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Abstract. This paper aims to expand soft int-group theory by analyzing its many
aspects and structural properties regarding soft cosets and soft quotient groups, which are
crucial concepts of the theory. All the characteristics of soft cosets are given in accordance
with the properties of classical cosets in abstract algebra, and many interesting analogous
results are obtained. It is proved that if an element is in the e-set, then its soft left and right
cosets are the same and equal to the soft set itself. The main and remarkable contribution of
this paper to the theory is that the relation between the e-set and the normality of the soft int-
group is obtained, and it is proved that if the e-set has an element other than the identity of
the group, then the soft int-group is normal. Based on this significant fact, it is revealed that if
the soft set is not normal, then there do not exist any equal soft left (right) cosets. These
relations are quite striking for the theory, since based on these facts, we show that the
normality condition on the soft int-group is unnecessary in many definitions, propositions,
and theorems given before. Furthermore, we come up with a fascinating result, unlike
classical algebra that to construct a soft quotient group and to hold the fundamental
homomorphism theorem, the soft int-group needs not to be normal. It is also demonstrated
that the soft int-group is an abelian (normal) int-group if and only if the soft quotient group of
G relative to the soft group is abelian. Finally, the torsion soft-int group and z-soft int-group
are introduced, and we show that soft int-group f; is a torsion soft-int group (z-soft int-

group) if and only if the soft quotient group G/fa Is a torsion (z-group), respectively.

Keywords: Soft set; soft int-groups; normal soft int-groups; e-sets; soft cosets; soft
quotient groups.

1. INTRODUCTION

Researchers are unable to properly address issues in many fields, including
engineering, economics, environmental and health sciences, and science, due to the presence
of various forms of uncertainty. There are three well-known fundamental theories-probability
theory, fuzzy set theory, and interval mathematics-used as mathematical tools to cope with
uncertainty. However, due to the limitations of each of these theories, Molodtsov [1], in 1999,
presented Soft Set Theory as a mathematical tool to get beyond this uncertainty. Since then,
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this theory has been used in a variety of fields, such as measurement theory, operations
research, game theory, optimization theory, information systems, and decision-making.

In terms of soft-set operations, the initial contributions were provided by Maji et al.
[2] and Pei and Miao [3]. Then, Ali et al. [4] defined some new restricted and extended soft
set operations, and Sezgin and Atagin [5] investigated more about the properties of these
operations and defined restricted symmetric differences. Qin and Hong [6] and Ali et al. [7]
studied the algebraic structures of soft sets. Sezgin et al. [8] and Stojanovic [9] defined
extended and symmetric differences of soft sets, respectively. Studies on soft set operations
[10-18] have been of interest since the soft set’s inception. Some drastic changes were made
to the definition and operations of soft set by Cagman and Enginoglu [19], and then the soft
set theory has been the subject of intense research, with several significant theoretical and
practical findings.

Soft algebraic structures are studied by many researchers, as well as soft set
operations, with the study of Aktas and Cagman [20]. A parametrized family of a group's
subgroups is what Aktas and Cagman [20] defined as a soft group. In other words, if and only
if every value in the set-valued function is a subgroup of the group, then a soft set is referred
to as a soft group over the group. In this regard, normalistic soft groups were studied in [21].
Aslam et al. [22] introduced normal soft groups, abelian soft groups, and abelian soft
subgroups of a soft group, and their properties were checked out. Also, cyclic soft groups,
cyclic soft subgroups, soft cosets of a soft subgroup of a soft group, order of a soft group, soft
index, and partition of a soft set over a group were studied, and soft maximal normal
subgroups, simple soft groups, and factor soft groups were obtained. Aktas and Ozlii [23]
introduced the order of the soft groups, power of the soft sets, power of the soft groups, and
cyclic soft groups on a group and investigated the relationship between cyclic soft groups and
classical groups. In 2019, Nazmal [24] handled the homomorphic image and preimage of soft
groups under soft mappings. Alajlan and Alghamdi [25] studied the center of the soft group,
the kernel of soft homomorphisms and soft automorphisms, characteristic soft subgroups of a
given soft group. In all these studies, the soft group structure is the one defined by Aktas and
Cagman [20]. Ghosh and Samanta [26] came up with a new idea of soft groups using the
concept of soft elements, and Yaylali et al. [27] extended the study on binary operations on a
soft set by using the soft element definition, and Weldetekle et al. [28] proposed a new
definition for soft groups based on soft binary operations.

