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Abstract. In this paper, by using variational methods and critical point theory in an
appropriate Orlicz-Sobolev space, we establish the existence of infinitely many nontrivial
solutions to a nonhomogeneous problem. Precisely, we use the Z,-symmetric version for the
well-known Mountain Pass theorem, to prove the existence of such solutions.
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variational methods.

1. INTRODUCTION

In this paper, we study the following nonhomogeneous problem

—div(a(|Vu(x)[)Vu(x)) + a(lu@)Dulx) = 1f (x, u(®) — g [u@)| 1 u(x), x € Q,
(P) -

u(x) =0,x € 0Q,
where 1 > 0,0 is a bounded domain in RVN(N > 2),g € L*(Q) and f:QXR— R is a
Carathéodory function which satisfies some additional conditions. The function a: (0, 0) —
R is such that the mapping ¢: R — R, defined by

a(ltDt, fort # 0,

o) = {O, fort = 0, (1.1)
Is an odd, increasing homeomorphism from R onto R.

Problem (P;) appears in many branches of mathematics such as partial differential
equations, calculus of variations, quasi-conformal mappings, non-Newtonian fluids, image
processing, differential geometry, and probability theory we refer the interested readers to [1-
2], and the references therein. In the case when a(t) = t?~2(p > 1), the operator used in
problem (P;) becomes the well-known p-Laplacian operator. This means that some
complicated analysis has to be carefully carried out in this paper. The most adequate
functional framework to deal with this problem is an appropriate Orlicz-Sobolev space, which
is a Sobolev space constructed from an Orlicz L4, Space instead of LP space. So, the Orlicz-
Lebesgue spaces are a generalization of the classical Lebesgue spaces. Also, we define the

!Jendouba University, Research Laboratory of Mathematics and Applications, 6072 Gabes, Tunisia.

E-mail: haikel ouerghi@yahoo.fr.

*Faculty of Sciences of Gabes, Research Laboratory of Mathematics and Applications, 6072 Gabes, Tunisia.
E-mail: benali.khaled@yahoo.fr.

3Faculty of Sciences Tunis El Manar, Research Laboratory of Mathematics and Applications, 2092 Campus
universitaire, Tunisia. E-mail: amor.drissi@ipeiem.utm.tn.

https://doi.org/10.46939/J.Sci.Arts-24.4-al1l



mailto:haikel_ouerghi@yahoo.fr
mailto:benali.khaled@yahoo.fr
mailto:amor.drissi@ipeiem.utm.tn

882 Existence of Solutions for Nonhomogeneous Dirichlet... HaikelOuerghi et al.

Orlicz-Sobolev space W™L4 (L), which are a generalization of the classical Sobolev spaces
W™P (). Many properties of Lebesgue and Sobolev spaces have been extended to Orlicz-
Sobolev space see for example [3-7].

Very recently, many researchers have paid their attention to studying the existence of
solutions for several problems through Orlicz-Sobolev space see [8-15] and references
therein. At this point, we briefly recall literature concerning related elliptic problems in
Orlicz-Sobolev space. In [16], Clément et al. studied the following Dirichlet problem

{— div(a(Vu()Vu) = f(x u(x)), in Q, (1.2)
u =0, on 99,

where Q c RY is a smooth bounded domain, f € C(Q X R, R) and the function s — sa(s) is
an increasing homeomorphism from R onto R. By using Mountain Pass geometry in an
Orlicz-Sobolev space, the authors investigated the existence of nontrivial solutions to the
problem (1.2). Later, Clément et al. studied the problem (1.2). By using Orlicz-Sobolev
spaces theory combined with a variant of the Mountain Pass lemma of Ambrosetti-
Rabinowitz, the authors proved the existence of a nontrivial solution for such a problem.
Mihailescu and Radulescu [17], employed Orlicz-Sobolev space theory and variational
methods to investigate the existence and multiplicity of solutions for the following problem

{— div(a(qu(x)I)Vu(x)) = f(u(x)), in Q,
u = 0, on 9Q.

Motivated by the above-mentioned works, in this paper, by combining Orlicz-Sobolev
spaces theory with adequate variational methods and Z,-symmetric version (for even
functionals) of the Mountain Pass Lemma (see Theorem 9.12 in [18]), we establish the
existence of infinitely many solutions for the problem (P,) as A is positive and small enough.
The rest of this paper is organized as follows: In Section 2, we present some preliminaries on
function spaces and variational settings. In Section 3, we present and prove the main result of
this paper.

