
Journal of Science and Arts Volume 24, Issue 4, pp. 881-894, 2024 

https://doi.org/10.46939/J.Sci.Arts-24.4-a11  
 

 

ORIGINAL PAPER 

EXISTENCE OF SOLUTIONS FOR NONHOMOGENEOUS DIRICHLET 

PROBLEMS IN ORLICZ-SOBOLEV SPACES 

HAIKEL OUERGHI
1
, KHALD BENALI

2
, AMOR DRISSI

3
 

_________________________________________________ 

Manuscript received: 23.04.2024; Accepted paper: 04.10.2024; 

Published online: 30.12.2024. 

 

 

Abstract. In this paper, by using variational methods and critical point theory in an 

appropriate Orlicz-Sobolev space, we establish the existence of infinitely many nontrivial 

solutions to a nonhomogeneous problem. Precisely, we use the   -symmetric version for the 

well-known Mountain Pass theorem, to prove the existence of such solutions. 
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1. INTRODUCTION  

 

 

In this paper, we study the following nonhomogeneous problem 

 

(  ) {
     ( (   ( ) )  ( ))   (  ( ) ) ( )    (   ( ))   ( )  ( )  ( )   ( )     

 ( )         
 

 

where       is a bounded domain in   (   )     ( ) and    ‾      is a 

Carathéodory function which satisfies some additional conditions. The function   (   )  
  is such that the mapping      , defined by 

 

 ( )  {
 (   )           
           

 (1.1) 

 

is an odd, increasing homeomorphism from   onto  . 

Problem (  ) appears in many branches of mathematics such as partial differential 

equations, calculus of variations, quasi-conformal mappings, non-Newtonian fluids, image 

processing, differential geometry, and probability theory we refer the interested readers to [1-

2], and the references therein. In the case when  ( )      (   ), the operator used in 

problem (  ) becomes the well-known p-Laplacian operator. This means that some 

complicated analysis has to be carefully carried out in this paper. The most adequate 

functional framework to deal with this problem is an appropriate Orlicz-Sobolev space, which 

is a Sobolev space constructed from an Orlicz    space instead of    space. So, the Orlicz-

Lebesgue spaces are a generalization of the classical Lebesgue spaces. Also, we define the 
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Orlicz-Sobolev space     ( ), which are a generalization of the classical Sobolev spaces 

    ( ). Many properties of Lebesgue and Sobolev spaces have been extended to Orlicz-

Sobolev space see for example [3-7].  

Very recently, many researchers have paid their attention to studying the existence of 

solutions for several problems through Orlicz-Sobolev space see [8-15] and references 

therein. At this point, we briefly recall literature concerning related elliptic problems in 

Orlicz-Sobolev space. In [16], Clément et al. studied the following Dirichlet problem 

 

{
    ( (   ( ) )  ( ))   (   ( ))       

           
 (1.2) 

 

where      is a smooth bounded domain,    ( ‾     ) and the function     ( ) is 

an increasing homeomorphism from   onto  . By using Mountain Pass geometry in an 

Orlicz-Sobolev space, the authors investigated the existence of nontrivial solutions to the 

problem (1.2). Later, Clément et al. studied the problem (1.2). By using Orlicz-Sobolev 

spaces theory combined with a variant of the Mountain Pass lemma of Ambrosetti-

Rabinowitz, the authors proved the existence of a nontrivial solution for such a problem. 

Mihailescu and Radulescu [17], employed Orlicz-Sobolev space theory and variational 

methods to investigate the existence and multiplicity of solutions for the following problem 

 

{
    ( (   ( ) )  ( ))   ( ( ))       

           
 

 

Motivated by the above-mentioned works, in this paper, by combining Orlicz-Sobolev 

spaces theory with adequate variational methods and   -symmetric version (for even 

functionals) of the Mountain Pass Lemma (see Theorem 9.12 in [18]), we establish the 

existence of infinitely many solutions for the problem (  ) as   is positive and small enough.  

 The rest of this paper is organized as follows: In Section 2, we present some preliminaries on 

function spaces and variational settings. In Section 3, we present and prove the main result of 

this paper. 