Cagman et al. [29] constructed a novel class of soft groups on soft sets, which they
call soft intersection groups, or simply "soft int-groups." This novel idea is very useful in that
it enhances soft set theory in connection to group structure since it is founded on the inclusion
relation and intersection of sets and unifies set theory, group theory, and soft set theory. This
kind of soft algebraic structure inspired many studies in soft set literature [30-35]. In [29],
Cagman et al. provided the notions of soft int-subgroup and normal soft int-subgroup based
on the definition of soft int-group. Also, abelian soft sets, soft cosets, e-sets, soft images, and
soft preimages were described, and their applications to group theory concerning the soft int-
group were given. In [36], some additional properties of soft sets and soft int-groups were
provided, and some significant relationships between soft products, soft inclusions, and soft
int-groups were obtained. In [37], normal soft int-groups were presented in detail, and their
related properties were investigated. Some relations on alfa-inclusion, soft product, and
normal soft int-group were obtained. In addition, normalizer, quotient group, and other
concepts concerning these were given. In [38], more on the normal soft groups, soft Cayley
and Lagrance Theorems were handled. In [39], studies on the normalizer of a soft set and the
normal soft set on a groupoid were given. In [40], commutative soft sets and commutative
soft intersection groups were investigated. In [41,42], normal soft int-subgroups of a soft int-
group were defined, several relations concerning them were given and homomorphism and

WWW.josa.ro Mathematics Section



A Remarkable Contribution to Soft Int-Group Theory... Aslihan Sezgin et al. 907

isomorphism theorems were applied to the soft int-groups. In [43], the soft quotient subgroup
and quotient dual soft subgroup were defined, their algebraic properties were obtained, the
fundamental isomorphism theorems in soft subgroups analogous to group theory were
investigated, and the second type nilpotent soft subgroups were as introduced as new concepts
in [44]. Cosets, normal groups, and quotient groups are very significant concepts in abstract
algebra. Lagrange Theorem, the elegant and important theorem, comes from the simple
counting of cosets and the number of elements in each coset. Normal subgroups play an
important role in determining both the structure of G and the nature of homomorphisms with
domain G. Quotient groups are helpful as they allow us to examine the group in simpler forms
using quotient groups. That is to say, a group may occasionally be too complex to investigate
in its entirety; however, quotient groups typically have a simpler structure than the entire
group. Thus, when we examine the quotient group, we can learn more about the initial group
structure. To provide a concrete example of this let’s think Z(G), the center of the group G. If

the quotient group G/Z(G) is cyclic, then the group G is abelian itself. This fact may be

used to demonstrate the abelian nature of every group of order p? (p prime). Also,
every homomorphism with domain G gives rise to a quotient group G/H, and every quotient

group G/H gives rise to a homomorphism mapping G into G/H' Thus, homomorphism and

quotient groups are closely related [45].

In soft int-group theory, the concept of soft cosets was first defined by Cagman et al.
in [29]; however, in this study, only the definition, an example, and a few theorems regarding
the relation of e-set and cosets were given. In [37,38], normal soft int-groups, the basic
concepts for soft quotient groups, were handled, and soft quotient groups were constructed,;
but many related concepts are missing and need to be corrected.

In this paper, to contribute to soft int-group theory and soft set literature, we deal with
the crucial concepts of soft cosets and soft quotient groups. By exploring and evaluating its
various structural characteristics, particularly in relation to the theory's key concepts of soft
cosets and soft quotient groups, this study seeks to further the field of soft int-group theory.
First of all, the designation of soft coset is revised to conform to the standard notation of soft
set theory. Then, all of the properties of soft sets are obtained in line with the classical cosets
in abstract algebra, and several fascinating analogs are found. We show that when G is
abelian, soft left and right cosets coincide, but the group G being abelian is not a necessary
condition for the right and left cosets to be equal. Soft group itself is shown to be soft left and
right coset, and the left (right) coset is not soft int-group, in general. We also prove that if an
element is in the e-set, then its soft left and right cosets coincide, and they are equal to the soft
set itself. The main contribution of this paper is that we give the relation between the e-set and
the normality of the soft int-group, and we demonstrate that if the e-set has an element other
than identity, then the soft int-group is normal, and so if the soft set is not normal, then there
do not exist any equal soft left (right) cosets. This relation is very important in the theory,
because based on this fact, it is proved that in many definitions, propositions, and theorems in
[29,37,38] the condition of normality on the soft group is unnecessary. Furthermore, unlike
classical algebra and what is quite interesting is that for constructing a soft quotient group and

to hold the isomorphism G/fc = G/Gf , the soft int-group f; needs not be normal. It is also
G

presented that if each soft left (right) coset is equal to its inverse, then the soft int group is
normal. Moreover, it is obtained that there is a one-to-one correspondence between the set of
all soft left cosets and the set of all soft right cosets. Furthermore, it is observed that f;; is an

abelian (normal) soft int-group if and only if G/fGis abelian. This theorem is crucial, since by

commenting on the abelian property of G/Gf , we can deduce about the normality of the soft
G
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set f;. Finally, torsion soft-int group, p-soft int-group are introduced, and we prove that f is
a torsion soft-int group (p-soft int-group) if and only if the soft quotient group G/fa IS a

torsion (p-group), respectively. In this regard, this paper is an overall study of the soft cosets.
Moreover, since the soft set is a generalization of fuzzy sets, fuzzy group theory may be
revisited by taking into account the outstanding results in this study about normality and
quotient groups.

