — [t + (1 — O)]g(f(y))gh(y))
= tg(f(x))g(h(®)) + (1 — Dg(f(y))g(h(¥))
< tg(fh)(x) + (1 — )g(th)(y).

This completes the proof of the theorem.
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3. HERMITE-HADAMARD INEQUALITY FOR Hg-CONVEX FUNCTIONS

Theorem 5. Let [ ¢ R\{0} be an interval. If f :1 - R is a Hg-convex function, g:] - R,
] o f(I),a,b € Iwitha < bandgo f € L[a,b]. The following inequality holds.

2ab 2ab [P(go
f< a )s a (g f)(u)du_
a+b/ “b-al, u?

Proof: By the definition of Hg-convexity of the function f on the interval [a, b], we write

2ab 2HeH;—¢ 1 1
f( ) < f(—) <= (go)(H) + = (g o £)(H,_,).
a+b Ht+H1—t Z(g f)( t)+2(g f)( 1 t)

Now, if we integrate the last inequality on t € 0,1], we get

b [e]
f( 2ab ) < 2ab (gofH(u) du.
a+b/ “b-al, u?

This completes the proof of the theorem.

Remark 2. If we take g(x) = x in the Theorem 5, then we have the left side of the Hermite-
Hadamard integral inequality for the harmonik convex functions.

Theorem 6. Let I ¢ R\{0} be an interval. If f :1 - R is a Hg-convex function, g:] — R,
] o f(I),a,b € Iwitha < b and f € L[a, b], then the following inequality holds:

ab [Pf(x) (goN(a) + (goN(b)
b—aL X2 dx < 2 ' )

Proof: If we use Hg-convexity of the function f and changing x = we get

th+(1-t)a’

! ab 3 ab P f(x) 1
fo f(m> dt=— L —7 dx< fo [tg(f(a)) + (1 — H)g(f(b))]dt

_@D@+@E°H®
2

fort € [0,1].
This completes the proof of the theorem.

Remark 3. If we take g(x) = x in the Theorem 6, then we obtain the left side of the Hermite-
hadamard integral inequality for the harmonic-convex functions.

Theorem 7. Let I  R\{0} be an interval, f:1 - R be Hg-convex functions and g:] — R,
] o f(I), a,b € I with a < b and f € L[a, b]. If the function f is symmetric with respect to %,
then the following inequality holds:

(gef)@ +(ge f)(b)_ @)

f(x) < >

Proof: Let x € [a, b]. Then, there is at least t € [0,1] such that
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_ ab
tb+(1-1ta
and
abx ab

(a+tb)x—ab tat(1-0b

Since the function f is symmetric with respect to % and is Hg-convex function, we

write
abx )

(a+b)x—ab

_ ab ab
B f(tb +(1- t)a) * f(ta +(1- t)b)
< tlg(f(@))] + (1 — O[g(f(b))] + tlg(f(b))] + (1 — [g(f(a))]
= g(f(a)) + g(f(b)).

This completes the proof of the theorem.

26(x) = f(x) + f(

Theorem 8. Let I ¢ R\{0} be an interval, f, h:1 - R be Hg-convex functions and g:] — R,
]2 f(DUh(), a,bel with a<b and f h € L[a,b]. If the function f is symmetric with

respect to %, then the following inequality holds:

o o o ° b
(g0 : g f)cb)l [<g h)(a) ' (g h)(b) + f(x)h(x)dx
NCDIORICE f)(b) 1 f h(0dx +(g°h)(a)+(g h)(b) 1 f () dx.
2
Proof: Since f, h: 1 — R are Hg-convex functions, we write the following inequalities by using
the inequality (4)
(8°N(@ : ©D® _po 5
and
(g° () : WG | s
Thus, we get
(g0 f)(a) er (goH(b) f(X)l l(go h)(a) er (goh)(b) h(x)| = 0
l(g ° )(a) : (g° f)(b)] [<g °h)(@) ' €°D®) | fone
RADIO) : @0, o EW@ ' (go )
for all x € [a, b]. If we integrate the last inequality on t € 0,1], we get
o o o ° b
[(g N(a) : s f)(b)l l(g h)(a) ' g-h®)| , f F(h(x)dx
° o b 1 b oh Oh ?) 1 b
G f)(a)JZr(g 0 )b_afa heodx + 8 )(a);(g ) )b_aL () dx.
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This completes the proof of the theorem.