 

 

2. PRELIMINARIES 

 

 

We recall in what follows some definitions and basic properties of the generalized 

Lebesgue spaces   ( )( ) and the generalized Sobolev spaces     ( )( ), where   is an 

open subset of   . In that context we refer to the book of Musielak [19] and the paper of Fan 

et al. [20].  

Set 

  ( ‾ )        ( ‾ )  ( )               ‾    
 

For any     ( ‾ ) such that 

 

         
   

  ( )   ( )         
   

  ( )       (2.1) 

 

we define the variable exponent Lebesgue space   ( )( )     : is a Borel real-valued 

function on    
 

   ( )  ( )    }.  
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We recall the following so-called Luxemburg norm on this space defined by the 

formula 

    ( )     {    ∫  
 

 |
 ( )

 
|

 ( )

    }  

 

Variable exponent Lebesgue spaces resemble to classical Lebesgue spaces in many 

respects: It is well known [21] that, in view of (   )   ( )( ) equipped with the above norm, 

is separable, reflexive, uniformly convex Banach space ([22], Theorem 2.1). The inclusion 

between Lebesgue spaces is also naturally generalized [22], Theorem 2.8: if         and 

      are variables exponents so that   ( )    ( ) almost every where in   then there exists 

the continuous embedding    ( )( )     ( )( ). We denote by    ( )( ) the conjugate 

space of   ( )( ), where    ( )      ( )   . For any     ( )( ) and      ( )( ) 

the Hölder type inequality 

 

 ∫  
 

        (
 

  
  

 

   
)    ( )     ( )  (2.2) 

 

holds.  

An important role in manipulating the generalized Lebesgue-Sobolev space is played 

by the modular of the   ( )( ) space, which is the mapping   ( )   ( )( )    defined by 

 

  ( )( )    
 

    ( )  , 

 

and it satisfies the following proposition:  

 

Proposition 2.1. (See [23]) For all       ( )( ), we have 

(1)     ( )   ( resp.      )    ( )( )    (resp.     ), 

(2)    (    ( )
  

     ( )
  

)    ( )( )     (    ( )
  

     ( )
  

), 

(3)   ( )(   )          ( )   .  

 

We also mention the following important proposition:  

 

Proposition 2.2. (See [24]) Let   and   be two measurable functions such that   
 ( ) ( )   , for a.e.     and     ( ). Let     ( )( )    . Then 

   (    ( ) ( )
  

     ( ) ( )
  

)       ( )|
 ( )

    (    ( ) ( )
  

     ( ) ( )
  

). 

 

The Lebesgue-Sobolev space     ( )( ) is defined by 

 

    ( )( )  {    ( )( )        ( )( )}, 

 

and equipped with the norm 

 

      ( )      ( )       ( ). 

 

Since the operator in the divergence form is non-homogeneous, then we introduce an 

Orlicz-Sobolev space setting for problems of this type. We first recall some basic facts about 

Orlicz-Sobolev space.  
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Define 

 ( )  ∫  
 

 

 ( )     ( )  ∫  
 

 

   ( )                 

 

We observe that   is a Young function, that is,  ( )      is convex, and 

 

   
   

  ( )    . 

 

 Furthermore, since  ( )    if and only if    , 

 

   
   

 
 ( )

 
          

   
 
 ( )

 
  , 

 

then   is called an  -function. The function    is called the complementary function of   

and it satisfies 

  ( )          ( )                    
 

We observe that    is also an  -function and the following Young's inequality holds 

true: 

    ( )    ( )                 
 

Assume that   satisfies the following structural hypotheses 

 

         
   

 
  ( )

 ( )
        

   
 
  ( )

 ( )
     (2.3) 

 

         
   

 
  ( )

 ( )
        

   
 
   ( ( ))

   ( )
  (2.4) 

 

The Orlicz space   ( ) defined by the  -function   is the space of measurable 

functions       such that 
 

     
     {∫  

 

  ( ) ( )   ∫  
 

   (  ( ) )    }     

 

Then (  ( )      
) is a Banach space whose norm is equivalent to the Luxemburg 

norm 

        {      
 

  (
 ( )

 
)     }. 