2. PRELIMINARIES
In this section, we remind the basic concepts regarding soft sets and soft int-groups.

Definition 2.1. Let U be the universal set, E be the parameter set, P(U) be the power set of U
and A € E. A soft set f, over U is a set-valued function such that f,: E — P(U) such that for
all x ¢ A, f,(x) = @. A soft set over U can be represented by the set of ordered pairs

fa= {(xrfA(x)):x EE, falx) € P(U)}
[1,19]. Throughout this paper, the set of all the soft sets over U is designated by Sg(U).

Definition 2.2. Let f,, fz € Sg(U). If f4(x) S fz(x) for all x € E, then f, is a soft subset of
fz and denoted by £, € f5 [19].

Definition 2.3. Let f4, fz € Sg(U). If f4(x) = fz(x) for all x € E, then f, is called soft equal
to fz and denoted by f, = f5. If f4 # f3, then we say that f, and f5 are different soft sets
[19].

From now on, G is a group with the operation "." and identity "e" and for all x,y € G; we
prefer to use "xy" instead of all "x. y". Also, all the soft sets are the elements of the set S, (U),
and H is a subgroup of G otherwise specified. For all undefined concepts as regards groups,
normal subgroups, cosets, quotient groups, and homomorphism, we refer to [44,45].
Definition 2.4. Let f,; be a soft set over U. Then, f; is called soft int-group over U if

fo(xy) 2 fo() N fe() and fe(x™1) = fo(x) forall x,y € G [29].
Theorem 2.5. f;; is a soft int-group over U if fz(xy™1) 2 fz(x) N f;(y) forall x,y € G [29].
Proposition 2.6. Let f; be a soft int-group over U. Then, f;(e) 2 f;(x) forall x € G [29].

Definition 2.7. Let f; be a soft int-group over U. Then, e-set of f;, denoted by Gy, is
defined as

Gro={x €G | fc(x)= fc(e)} [29].
Definition 2.8. Let f; be a soft int-group over U. f;. Then, the soft set f; is called an abelian

soft set over U if f;(xy) = fs(yx), forall x,y € G. Itis obvious that if G is abelian, then f;
is abelian [37].
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Definition 2.9. Let f; be a soft int-group over U. f;, Then, f; is called soft normal in G (or
normal soft int-group), if f;; is an Abelian soft set [37].

Definition 2.10. Let H be a subgroup of G and f,; be a soft int-group over U and fy be a
nonempty soft subset of f; over U. If fy itself is a soft int-group over U, then fy is called a
soft int-subgroup of f; over U [29].

Definition 2.11. Let f,; be a soft int-group over U and fy be a soft int-subgroup of f;. Then,
fn is called a normal soft int-subgroup over U, if it is an abelian soft subset of f; over U [29].

Theorem 2.12. Let f; be a soft int-group over U. Then, the following conditions are
equivalent:
i) f¢ isanormal soft int-group, that is, f; (xy) = f;(yx) forall x,y € G.
i) fg is an abelian soft int-group.
iii) f is constant in the conjugate class of G, that is, f; (xyx™1) = f-(y) forall x,y € G.
iv) fe(xyx™) 2 fa(y) forall x,y € G.
V) felxyx™1) € f.(y) forall x,y € G [37].

Definition 2.13. Let f; be a soft int-group over U and a € G. Then, soft left coset of f,
denoted by afg, is defined by the approximation function af; = f;(a1x) for all x € G; and
soft right cosets of f;, denoted by f;a, is defined by fza = f;(xa™1) for all x € G [29].

Theorem 2.14. f;; is a normal soft int-group if and only if af; = f;a forall a € G [37,41].
We refer to [29,36-43] for all undefined concepts as regards soft int-groups, normal soft int-
groups, and soft quotient (or factor) groups, to [47] regarding the possible applications of
network analysis and graph applications on soft sets, and to [48,49] regarding the picture
fuzzy soft sets.

Since in this paper, we correct some problematic cases in [29,37,38] and prove that in most of
the theorems, propositions, and definitions, some of the assumptions are not necessary, we are

of the opinion that it is more appropriate to remind these theorems, propositions, and
definitions in Section 3 when the occasion arises.

3. RESULTS AND DISCUSSION

In this section, first, we revise the presentation of the definition of soft left (right)
coset defined first in [29], since soft left (right) coset defined itself is a soft set; hence, it is
more appropriate to give the definition of soft left (right) coset in the general and classical
format of soft set as follows:

Definition 3.1. Let f;; be a soft int-group over U and a € G. Then, the soft set af, defined by
afe = {(x, fe(a™*x)),x € G}

is called a soft left coset of f;. Similarly, the soft set f;a defined by

fea = {(x, fe(xa™)),x € G}
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is called a soft right coset of f; [29].
In abstract algebra, if G is an abelian group, then every left coset of G is a right coset
of G, i.e.,aH =Hafor all. a € G. As an analogy, we have the following:

Note 3.2. If G is an abelian group, then each soft left and soft right coset of f,; always
coincide with each other, i.e., af; = fga for all a € G, since f;(a 1x) = fz(xa™1) for all
x,a € G. In [37], it is stated that if f; is a normal soft int-group, then every soft left coset is
equal to a soft right coset. Anyway, if G is an abelian group, then f; is a normal soft int-group
is obvious.