2. PRELIMINARIES

We recall in what follows some definitions and basic properties of the generalized
Lebesgue spaces LP™)(Q) and the generalized Sobolev spaces WP™)(Q), where Q is an
open subset of RY. In that context we refer to the book of Musielak [19] and the paper of Fan
et al. [20].

Set

C,(Q) ={h;h € C(Q),h(x) > 1forall x € Q}.

For any p € C,(Q) such that

1<p:=infp(x) < p(x) <p*:=supp(x) < +oo, (2.1)
XEQ XEQ

we define the variable exponent Lebesgue space LP™(Q) = {u : is a Borel real-valued
function on Q: fﬂ lu(x)[P@dx < 00}.

WWW.josa.ro Mathematics Section



Existence of Solutions for Nonhomogeneous Dirichlet... HaikelOuerghi et al. 883

We recall the following so-called Luxemburg norm on this space defined by the

formula
p(x)

u(x)

[Ulpx): = inf{/,t > O;f dx < 1}.
Q

Variable exponent Lebesgue spaces resemble to classical Lebesgue spaces in many
respects: It is well known [21] that, in view of (2.1), LP®™)(Q) equipped with the above norm,
is separable, reflexive, uniformly convex Banach space ([22], Theorem 2.1). The inclusion
between Lebesgue spaces is also naturally generalized [22], Theorem 2.8: if 0 < |2| < oo and
1, T, are variables exponents so that r; (x) < r,(x) almost every where in Q then there exists
the continuous embedding L™z (Q) & L"1®)(Q). We denote by LP'®)(Q) the conjugate
space of LP()(Q), where 1/p(x) + 1/p'(x) = 1. For any u € LP®)(Q) and v € LP'®)(Q)
the Holder type inequality

1 1
| j wvdx] < (— +—)[ulpe) [Vlpcey 2.2)
Q P p

holds.
An important role in manipulating the generalized Lebesgue-Sobolev space is played
by the modular of the L") (Q) space, which is the mapping pp,y: LP® () - R defined by

pp(x)(u) = fﬂ |u|p(x)dx’
and it satisfies the following proposition:

Proposition 2.1. (See [23]) For all u, v € LP®(Q), we have
(1) [ulpey < 1(resp.=1,> 1) © pyy(u) < 1 (resp.=1,> 1),

. - + - +
(2) min (Jul? . 14l ) < Ppoo @) < max (Jull ), [ulbe, ).
(3) pp(x)(u - U) - 0o |u- Ulp(x) - 0.

We also mention the following important proposition:
Proposition 2.2. (See [24]) Let p and g be two measurable functions such that 1 <

p(x)q(x) < oo, fora.e.x € Qand p € L*(Q). Letu € LI®(Q),u # 0. Then

- p* P~ p(x) P~ p*
min (Jul? (g 14lhGace ) < 14l oo = max (Jul? g o 14l bace )

The Lebesgue-Sobolev space WP®) (Q) is defined by
WP (Q): = {u € LPX(Q): |Vu| € LPX(Q)},
and equipped with the norm
Il pen: = [ulpey + [Vitlpe-

Since the operator in the divergence form is non-homogeneous, then we introduce an
Orlicz-Sobolev space setting for problems of this type. We first recall some basic facts about
Orlicz-Sobolev space.
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Define
t

CD(t):=f p(s)ds, @*(t):= ft(p_l(s)ds, forall t € R.

We observe that @ is a Young function, that is, ®(0) = 0, ® is convex, and
tlim d(t) = +oo.

Furthermore, since ®(t) = 0 ifand only if t = 0,

lim 29 = 0 and 1im¥= o0,

t—0 t—oo

then @ is called an N-function. The function ®* is called the complementary function of &
and it satisfies
®*(t) = sup{st — P(s);s =0}, forallt >0.

We observe that @* is also an N-function and the following Young's inequality holds
true:
st < d(s) + d*(t), foralls, t=0.