 

We denote by     ( ) the corresponding Orlicz-Sobolev space for the problem 
(  ), defined by 

    ( )  {    ( ) 
  

   
   ( )        }  

 

This is a Banach space with respect to the norm 
 

                    , 
 

for more details about this space, see [25]. 
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As mentioned in [26-27], assumption (  ) is equivalent to the fact that both of   and 

   satisfy the   -condition (at infinity), see ([28], p.232). In particular, (   ) and (    ) 

are  -regular.  

These spaces generalize the usual spaces   ( )and     ( ), in which the role played 

by the convex mapping   
    

 
 is assumed by a more general convex function  .  

 We also define the Orlicz-Sobolev space   
   ( ) as the closure of   

 ( ) in     ( ). 

By Lemma 5.7 in [29],   
   ( ) can be equivalent to the following norm 

 

                 
 

The space   
   ( ) is also a reflexive Banach space. In many applications of Orlicz-

Sobolev space to boundary value problems for nonlinear partial differential equations, the 

compactness of the embeddings plays a central role. Compact embedding theorems for 

Sobolev or Orlicz-Sobolev space are also intimately connected with the problem of 

discreteness of spectra of Schrödinger operators (see Benci and Fortunato [30]). 

We recall the following useful two lemmas regarding the norms on Orlicz-Sobolev 

space.  

 

Lemma 2.1. On   
   ( ) the norms 

 
                   

                         

       {    ∫  
 

 [ (
  ( ) 

 
)   (

   ( ) 

 
)]     }  

 

 

are equivalent. More precisely, for every     
   ( ) we have 

 

                          
 

Lemma 2.2.([31], Lemma 2.3). Put 

 

 ( )    
 

  (   ( ) )   (  ( ) )   . 

 

For     
   ( ), we have 

(1)            
  ( )       , 

(2)              ( )       
. 

 

Definition 2.1. Let   be a Banach space and     (   ), we say that   satisfies the (  ) 

condition if any sequence       , such that 

 

 (  ) is bounded, and   (  )   , in   , as    , 

 

contains a convergent subsequence.  

In order to prove that the problem (  ) has infinitely many solutions, we will use the 

following   -symmetric version of the Mountain Pass theorem (see Theorem 9.12 in [32]).  

 

Theorem 2.1. Let   be an infinite dimensional real Banach space. If     (   ), is such 

that the following conditions are satisfied: 



 Existence of Solutions for Nonhomogeneous Dirichlet… HaikelOuerghi et al. 

 

www.josa.ro Mathematics Section 

886 

   is an even functional such that  ( )   . 

   satisfies the (PS)-condition. 

 There exist positive constants    and   , such that if       , then,  ( )    . 

 For each finite dimensional subspace     , the set 

 
       ( )    , 

 

is bounded in  . Then   has an unbounded sequence of critical values.  

Throughout the rest of the paper, the letters           , denote positive constants 

which may change from line to line. 

 

 

3. MAIN RESULT AND ITS PROOF 

 

 

In this section, we will present and prove the multiplicity of solutions to the problem 
(  ). Precisely, by using the   -symmetric version of the Mountain Pass Theorem, we will 

prove the existence of an unbounded sequence of critical values of the functional energy 

which are solutions to the corresponding problem.  

 In order to prove the existence of such solutions, we assume the following hypothesis: 

(  ) The functions   and   are in   ( ‾ ), and satisfy equation (2.1). 

(  ) There exist      and    
 ( )

 ( )  ( ), such that, for all (   )   ‾   , we have 

 

      ( )     (   )   ( )    ( )   , 

 

where    ( ‾ ), is such that for all    , we have 

 

   ( )   ( )      ( )  (3.1) 

and 

   ( )  ( )    
    (3.2) 

 

where   ( )  
 ( )

 ( )  
.  

In this paper, our main result is the following:  

 

Theorem 3.1. Under hypothesis (  )  (  ). If           , then, for each    , the 

problem (  ) has infinitely many solutions.  