Example 3.3. Consider the Klein-4 group G = {e, a, b, c} defined by the following table:

Table 1. Cayley table of binary operation.
e a b c

b
c
e
a

Q"0

a
e
c
b

a Tt Q o
O Tt Q o

Let U = Z be the universal set and f,; be a soft set over U defined by as follows:

fe = {(e,{=3,-2,-1,0}), (a, {=2,-1}), (b, {=2,-1,0}), (¢, {=3, =2, —~1}}.

One can easily show that f; is soft int-group over Z. Then, we can calculate the soft
left cosets of £, the soft left cosets are as follows:

efe = {(e,{=3,-2,-1,0}, (a,{-2,-1}), (b, {-2,-1,0}), (¢, {=3,-2,—-1})}
afe = {(e,{=2,-1}),(a,{-3,-2,-1,0}), (b, {-3,-2,-1}), (¢, {—2,-1,0})}
bfe = {(e,{~2,-1,0}),(a,{-3,-2,-1}),(b,{—3,-2,-1,0}), (¢, {—2,—-1})}
cfe ={(e,{=3,-2,-1}), (a,{-2,-1,0}), (b, {2, -1}), (c,{-3,-2,-1,0})}
Since G is an abelian group, f;(a~'x) = f;(xa™") for all a, x € G; thus the soft left

cosets are the soft right cosets of f; at the same time. Thus, the soft right cosets are as
follows:

fee = {(e,{=3,-2,-1,09), (a, {=2,-1}), (b, {~2,-1,0}), (c,{~3, -2, -1})}
fea ={(e,{-2,-1}),(a,{=3,-2,-1,0}), (b,{-3,-2,-1}), (¢, {~2,—-1,0})}
feb = {(e,{=2,-1,0}), (a,{-3,-2,-1}), (b, {~3,-2,-1,0}), (¢, {~2,-1}}
fec = {(e,{=3,-2,-1}),(a,{=2,-1,0}), (b, {-2,-1}), (c,{-3,-2,-1,0})}

Example 3.4. Let U = Z be the universal setand G = D; = {< x,y >: x3 =y2 =¢, xy =
yx?} = {e, x,x?,y,yx, yx?} be the set of parameters defined as following table:
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Table 2. Cayley table of binary operation.

* e x x* y yx yx?
e e x x* y yx yx?
x x x2 e yx? y yx

e x  yx yx? oy
y y yx yx? e X X

We define the soft set f; over U as follows:

fo = {(e.{~2,-1,0,1,2}), (x,{~2,—1}), (x*, {—2,—1}), (. {=2.0}), (yx, {—2.,2}),
(yx?, {=2,1}}

One can easily show that f; is soft int-group over Z and different soft left cosets of f;;
are as follows:

efe

= {(e,{-2,-1,0,1,2}), (x, {=2,-1}), (x* {—2,—1}), (, {(—2,0]), (yx, {—2,2}), (yx?,{-2,1})}
xfe

={(e,{-2,-1}), (x,{~2,-1,0,1,2}), (x? {=2,—1}), (v, {=2,2}), (yx, {=2,1}), (yx?, {~2,0})}
x*fg

= {(6, {_21 _1}); (x' {_2' _1}): (xz' {_2' _1)0)1)2}); (yr {_211})r (yx; {_2'0}); (ysz {—2,2})}

vt
= ({;(e, {=2,01), (x, {=2,2]), (x? {=2,1}), (., {=2,-1,0,1,2}), (yx, {=2, —1}), (yx?,{=2, —1})}

yxfe
= {(e,{-2.2}), (x, {=2,1}), (x? {=2,0)), (v, {-2,—-1}), (yx, {—2,-1,0,1,2}), (yx? {~2,-1})}

yx*fg
= {(e,{-21}), (x, {=2,01), (x? {=2,2]), v, {-2,—-1}), (yx, {—2,-1}), (yx? {-2,-1,0,1,2})}

When we can calculate the soft right cosets of f; similarly, different soft right cosets
of f, are as follows:

fce

= {(e,{=2,-1,0,1,2}), (x, {—2,-1}), (**, {2, —1}), (v, {=2,0}), (yx, {=2,2}), (yx? {—2,1})}
fex

= {(e,{=2,-1}), (x,{-2,-1,0,1,2}), (x? {—2,—1}), (v, {(—2,1}), (yx, {—2,0}), (yx?, {-2,2})}
fex?