Theorem 9. Let I € R\{0} be an interval, f:1 - R be Hg-convex functions and g:] — R,

] o (1), a,b €1 with a <b. If the function f is symmetric with respect to @ then the
following inequality holds for all x € [a, b]:
<
[N

Proof: Let x € [a,b]. Then, there is at least t € [0,1] such that

_ ab _H
T tb+(1-tha °

Since the function f is symmetric with respect to %, we get

2ab 2HH; ¢ 1 1
(o) = () S3 P00 + 5D,

From here, we write
f(x) = f(Hy) = f(H; ).
This completes the proof of the theorem. With the help of the above theorem, the

following theorem is obtained for two Hg-convex functions that are harmonically symmetric
with respect to %.

Theorem 10. Let I € R\{0} be an interval, f, h:1 - R be Hg-convex functions and g:] — R,
Jof(Du h(I) a,b € I with a < b and f,h € L[a, b]. If the functions f,h are symmetric with

respect to then the following inequality holds:

L f i (go f)(X) (goh)()dx + f( ZJarbb> h (aZJarbb>
=

Proof: Since f, h: 1 = R are Hg-convex functions, we write the following inequalities by using
the inequality (3.2)

(2= zab ) f " (o W G0dx.

(52000~ () 2 0
and
(goh)(x) — h( +bb>>o

for all x € [a,b]. So, we get

[e= 000~ (2 )| [cee o - ()] = 0

+b
(20D (E oW + £ o) (o) 2 (o DO (o) + (2o MEOT (o).
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If we take integral the last inequality on t € 0,1], we have

Lf <><>

2ab Zab
(2 &

f (g° W) ()dx

This completes the proof of the theorem.

Theorem 11. Let I < R\{0} be an interval, f:1 - R be Hg-convex functions and g:] - R,
] © f(I), a,b € I with a < b. Then, the following inequality holds:

ab b abx
be f(X)f<(a + b)x — ab) X2 dx (5)
< ~[g(f(2))g(f®))] + = [gZ(f(ao) + g2(f(b))]

wll\J

for all x € [a,b].

Proof: If we change the variable x = in the integral on the left side of inequality (5)

th+ (1 t)a
and use the Hg-convexity of the function f, we get

ab fbf( )f( abx >1d
b—al), ~~ \@a+tbx—ab/x2

- fol f(tb n ?1b— t)a) f(ta n (a1b— t)b) dt

< f {t[gf(a)] -9 [gf(b)]}{t[gf(b)] + (1 - Dlgh@)]de

[g(f(a))g(f(b))] [g (f(a)) + g (f(b))].
This completes the proof of the theorem.

Remark 4. If we take the function f as harmonic symmetric with respect to % in the above
theorem, we get the following inequality:

ab (Pf2(x)

< —
boa | o S E20@) = £2600))
Theorem 12. Let I < R\{0} be an interval, f, h:1 - [0,00) be Hg-convex functions and
g:] > R, ] f(I) uh(l), a,b € I with a < b and f,h € L[a, b]. Then the following inequality
holds:

T fa fCOh() Zdx < 3Mgen(ab) + =Nggn(a,b), ©)

where
Mgen(a, b) = g(f(a))g(h(a)) + g(f(b))g(h(b))

and
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Ngtn(a b) = g(f(a))g(h(b)) + g(f(b))g(h(a)).

ab . . . . .
Do in the integral on the left side of inequality (6)

and use the Hg-convexity of the f function, we obtain

Proof: If we change the variable x =

ab (P 1
m L f(X)h(X) X_2 dx

1 ab ab
= JO f(tb e t)a) h (tb (1= t)a) dt
1
< f {tlg(f@)] + (1 = 0[g(f®))]Ht[g(h@)] + (1 - ©)[g(b(b))]}dt
0
1 1
=3 [g(f(a))g(h(a)) + g(f(b))g(h(b))] + 3 [g(f(a))g(h(b)) + g(f(b))g(h(a))].

This completes the proof of the theorem.

Theorem 13. Let I < R\{0} be an interval, f, h:1 - [0,00) be Hg-convex functions and
g:[0,0) > R, p,q>1 with %+$= 1, abel with a<b and fP,hd € L[a,b]. If the

functions fP, h% are Hg-convex functions on the interval [a, b], then the following inequality
holds:

1 1
(gofHP(@) + (g f)p(b)>E ((g oh)i@) + (ge h)%b))ﬁ
2 2 '

ifbf(x)h(x)ldx <
b—al, x2 7

Proof: If we first apply the Holder integral inequality to the integral on the left side of (6)
inequality, and then use the Hg-convexity of the function f, with the help of (3) inequality, we

get
1 1
a

b bf b 1d_ ab bfp 1d P/ ab bhq 1d q
b—afa &) <X>x—zx—<mL 05z ) (b—afa 00z )

- <(g of)P(a) + (g f)p(b)>5 ((g °ch)i(a) + (g h)q(b)>a
< > > :

This completes the proof of the theorem.
4. HERMITE-HADAMARD TYPE INEQUALITIES FOR Hg-CONVEX FUNCTIONS

The main purpose of this paper is to prove some new integral inequalities for Hg-
convex functions by using the Lemma 1.