Assume that @ satisfies the following structural hypotheses

o0 _ o o) _
1<11m1r1fq)() <p° —iggm< ) (2.3)
N <py:= 1nf tp (o) < lim infw. (2.4)

>0 @(t) © toeo log(t)

The Orlicz space L4 () defined by the N-function @ is the space of measurable
functions u: Q — R such that

Il ull,,:= sup {f u(x)v(x)dx;f O (Jv(x)hdx < 1} < oo,
Q Q

Then (Le (), lI-ll,,) is @ Banach space whose norm is equivalent to the Luxemburg
norm

I llp= 1nf{u >0:f, @ (”(x)) dx < 1}.

We denote by WL4(Q) the corresponding Orlicz-Sobolev space for the problem
(P,), defined by

WLy (Q): = {u € L¢(n) e Lo(Q),i = ,N}.

This is a Banach space with respect to the norm
lullye:=Iulle +I |Vul lle,

for more details about this space, see [25].
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As mentioned in [26-27], assumption (®,) is equivalent to the fact that both of & and
®* satisfy the A,-condition (at infinity), see ([28], p.232). In particular, (P, Q) and (P*, Q)
are A-regular.

These spaces generalize the usual spaces LP (Q)and WP ((), in which the role played
by the convex mapping t — % is assumed by a more general convex function ®.

We also define the Orlicz-Sobolev space Wy Ly () as the closure of C5°(Q) in WL (Q).
By Lemma 5.7 in [29], W Le () can be equivalent to the following norm

hullye: =l [Vu| llo.

The space Wy Lo (Q) is also a reflexive Banach space. In many applications of Orlicz-
Sobolev space to boundary value problems for nonlinear partial differential equations, the
compactness of the embeddings plays a central role. Compact embedding theorems for
Sobolev or Orlicz-Sobolev space are also intimately connected with the problem of
discreteness of spectra of Schrodinger operators (see Benci and Fortunato [30]).

We recall the following useful two lemmas regarding the norms on Orlicz-Sobolev
space.

Lemma 2.1. On W Le(Q) the norms

lullye=Il Vu lle +1l u lle,
Il u llz0=max{lll Vu llle, Il u llo},

I ll= inf{u > 0: JQ [q: ('uix)') + o ('V”:x)l)] dx < 1},

are equivalent. More precisely, for every u € Wy Lo, () we have

lull<2llull;po<2lullyeo<4lul
Lemma 2.2.([31], Lemma 2.3). Put
D) = [, [®(IVul)]) + P(lu(x))]dx.

For u € W4 Ly (Q), we have
D hul<1=0wlP’< D) <l u P,
0
2 lul> 1=l ulPo< D(w) <l ulIP".

Definition 2.1. Let X be a Banach space and ¢ € C1(X,R), we say that ¢ satisfies the (PS)
condition if any sequence {u,} c X, such that

¢ (u,) is bounded, and ¢’ (u,,) —» 0,in X*,asn - oo,
contains a convergent subsequence.
In order to prove that the problem (P;) has infinitely many solutions, we will use the
following Z,-symmetric version of the Mountain Pass theorem (see Theorem 9.12 in [32]).
Theorem 2.1. Let X be an infinite dimensional real Banach space. If ¢ € C1(X,R), is such

that the following conditions are satisfied:
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¢ is an even functional such that ¢(0) = 0.

¢ satisfies the (PS)-condition.

There exist positive constants p, and a,, such that if || u ll= p,, then, ¢(u) = «a.
For each finite dimensional subspace X; < X, the set

{u € X1; d)(U) 2 0}1

is bounded in X. Then ¢ has an unbounded sequence of critical values.
Throughout the rest of the paper, the letters C;,i = 1,2, ..., denote positive constants
which may change from line to line.

3. MAIN RESULT AND ITS PROOF

In this section, we will present and prove the multiplicity of solutions to the problem
(P;). Precisely, by using the Z,-symmetric version of the Mountain Pass Theorem, we will
prove the existence of an unbounded sequence of critical values of the functional energy
which are solutions to the corresponding problem.

In order to prove the existence of such solutions, we assume the following hypothesis:
(H;) The functions r and q are in C+ (Q) and satisfy equation (2.1).

(H,) There exist C, > 0and K € LG(x> 1(ﬂ) such that, for all (x,u) € Q X R, we have
Colt|" ™2t < f(x,t) < K(x)|t|"™ 2,
where 8 € C(Q), is such that for all x € Q, we have

1<r(kx) <plx)<N<0'(x), (3.1)
and
1<r(x)0'(x) <pyg, (3.2)

0(x)
(x)-1
In this paper, our main result is the following:

where 8'(x) =

Theorem 3.1. Under hypothesis (H;) — (H). If 1 < p® < g* < r~, then, for each 1 > 0, the
problem (P,) has infinitely many solutions.