={(e,{=2,-1), (x,{=2, -1, (x*,{-2,-1,0,1,2}), (., {-2,2D), Ox, {-2,1}), (yx?,{~2,01)}
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fey
= {(e,{-2,0]), (x, {=2,1}), (x* {=2,2]), (v, {-2,-1,0,1,2}), (yx, {=2, —1}), (yx? {=2,-1})}

feyx
= {(e,{-2,2}), (x, {=2,01), (x* {=2,1}), (7, {=2,—-1}), (yx, {~2,-1,0,1,2}), (yx? {~2,-1})}

feyx®
= {(e,{-2,1}), (x, {=2,2}), (x% {=2,0}), 7, {=2,—-1}), (yx, {=2,-1}), (yx* {~2,-1,0,1,2})}

Note 3.5. In Example 3.3, although each left coset is a soft right coset at the same time; in
Example 3.4, it is seen that af; # f;a for all a € G-{e}. Hence, by Theorem 2.14, the soft set
fc in Example 3.3. is a normal soft int-group; whereas the soft set f; in Example 3.4 is not.

The converse of Note 3.2 holds when the soft set is injective, as shown in the
following proposition:

Proposition 3.6. If f; is an injective function and af; = f;a for all a € G, then G is an
abelian group.

Proof: Let af; = fza forall a € G. Then, Vx,y € G;

fe(xy) = (7)) = (fex N y) =fe(yx™)™) = fa(yx)
Since f; is an injective function;xy=yx for all x,y €G. Thus, G is an abelian group.

Note 3.7. In Note 3.2, it is stated that if G is an abelian group, then af; = f;a for all a € G.
However, even when G is not an abelian group, it is possible that af; = f;a for all a € G.
That is, the property of abelian for the group G is not a necessary condition for the equality of
all soft left and soft right cosets. We have the following example:

Example 3.8. Let U = Z be the universal setand G = D; = {< x,y >: x3 =y2 =¢, xy =
yx?} = {e, x,x?,y,yx,yx?} be the set of parameters. We define the soft set f; over U as
follows:

fo ={(e. D), (x, ), (x*, Z), (v, {=2,1}), (yx, {=2,1}), (yx*, {-2,1})}

One can easily show that f; is a soft int-group over Z. Then, different soft left cosets
of f, are as follows:

efG = fo = xsz = {(e' Z), (X, Z): (le Z)' (y) {_2)1}); (yx, {_2'1}); (yxz' {_2'1})}
vfe = yxfe = yx*fe = {(e,{=2,1}), (x,{-2,1}), (x*, {-2,1}), (, D), (yx, Z), (yx*, Z)}}

When we calculate the soft right cosets of f;, different soft right cosets are as
follows:

fae = fox = fox? = (e, 1), (6, ), (3 2, (9, {=2,13), (v, (~2,1), O, (~2,1])
fGy = fny = fnyZ = {(8, {_211}); (x' {_2;1}), (xZ’ {_2'1})r (y; Z), (}’x' Z)' (}’xz, Z)}

Hence, ef; = fee, xf; = fox, x*f; = fox?, yfe = fo ¥y, ¥Xfo = foyx, yx*f; =

feyx?. We see that even though the group G = Dj is not an abelian group; af; = f;a for all
a € G, that is, f; is a normal soft int-group by Theorem 2.14.
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Note 3.9. By Note 3.2 and Note 3.7, we can conclude that if G is abelian, then f; is a normal
soft int-group; however, if G is not abelian, then f; may be a normal soft int-group (see
Example 3.8) or f; may not be a normal soft int-group (see Example 3.3) as well.

In classical algebra, H itself is a left as well as right coset as eH=He=H. As an
analogy, we have the following:

Proposition 3.10. Let f; be soft set over U. Then, f; itself is a left as well as right coset, that

is, ef; = fee =fo-
Proof: Let f; be soft set over U. Then Vx € G;
(efe)(x) = fo(e™x)= fe(x) = fe(xe™)= (fse)(x)

Thus, the proof is completed.
In classical algebra, a € H < aH = H. As an analogy, we have the following:

Theorem 3.11. Let £, be a soft int-group over U. Then,
a € G, af; = fz = fga
where G¢.={x €G | fz(x)= fs(e)}.
Proof: Let f; be a soft int-group over U and a € G;. Then, fz(a)= f(e). Thus,
afe(x) = fo(a™'x) 2 fo(a™) N fe(x) = fe(a) N fe ()= fe(e) N fe(x) = fe(x)
Hence, af; 3 f,;. Moreover, Vx € G;
fo(x) = felaa™x) 2 fe(a) N fe(a™'x)= fe(e) N fola™ )= fe(a™ x)= (afe) (x)
Thus, f; 3 af;. So, af, = f,. Similarly, Vx € G;
(fea) (@) = fe(xa™) 2 fe(x) N fe(a™) = fo(x) N fe(@)=fe(x) N fe(e)= fo (x)
Hence, f;a 3 f, . Also, Vx € G;
fo() = fe(xa™ta) 2 fe(xa™) n fe(@)= fe(xa™) N fo(e)= fo(xa™)=fza(x)
Thus, f; 3 f; a, implying that f; = fza. We obtain that a € G;, = af; = fza =
fc-