Theorem 14. Let f:1 c R\{0} —» R be a differentiable mapping on I°, a,b € I° with a < b,

q=1and Jo|f'|9€ (I°), g:] = (0,). If the functions f’ € L[a,b], |f'|9 are Hg-convex
functions on the interval [a, b], then the following inequality holds for all x € [a, b]:
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1
[lz(g If'1D @) + As(g e If'[D(b)]d

f) +f(b)  ab (PfC9 | _ab(b— )
2 _b—a_[ X2 ‘— 2

where

ab (b —a)? 4ab
-1 3a+b | (a+b)?
blb—a) ' (b—a) n( Zab )

= 1 3a+al (a+b)? DY
37 a0b—a) (b-a)@ "\ 4ap ) 27N

A= et 1n<(a+b)2>

Azz

Proof: If we use the Lemma 1 and well known Power-mean integral inequality, then we have

f(a) +f(b) ab (Pfex) | _abeb 1—2t , ab
2 _b—af X2 |— o f((tb+(1—t)a)2> dt
1 1
ab(b —a) [ (1 1-2t v 1-2t , ab a
= 2 < ) (fo (tb + (1 —t)a)? f ((tb +(1-— t)a)Z) dt) '
By using the Hg-convexity of the function |f'[4, we get
fa) +f(b)  ab (*fC9)
2 b aj X2 ‘
1 1
ab(b—a) (! — 2t a ]1 11— 2t|[t(g e |f'|D(@) + (1 - (ge |f'|D(b)] dt a
- 2 1-— t)a)2 0 (tb+ (1 - t)a)2
b(b —
<BOZD G, e @ + dage IFIDBIR

2

This completes the proof of the the theorem.

Remark 5. If we take g(x) = x in the Theorem 14, then we obtain the following inequality
for the HA-convex functions.

b
f(a) + f(b)  ab f f(X>d‘ ablb —a),t 19 + Al B

2 b—a X2 2

This inequality coincides with the inequality in [4].
Corollary 1. If we take g = 1 in the Theorem 14, we have the following inequality:

f(a) + f(b) ~ ab fb f(x) dx ab(b —a)
2 b—a X2 2

[A2(g o If' (@) + As(g e [F'D(b)].

Theorem 15. Let f:1  R\{0} = R be a differentiable mapping on I°, a,b € I° with a < b,
q>1, % + é =1and] > |f']9 € (I°), g:] » (0, ). If the functions f’ € L[a, b], |f'|9 are Hg-
convex functions on the interval [a, b], then the following inequality holds for all x € [a, b]:
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f@) +f(b) ab jb@dx‘
2

2 b—al, x
ab(b—a)/ 1 % 1 "
< (o) (e 19 + e 1P DG
where
(a9 +b""29[(b — a)(1 — 2q) — a])
= T b —a)?(d — (1 - 29)
and
(b2724 4 a24[(b — a)(1 — 2q) — b])
Uy =

2(b-a)?(1 - q)(1 - 2q)

Proof: By using the Lemma 1, well known Hdélder integral inequality and Hg-convexity of
[f'(x)]4, we have

f(a) + f(b) ab [Pf(x)
2 _b—aL1 x? dx‘

ab(b—a) [/ (!
Ll <[ 1

. b/t ! . b . ! (8)
2 t) <f0 (tb + (1 —t)a)2a ((tb+(1—t)a)2) t)

1 1
abb—a)/ 1 \p/['|t(gelf'|D(@) + (1 -1 (ge|f'|?)(b) q
= 2 (p + 1) (JO ‘dt> '

(tb + (1 —t)a)?a
By sample calculation give us that

fl t dt = a?724+ b (b —a)(1 — 2q) —a] )
R G S P R T (e T e o T R

! 1-2t _ b?29+a"9[(b—a)(1 - 2q) + b]

N G 5 R TO S TG s T (10

Substituting (9)-(10) in the inequality (8), the required result is obtained. This
completes the proof of the theorem.

Remark 6. If we take g(x) = x in the Theorem 15, then we obtain the following inequality
for the HA-convex functions.

f(a) +f(b)  ab fbf(x) dx‘ _ab(b—a)

1 \p 1
2 b—al, x2 2 ( )p[“ﬂf’lq@+u1|f'|Q(b)]q.

p+1

This inequality coincides with the inequality in [4].
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5. CONCLUSION

In this study, the concept of Hg-convex function is given for the first time in the
literature. Some inequalities of Hadamard’s type for Hg-convex functions are given. Some
properties of Hg-convex functions and special cases are discussed. In addition, Some new
integral inequalities for Hg-convex functions are established by using an integral identity.
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