Before proving Theorem 3.1, we need to prove several lemmas. First, let as introduce
the variational setting of the problem (P;).

Definition 3.1. We say that a function u: Q — R, is a weak solution for the problem (P;) if
for every i € E: = Wy Le (), We have

jg (VN Vux) - V) dx + fﬂ (U DuCOP ) dx
2 [ e uemwE@d+ [ g uCpxdx = 0.
Q Q
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Associated to problem (P;), we define the energy functional J,: E = R, by

Li@):=1w) — (W) +J2(w),

where
I(u) = fﬂ [@(Vu(x)]) + P(lulx)]]dx,
JAM) =j F(x,u(x))dx,
Q
(90
L(w) = fﬂ@lulq( )dx,
and

3
F(x,§&) =f f(x, t)dt.
0

By hypothesis (H,) we see that for all x in Q, we have

|K; ()]

F(x,u(x)) <C )

|u"®, (3.3)

0(x)
where K; (x) = max(C,, K(x)). We note that since Q is bounded, then, K; € Lé®™-1(Q).
By standard arguments, we obtain J; € C1(E, R). Moreover, for all u,y € E, we have

(], (), )= tl_igkh(u + tl/Jt) —]/1(“),

- fﬂ (VU0 V() - Vp(o)dx + fﬂ a(u()DuGP)dx
4 [ feuCmeds + | g@h@ISuCpCd,
Q Q

Thus, according to Definition 3.1, weak solutions of problem (P;) coincide with critical
points of the functional ;.

Lemma 3.1. Assume that hypothesis (H;) — (H,) are satisfied. If 1 < p® < r~ then, for all
A >0, thereexistp > 0and 0 < § < 1, such that for all u € E, we have

lull=6=J,(u) =0 >0.

Proof. Let u € E, with || u |I< 1. Using Proposition 2.2, the Holder inequality and (3.3), we
obtain

Ji(w) = fﬂ [@(IVu)D) + P(lulx))]dx - lfﬂ F(x,u(x))dx,

A
S - 2 f K ()@ dx,
r Jo
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r(x)

. AC,
2l u P ==Kl llu
0(x)

A _
0 1 +
2l u P - r—_|K|9'(x)maX(|u|$(x)9(x); |u|71:(x)9(x))'
AC _ _
> u ||ff’°—r—_1|1<|@,(x)max(cg+ lw ™, ¢ nul’™),
A T‘ T
> u P~ C1 =K lgrcomax(l w I, T ™),

A
=l w17~ € = |Klgron N u I

Put

A

Since p° < r~, then, it is easy to see that h, (t) > 0 forall t € (0,t,), where

1
. ( T >T —p° .
t; = min{ | ——— 18
! AC1 Ko7 x)

If we fix 0 < § < t; and we put

o =67 - C1 =K' 8",
then, for all 1 > 0, we have
Ja(u) =po>0forallu € Ewith [ull=4
The proof of Lemma 3.1 is now completed.

Lemma 3.2. Assume that we are under hypothesis of Theorem 3.1. If E; c E is a finite
dimensional subspace, then the set S = {u € Ey;J;(u) = 0} is bounded in E.

Proof. From the definition of p°, we have,

So forall o > 1, we have

t 0
log(®(t)) — log(d(t/a)) = f / ;’;ES; j / %dg:log(ap°).
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Therefore, for all t > 1, we get
®(at) < P’ D(2). (3.4)

Hence, if u € E; with || u [I> 1. Then, we have

@ (n wl lvu(x)') dx,

Lfﬂw@mw=j

o Tl
VvV .
suu||p°f cb(' u(x)|>dx, (3.5)
TR
<l u P’

On the other hand, from Proposition 2.1 and the embedding from E into L9™)(Q), we

gx)
q(x)

obtain
|(W@d<"?'fwwwmm,

g lle

<C (w19 +1w ne’), (3.6)

= C(Nu e +nune).