Conversely, let af; = fga = f;. Then, Vx € G; af;(x) = fga(x) = fz(x). When
we choose x = a, it yields

afe(a) = fea(a) = fe(a) = fe(a™a)= fe(aa™)= fs(a) = fe(e)=f(a) = a € Gy,

Note 3.12. In [38], it is proved that a € Gf, < af; = f;. However, Theorem 3.11 is more
comprehensive. And it is of great importance for us, since it shows which soft left cosets and
soft right cosets are equal to f;, as well as it shows us which left and right cosets coincide
with each other even if G is not abelian and/or f;is not a normal soft int-group.
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Moreover, we can conclude from Theorem 3.11 that when the cardinality of Gy is
greater than 1, some soft left (right) cosets are the same, that is, they coincide with each other.

Example 3.13. LetU =D,={<x,y>:x? =y?=¢e, xy =yx}={e,x,y,yx} be the
universal set and G = S5 be the set of parameters. We define the soft set f,; over U as follows:

fG = {((1), DZ)' ((12)' {e' y}), ((13)' {er Y}), ((23)1 {e, y})r ((123)' DZ)J ((132)' DZ)}

One can easily show that f; is a soft int-group over D,. Since
Gr={(1),(123),(132)},

by Theorem 3.11 (1)fc=f; (1) = fo. (123) fo=f((123) = f; and (132) fe= f;(132) = f. In
fact, (1)fs=f;(1) = f; is obvious by Proposition 3.10. Moreover,

(123)fe={(1, D;) . (12){ e, ¥} . (13).{ e, ¥}, ((23),{ e, ¥}) , (123), D), ((132), D;)}
and
fc(123) ={(1, D;) . ((12){ e, y}) . (13).{ e, ¥}) , ((23),{ e, ¥}) , (123), D;), ((132), D,)}-
Hence,
(123) fo = fc(123) = f¢
One can similarly show that (132)f; = £-(132) = f,.. Hence,
Wfe = fe(1) = (123)fs = fc(123) = (132)f; = f(132) = fg

Similarly, in Example 3.8, G.={e,x,x*} and hence, ef; = xf; = x*f; = f; and
fee = fex = fex?=fg, thus

efc = fee = xfs = fox = x*fe = fex* = f;

In classical algebra, left (right) cosets are not subgroups in general. It is obvious that
when aH=H (Ha=H), left (right) cosets are subgroups. As an analogy, we have the following:

Proposition 3.14. Soft left (right) cosets are not soft int-groups, in general.
Proof: In Example 3.3, consider the left coset af;. Since,
afe ={(e,{-2,-1}),(a,{-3,-2,-1,0}), (b,{-3,-2,—1}),(c,{—2,—-1,0})}
and af;(bb) = afgz(e) ={—-2,—1} 2 af;(b) naf;(b) ={-3,—-2,—1}, af; is not a soft
int-group; however as ef; = f;, ef; is obviously a soft int-group.
Similarly, in Example 3.8, since ef; = xf; = x?f;=f;, each of them is a soft int-

group; however, it is obvious that yf;(and hence yxf;, yx2f; as yf; = yxfz = yx?f;) is not
a soft int-group.
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In classical algebra, aH =bH < a b€ H and Ha =Hb < ab ! € H. As an
analogy, we have the following:

Proposition 3.15. Let f; be a soft int-group over U. Then,
afe=bfs © aGr = bGy, (fea=fcb & Gr.a= Gbe)
forall a,b € G [29].
Note 3.16. Let f,; be a soft int-group over U. Then, by Proposition 3.15,
afe=bfs © aGp = bGs, < a™'b € Gy, (fza= fezb © Gpa= Gp.b & ab™ € Gy,)

for all a, b € G. Proposition 3.15 is of great importance in terms of showing which soft left
(right) cosets are equal to each other.

Example 3.17. LetU = Zbe the universal set and G = {e, x?,y,yx?}, the subgroup of
D,={<x,y>:x*=y?=¢, xy =yx3} ={e,x,x%x3,y,yx,yx?, yx3}, be the set of
parameters. We define the soft set f; over U as follows:

fo ={(e.2), (x*Z7), (v, Z7), (yx*, L)}

One can easily show that f; is a soft int-group over Z. The soft left cosets of f; are:

efo={(e, Z), (X°, Z°), (y, Z7), (yx%, Z)}, x’fo = {(e, Z7), (X, Z), (y, Z), (yx, Z7)},
yfe = {(e, Z7), (X°, Z), (y, Z), (yX°, Z7)}, yxfa = {(e, Z), (X*, Z7), (y, Z7), (yX%, Z)}.