 

Before proving Theorem 3.1, we need to prove several lemmas. First, let as introduce 

the variational setting of the problem (  ). 

 

Definition 3.1. We say that a function      , is a weak solution for the problem (  ) if 

for every        
   ( ), we have 

 

∫  
 

  (   ( ) )  ( )    ( )   ∫  
 

  (  ( ) ) ( ) ( )  

  ∫  
 

  (   ( )) ( )   ∫  
 

  ( )  ( )  ( )   ( ) ( )     
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Associated to problem (  ), we define the energy functional       , by 

 

  ( )   ( )     ( )    ( )  
where 

 ( )  ∫  
 

   (   ( ) )   (  ( ) )    

  ( )  ∫  
 

  (   ( ))   

  ( )  ∫  
 

 
 ( )

 ( )
    ( )   

 

and 

 (   )  ∫  
 

 

 (   )    

 

By hypothesis (  ) we see that for all   in  , we have 

 

 (   ( ))   
   ( ) 

 ( )
    ( )  (3.3) 

 

where   ( )     (    ( )). We note that since   is bounded, then,     
 ( )

 ( )  ( ). 

By standard arguments, we obtain      (   ). Moreover, for all      , we have 

 

⟨   ( )  ⟩    
    

 
  (    )    ( )

 
 

 ∫  
 

  (   ( ) )  ( )    ( )   ∫  
 

  (  ( ) ) ( ) ( )  

  ∫  
 

  (   ( )) ( )   ∫  
 

  ( )  ( )  ( )   ( ) ( )   

 

 

Thus, according to Definition 3.1, weak solutions of problem (  ) coincide with critical 

points of the functional   . 

 

Lemma 3.1. Assume that hypothesis (  )  (  ) are satisfied. If         then, for all 

   , there exist     and      , such that for all    , we have 

 

        ( )     . 

 

Proof. Let    , with      . Using Proposition 2.2, the Hölder inequality and (3.3), we 

obtain 

  ( )  ∫  
 

   (   ( ) )   (  ( ) )     ∫  
 

  (   ( ))    

 

      
 

 

  
∫  

 

  ( )    ( )    
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     ( )   |

 ( )

|
 ( )

  

 

      
 

   

  
     ( )   (    ( ) ( )

  
     ( ) ( )

  
)  

 

      
 

   

  
     ( )   (  

  
     

   
  

     
)  

 

      
   

 

  
     ( )   (     

      
)  

 

      
   

 

  
     ( )      

  

 

 

Put 

  ( )     
   

 

  
     ( )   

      

 

Since      , then, it is easy to see that   ( )    for all   (    ), where 

 

      {(
  

        ( )
)

 

     

  }  

 

 If we fix        and we put 

 

     
   

 

  
     ( )   

  

 

then, for all    , we have 

 

  ( )                               
 

The proof of Lemma 3.1 is now completed. 

 

Lemma 3.2. Assume that we are under hypothesis of Theorem 3.1. If      is a finite 

dimensional subspace, then the set           ( )     is bounded in  . 

 

Proof. From the definition of   , we have, 

 

 ( )

 ( )
 

  

 
       

So for all    , we have 

 

    ( ( ))      ( (   ))  ∫  
 

   

 ( )

 ( )
   ∫  

 

   

  

 
       (   

)  
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Therefore, for all    , we get 

 

 (  )     
 ( )   (3.4) 

 

Hence, if      with      . Then, we have 

 

∫  
 

  (   ( ) )   ∫  
 

  (   
   ( ) 

   
)    

      
∫  

 

  (
   ( ) 

   
)    

 

      
   

(3.5) 

 

On the other hand, from Proposition 2.1 and the embedding from   into   ( )( ), we 

obtain 

∫  
 

 
 ( )

 ( )
  ( )  ( )    

    

  
∫  

 

   ( )  ( )   

   

    

  
(     

      
) 

 

    (     
      

)  

 

(3.6) 

 

Now, by combining equations (3.5), and (3.6) with the hypothesis (  ) and the fact 

that all norms are equivalent for a finite-dimensional space, we obtain 

 

 ( ) ∫  
 

   (   ( ) )   (  ( ) )    ∫  
 

 
 ( )

 ( )
  ( )  ( )    ∫  

 

  (   ( ))   

      
   (     

      
)     ∫  

 

     ( )   

      
   (     

      
)        (     

      
) 

      
   (     

      
)          

 

 

 

Hence, for all     with      , we have 

 

     
        

   (     
      

)  
 

Since           , then, we conclude that   is bounded in  . The proof of Lemma 3.2 

is completed. 