Now, by combining equations (3.5), and (3.6) with the hypothesis (H,) and the fact
that all norms are equivalent for a finite-dimensional space, we obtain

_ 9(x) .
Jw)= fﬂ [@(|Vu(x)|) + P(lu(x)]dx + fﬂ o) lu(x)|1®dx — ;Lfﬂ F(x, u(x))dx,
< 1P+ Cy (I 19+ 1) —Aczf U@y,
Q

<N w P+ ¢ (w19 +w 197) — ACmin(l w 1™, 1w 17,
<Huw P+ C (w9 +lw ) =26, lu .

Hence, for all u € S with || u ||I> 1, we have
lu ™™ < Cluw P+ G (w19 +1w 197).

Since 1 < p° < g* < r~, then, we conclude that S is bounded in E. The proof of Lemma 3.2
is completed.

Lemma 3.3. Let (u,,) be a bounded sequence in E. Assume that there exists a subsequence

still denoted by (u,), such that u, — @, weakly in E. Then the following statements hold
true:

ISSN: 1844 — 9581 Mathematics Section



890 Existence of Solutions for Nonhomogeneous Dirichlet... HaikelOuerghi et al.

Al_r){)lo q |un|q(x)_2un(un —)dx =0, (1)

lim | f(x,u,)(u, —t)dx = 0. (ii)
n—->oo Q
Proof. (i) Using the Holder inequality and Proposition 2.2, we have

j |un|q(x)_2un(un - ﬁ)dXS ||un|q(x)_2un| a(x) |un - ﬁlq(x):
Q q(x)-1

-1 +_1 -
< Clmax(lunlg(x) ) IunIZ(x) ) lun — Bl g(x)-

By letting n tends to infinity, we deduce the first part of Lemma 3.3.

(if) From the Holder inequality and hypothesis (H,), we have

f f(xr un)(un - ﬂ)dXS f K(x)lunlr(x)_zun(un - a)dx;
Q Q

< CK )™ @7 oo lun = @l
r(x)—-1
r(x)—-1

< C1|K|9’(x)||un| ooy |Un = Tlrx)

8 (x)-1

t—1 -—1 -
< CllKle'(x)maX(lunlg(x)(r(x)—l) |un|£(x)(r(x)—1)> lu, — u|r(x),
8T (x)-1" 0001 (0)-1

+_ rt—1 = rT—1 ~
< C1|K|9’(x)rnaX (C{ 1”un” ’ C{ 1”un" ) |un - ulr(x)'

+_ -—— ~
< C1|K|9’(x)max (”un"r 1, "un”T 1) |un - ulr(x)-

By letting n tends to infinity, we obtain the second part of Lemma 3.3.

Proposition 3.1. Assume that we have: 1 < p° < gt <r* < p,. If {u,} C E is a sequence,
such that J; (u,,) is bounded and dJ, (u,,) tends to zero as n tends to infinity, then, {u,} has a
convergent subsequence.

Proof. First, we show that {u,,} is bounded in E. Assume by contradiction the contrary. Then,
there exists a subsequence, still denoted by {u,}, such that |[u,ll - c0 as n — co. Thus,
without loss of generality, we can assume that |lu, |l > 1, for any integer n.

From the fact that dj; — 0, we deduce the existence of N; > 0, such that for any

n > N,, we have
ldja(u)ll < 1.

On the other hand, for any n > N,, the application v — (dJ;(u,),v) is linear and
continuous. So we get

Kda(un), ) < Nldau )l TvIlv, VvEE.

By replacing v with u,, in the above inequality, we obtain
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_”un” < <d](un);un) < ”un”
Therefore,

—llu, ll — {dI(u,),u,) + Af f(x, un(x))un(x)dx < f g ) u, () ]9®dx. (3.7)
Q Q

It follows that
]A(“n)=fﬂ[¢(|Vun(X)|)+<I>(Iun(X)|)]dx—AJQF(x,un(x))dx+L%|un(x)|“x)dx,
> f [ DVt (D) + Dl () D)]elx
Q
1
= f @Vt () ) Vatn ()2 + @l (X)) e (1) 2 dx
Q
-1 F - ! dx — ! I, |l
J. (PO 0 = 5 G 1 (D)) i =
- j [ DV () + Dl ()D]elx
Q
1
- f (@(1Tn D IVun ()] + @l (XD ln (X)) dx
Q
A F ! d !
- fﬂ( (x,un(x»—q—+f<x,un(x>)un(x)) £

From (2.3) we have to(t) < p°®(t), which implies that

D(un) = 2 [ o0 (Vitn (DIt ()] + @ (Jitn (Dl ()1 = (1= 25) D).