Itis seen that ef;= yx’f; and X’fg=yf;. In fact; since G;.={e, yx?}, it is expected by
Proposition 3.10 that ef; = yX’f; = f5. In fact; e Gr_= e.{e, yx°} = {e, yx°}, yX°Gf.= yx’.{e,
yx’} = {yx’, e} and X°G; .= X*.{e, yx'} = (X, y}, YG; .= y.{e, yx°} = {y, X’}. Thus, eG .= yx°
Gr, and efg = yX’fg. Also, X’Gr .= YGy . and X°f; = yf.

Proposition 3.18. Let f, be a soft int-group over U and a, b € G. If f;(ab™1) = f;(e), then
fe(a) = f¢(b) [36].

Corollary 3.19. Let f; be a soft int-group over U and a,b € G. If ab™! € Gy, then fg(a) =
fe (D).

Proposition 3.20. Let f; be a soft int-group over U and a, b € G. Then,
i. ab € G, > fg(a) = f5(b)
i. a™'be Gy, = fs(a) = f;(b)

iii. a™'b™t €Gr, = fe(a) = fe(b)

Proof: Let f; be a soft int-group over U and a, b € G.

(i) Ifab € Gy, then f;(ab ) = f(e). Thus,

fo(@) = fe(abb™) 2 fs(ab) N fe(b) = fe(e) N fo(b) = fs(b)
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Therefore, f;(a) 2 f;(b). Similarly,
fe(b) = fe(a™ab) 2 fe(a™) N fe(ab) = fz(a) N fe(e) = fe(a).
Hence, f;(b) 2 f¢(a). Thus, f;(a) = f(b).
(ii) If a™b € Gy, then f;(a™b) = f4(e). Thus,
fo(@ =fe(@™) = fe(a™*bb™) 2 fe(a™'b) N fe(b) = fe(e) N fe(b) = fz(D)
Therefore, f;(a) 2 f;(b). Similarly,
fe(b) = fe(aa™b) 2 fe(a) N fe(a™'b) = fe(a) N fz(e) = fo(a).
Hence, f;(b) 2 f¢(a). Thus, f;(a) = fe(b).
(iii) If a™'b™* € G, then f5(a™b™1) = f;(e). Thus,
fo(@) = fe(@™) = fa(@™b™b) 2 fe(a™'b™") N fe(b) = fe(e) N fa(b) = fa(b)

Therefore, f;(a) 2 f;(b). Similarly,
fe(0) = fo(™) = felaa™"b™) 2 fe(a) N fe(@™'b™") = fe(a) N fs(e) = fe(a).

Hence, f;(b) 2 f;(a). Thus, f;(a) = f;(b).
Proposition 3.21. Let f; be a soft int-group over U and a,b€G. Then,
afe = bfs © fe(a™b) = fe(b™a) = fg(e)
Proof: Let f; be a soft int-group over U, a,b € G and af; = bf;. Then,
af; = bfg = aGs, =bG;, = a™'h € G, b™'a € G, > fz(a™'h) = fz(b~a) = f(e)
Let fe(a™b) = fo(b~ta) = f;(e). Then, for all x € G;
afe(x) = fe(a™x) = fe(a™'bb™'x) 2 fe(a™'b) N f5(b™'x) = fe(b™'x) = bf(x)
bfe(x) = fo(b7'x) = fe(b™'aa™'x) 2 fe(b™ra) N fe(a™'x) = fe(a™"x)
= afe(x)
Thus, af; = bf;.

Theorem 3.22. Let f,; be a soft int-group over U, and fy be a normal soft int-subgroup of f;
overU, a,b € G. Then, af; = bf; = fy(a) = fy(b) [29].

Note 3.23. In [29,37], Theorem 3.22 is given with the condition that fy is a normal soft int-
subgroup of soft int-group of f;over U and in the proof, the normality is used to prove the
theorem. However, in the following theorem, we revise Theorem 3.22 [29,37] by removing
the condition of normality.
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Theorem 3.24. Let f; be a soft int-group over U, a,b € G. Then, af; = bf; = fs(a) =
fe(b) (fea = feb = fe(a) = f(b))

Proof: Let f; be a soft int-group over U, a,b€G and af; =bf;. Then,
afg = bfg = aGs, = bGs, = a lb e Gr, = fo(a) = fe(b)

Note 3.25. The converse of Theorem 3.24, that is f;(a) = f;(b) = af; = bf; needs not be
true, as seen from the following example.

Example 3.26. Let U = Z be the universal setand G = D; = {< x,y >: x3 =y2 =¢, xy =
yx?} = {e,x,x?,y,yx, yx?} be the set of parameters. We define the soft set f; over U as
follows:

fe ={(e. 1), (x,{0,1,2,3}), (x*,{0,1,2,3}), (. {0,1}), (yx, {0,1}), (yx*, {0,1})}

One can easily show that f; is soft int-group over Z. Soft left cosets xf; and x2f;
are as follows:

*fo ={ (€40, 1,2,3}), (x,2), (<, {0, 1,2, 3, (v, {0.13), (yx, {0, 13), (v’ {0, 11)}
x?fe={(e,40,1,2,3}), (x,{0.1,2,3}), (¢,2), (¥, {0, 1}), (yx, £0.13), (¢, {0, 1}

It is obvious that f;(X) = f;(x?); however xf; # x*f;.