 

Lemma 3.3. Let (  ) be a bounded sequence in E. Assume that there exists a subsequence 

still denoted by (  ), such that     ̃, weakly in  . Then the following statements hold 

true: 
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 ∫  
 

      ( )    (    ̃)     ( )

   
   

 ∫  
 

  (    )(    ̃)     (  )
 

 

Proof. (i) Using the Hölder inequality and Proposition 2.2, we have 

 

∫  
 

      ( )    (    ̃)         ( )    |  ( )

 ( )  

     ̃  ( ) 

      (     ( )
    

      ( )
    

)      ̃  ( ) 

 

 

By letting   tends to infinity, we deduce the first part of Lemma 3.3. 

 

(ii) From the Hölder inequality and hypothesis (  ), we have 

 

∫  
 

  (    )(    ̃)   ∫  
 

  ( )     ( )    (    ̃)   

     ( )     ( )  |  ( )

 ( )  

     ̃  ( ) 

        ( )    |
 ( )  

|  ( )

 ( )  ( )  

     ̃  ( ) 

        ( )   (     ( )( ( )  )

 ( )  ( )  
  

         ( )( ( )  )

 ( )  ( )  

    )      ̃  ( ) 

        ( )   (  
                 

              )      ̃  ( ) 

        ( )   (                     )      ̃  ( ) 

 

 

By letting   tends to infinity, we obtain the second part of Lemma 3.3. 

 

Proposition 3.1. Assume that we have:              . If        is a sequence, 

such that   (  ) is bounded and    (  ) tends to zero as   tends to infinity, then,      has a 

convergent subsequence. 

 

Proof. First, we show that      is bounded in E. Assume by contradiction the contrary. Then, 

there exists a subsequence, still denoted by     , such that          as    . Thus, 

without loss of generality, we can assume that         , for any integer  .  

 

From the fact that      , we deduce the existence of     , such that for any 

    , we have 

     (  )    . 

 

On the other hand, for any     , the application   ⟨   (  )  ⟩ is linear and 

continuous. So we get 

 

 ⟨   (  )  ⟩       (  )                
 

By replacing   with    in the above inequality, we obtain 
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        ⟨  (  )   ⟩          
Therefore, 

 

        ⟨  (  )   ⟩   ∫  
 

  (    ( ))  ( )   ∫  
 

  ( )   ( )  ( )    (3.7) 

 

It follows that 

 

  (  ) ∫  
 

   (    ( ) )   (   ( ) )     ∫  
 

  (    ( ))   ∫  
 

 
 ( )

 ( )
   ( )  ( )   

 ∫  
 

   (    ( ) )   (   ( ) )   

 
 

  
∫  

 

 ( (    ( ) )    ( )    (   ( ) )   ( )  )  

  ∫  
 

 ( (    ( ))  
 

  
 (    ( ))  ( ))    

 

         

 ∫  
 

   (    ( ) )   (   ( ) )   

 
 

  
∫  

 

 ( (    ( ) )    ( )   (   ( ) )   ( ) )  

  ∫  
 

 ( (    ( ))  
 

  
 (    ( ))  ( ))    

 

         

 

 

From (2.3) we have   ( )     ( ), which implies that 

 

 (  )  
 

   
 

  (    ( ) )    ( )   (   ( ) )   ( )    (  
  

  )  (  ). 