Using the above relations, Proposition 2.2, the Holder inequality and hypothesis (H,),
we get

0

AC C 1
])l(un)> <1 - >D(un) _r__3|K|9'(x)”un"r+ +q__?_f |un|r(x)dx _q_+”un"p
Q

q
0
p AC + 1 C _
> (1 ——+> unllP® = == 1K g o lunll” = = llunll + =5 max(ll w 17, 1w I77),
q r q q
0
p AC + 1 C
> (1 - q—+> P = —= K g o lual”™ — o7 lunll + q—i ™,

Since 1 <p® <qt <r* <p,, then, by letting n tends to infinity, we obtain a
contradiction. It follows that {u,,} is bounded in E.
Now, from the fact that E is a reflexive Banach space, up to a subsequence, there
exists i, such that
u, — i, weakly in E.

Since dJ,(u,) — 0 and u,, is bounded in E, then, we get
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] (un), up, — W< K] (un), un)| + KdJa (un), ),
< ldJ; Cup) Mluy L + ld] Cu NI 22
So
%%(d](un)fun —1i)=0.

Hence, from Lemma 3.3 and the last relation, we obtain
%i_l;go<dl(un): Up — ﬁ) =0. (38)
On the other hand, the convexity of @, implies that I is convex. So

lim supl(u,) < I(@1). (3.9

n—-oo

By combining (3.9), with the weakly lower semi continuity of I, we deduce
7li_rélol(un) = I(@1). (3.10)

That is
lim [ (@07, + @(lunCDIdx = | [@(VICOD + P(1a@DIdx. (3.11)

Since @ is increasing and convex, then, for all x € Q, we have

1 1
@ (5 Vitn () = VACO! J+ (3 lun ) = 700 )
1 1
<o <§(|Vun(x)l + IVﬁ(X)I)> + <§(Iun(x)| + Iﬁ(x)l)>,

1
(@(|Vu, ()) + 2(Va)D) + 5 (P(un (D) + @E)]).

N =

<
By integrating the above inequalities over Q, and using Lemma 2.2, we get
1 1
0=2 | @ (517 - D) + @ (510 - DEOI) d,
q \2 2
< [ ®QvmCoNdx+ [ e@vaGDdx + | SlunGDdx + | Slaconds
Q Q Q Q

< j O(|Vun()]) + D (lun(0))elx + f o(IVaCol) + d(a0odx,
Q Q

0 - - 0
< max (I I7°, i IP” ) + max(ll @ IPo, Il @ I1P°).

Since {u,} is bounded in E, then, there exists M > 0, such that

0< JQ [cp (% IV (u,, — ﬁ)(x)l) + (% I, — a)(x)|)] dx < M. (3.12)
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On the other hand, since {u,,} converges weakly to i in E. Then, Theorem 2.1 in [33]
implies that

ou, ot )
vdx - f —vdx,Vv € Ly+(Q),i =1...,N.
a 0% 0x;

In particular, the above result holds for all v € L* (). Hence

Oun | O eakly in [(Q), forall i = 1, .., N
o, aXi,wea y in foralli=1,..,N.

Which yields to
Vu,(x) - Vii(x) a.e.x € Q. (3.13)

By combining Equations (3.11), (3.12) and (3.13) with the Lebesgue's dominated
convergence theorem, we obtain

lim [CID (% |V(u, — ﬂ)(x)l) + o G |(u,, — ﬁ)(x)l)] dx = 0. (3.14)

—00
n Q

On the other hand, assumption (®,), implies that (®) satisfies A,- condition. So from
(3.14), we get

lim [[u,, — ]l = 0.
n—-oo
The Proof of Proposition 3.1 is now complete.

Proof of Theorem 3.1. It is clear that the functional J, is even, and J;(0) = 0. Moreover,
Proposition 3.1, implies that J, satisfies the Palais-Smale condition. Finally, from Lemmas 3.1
and 3.2, we can apply Theorem 2.2 to the functional J,. So we conclude that the problem (P,)
has infinitely many weak solutions in E'.

CONCLUSION

In this paper, we establishes the existence of multiple solutions for a non-
homogeneous problem in the framework of Orlicz-Sobolev spaces by using variational
techniques that rely, especially, critical point theory, and the Z2-symmetry version for the
well known Mountain Pass theorem.
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