 

Using the above relations, Proposition 2.2, the Hölder inequality and hypothesis (  ), 

we get 

 

  (  ) (  
  

  
)  (  )  

   

  
     ( )        

 
  

  
∫  

 

      ( )   
 

         

 (  
  

  
)          

   

  
     ( )        

 
 

         
  

  
   (     

      
) 

 (  
  

  
)          

   

  
     ( )        

 
 

         
  

  
     

 

 

 

Since              , then, by letting   tends to infinity, we obtain a 

contradiction. It follows that      is bounded in  .  

Now, from the fact that   is a reflexive Banach space, up to a subsequence, there 

exists  ̃, such that 

    ̃                
 

Since    (  )    and    is bounded in  , then, we get 
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 ⟨  (  )     ̃⟩   ⟨  (  )   ⟩   ⟨   (  )  ̃⟩  

      (  )             (  )    ̃   
 

So 

   
   

 ⟨  (  )     ̃⟩     

 

 Hence, from Lemma 3.3 and the last relation, we obtain 

 

   
   

 ⟨  (  )     ̃⟩     (3.8) 

 

On the other hand, the convexity of  , implies that   is convex. So 

 

       
   

  (  )   ( ̃)  (3.9) 

 

By combining (3.9), with the weakly lower semi continuity of  , we deduce 

 

   
   

  (  )   ( ̃)  (3.10) 

 

That is 

 

   
   

 ∫  
 

   (    ( ) )   (   ( ) )    ∫  
 

   (   ̃( ) )   (  ̃( ) )     (3.11) 

 

Since   is increasing and convex, then, for all    , we have 

 

 (
 

 
    ( )    ̃( ) )  (

 

 
   ( )   ̃( ) )

  (
 

 
(    ( )     ̃( ) ))   (

 

 
(   ( )    ̃( ) ))  

 
 

 
( (    ( ) )   (   ̃( ) ))  

 

 
( (   ( ) )   (  ̃( ) )) 

 

 

By integrating the above inequalities over  , and using Lemma 2.2, we get 

 

   ∫  
 

  (
 

 
  (    ̃)( ) )   (

 

 
 (    ̃)( ) )    

 ∫  
 

  (    ( ) )   ∫  
 

  (   ̃( ) )   ∫  
 

  (   ( ) )   ∫  
 

  (  ̃( ) )   

 ∫  
 

  (    ( ) )   (   ( ) )   ∫  
 

  (   ̃( ) )   (  ̃( ) )   

    (                 
)     (  ̃       ̃    

) 

 

 

Since      is bounded in  , then, there exists    , such that 

 

  ∫  
 

 [ (
 

 
  (    ̃)( ) )   (

 

 
 (    ̃)( ) )]       (3.12) 
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On the other hand, since      converges weakly to   ̃ in  . Then, Theorem 2.1 in [33] 

implies that 

∫  
 

   

   
    ∫  

 

  ̃

   
          ( )         

 

In particular, the above result holds for all     ( ). Hence 

 
   

   
 

  ̃

   
              ( )                   

 

Which yields to  

 

   ( )    ̃( )            (3.13) 

 

By combining Equations (3.11), (3.12) and (3.13) with the Lebesgue's dominated 

convergence theorem, we obtain 

 

   
   

 ∫  
 

 [ (
 

 
  (    ̃)( ) )   (

 

 
 (    ̃)( ) )]        (3.14) 

 

On the other hand, assumption (  ), implies that ( ) satisfies     condition. So from 

(3.14), we get 

 

   
   

       ̃       

 

The Proof of Proposition 3.1 is now complete. 
 

Proof of Theorem 3.1. It is clear that the functional    is even, and   ( )   . Moreover, 

Proposition 3.1, implies that    satisfies the Palais-Smale condition. Finally, from Lemmas 3.1 

and 3.2, we can apply Theorem 2.2 to the functional   . So we conclude that the problem (  ) 

has infinitely many weak solutions in  . 
 

 

 CONCLUSION 
 

 

In this paper, we establishes the existence of multiple solutions for a non-

homogeneous problem in the framework of Orlicz-Sobolev spaces by using variational 

techniques that rely, especially, critical point theory, and the Z2-symmetry version for the 

well known Mountain Pass theorem. 
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