Theorem 3.27. Let f;; be a soft int-group over U, x,y € G. Then, f;(x) = fz(e) & fs(xy) =
fec(y) forall y € G [38].

Proposition 3.28. Let f; be a soft int-group over U, x,y € G. Then, f;(x) = f;(e) =
fo(xy) = f;(yx) forall y € G.

Proof: Let f; be a soft int-group over U, x,y € G. Then, from Theorem 3.27, if f;(x) =
fe(e), then f; (xy) = f(y) for all yeG. Thus,
fex) 2 fe(y) N fo(x) = fe() N fe(e) = fe(y) and
fe) = fexx™) 2 fe(yx) 0 fo(x) = fe(yx) N fz(e) = fe(yx)

; Thus, fe(yx) = fe(¥). By Theorem 3.27, f;(x) = fe(e) = fo(xy) = fe(yx) for
ally e G.

Corollary 3.29. Let f; be a soft int-group over U, x,y € G. Then, x € G, = fs(xy) =
fe(yx) forally € G.

Theorem 3.30. Let f;; be a soft int-group over U. Then, G is a subgroup of G [29].

Corollary 3.31. Let G be an abelian group and f;; be a soft int-group over U. Then, Gy, is a
normal subgroup of G. [37].

Proposition 3.32. Let f; be a normal soft int-group over U. Then, G is a normal subgroup
of G [37].
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Proof: By Theorem 3.30, G, is a subgroup of G when f; is a soft int-group over U.
Therefore, it is enough to show that when f; is a normal soft int-group over U, Gf, is a
normal subgroup of G. Let x € G and n € Gy . Then,

foGnx™) = fo(xx™'n) = fo(n) = fs(e)

Thus, xnx~1 € G, and Gy, is a normal subgroup of G. Here it is obvious that if G is
abelian, then f; is a normal soft int-group over U and Gy, is a normal subgroup of G.
It is obvious by the definition of G that {e} € Gf. and so Gy, # @. What if G;. + {e}?
Now, we are ready to give our main theorem, which gives the relation between G and the
normality of f;.

Theorem 3.33. Let f;; be a soft int-group over U. Then,
Gr, # {e} = f¢ is a normal soft int-group.

Proof: Let f; be a soft int-group over U and G, # {e}. That is to say, there is at least one
more element in G different from the identity element “e” of G. We need to show one of the
equivalent conditions in Theorem 2.12.

1. CASE: Suppose a € G¢.,b € Gg.. Then, ab € Gf.. It follows that f;(a) = fz(b) =
fe(ab) = f;(e). By Proposition 3.28, for all a, b € G, f;(ab) = f;(ba).

2. CASE: Suppose a € Gf,, b & Gs..Then, ab & Gy. It follows that f;(a) = f;(e). By
Proposition 3.28, for all a, b € G; f;(ab) = f;(ba).

3. CASE: Suppose a & Gy, b € Gg.. Then, ab & Gg. It follows that f;(b) = fz(e). By
Proposition 3.28, for all a € G, f;(ab) = f;(ba).

4. CASE: Now suppose a & Gs., b & Gs.. Then, either ab € Gy, or ab & G,.

I. Suppose a & Gs., b & Gs, then ab € Gy. It follows that f;(ab) = fs(e). By

Proposition 3.20 (i), fg(a) = fg(b). Thus, fg(aba™) 2 fz(a) N fz(b) N fz(a™t) =
fe(b) N fe(b) N fz(b) = fz(b). By Theorem 2.12, f, is a normal soft int-group.

i.Suppose a & G, b € G¢, then ab & Gy. It is well known that
[a e GfG ADb E GfG = ab E GfG]E [abE GfG = qa € GfG V b€ GfG]

Let ab € G;, = a € Gs, A b & Gy It follows that f;(ab) = f;(e) and so fg(a) =
f¢(b). But this is not a case under this cirtumtance, since a € G, A b & Gp,..

Let ab € G, = a & Gg, A b € G It follows that f;(ab) = f;(e) and so f;(a) =
fc(b). But this is not a case under this circumstance, since a & G, A b € G,..

Let ab € Gy, = a € Gy, A b € Gp,. It follows that f;(ab) = f(e) and so f;(a) =
fe(b), and since a € G¢. and b € G¢. . fg(a) = fz(b) = fs(e). By Proposition 3.28, for all

a,b € G; f;(ab) = f;(ba).
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Example 3.34. In Example 3.8, G;_. = {e,x,x*} # {e} and f; is a normal soft int-group (even
though G = D is not abelian)

Note 3.35. The converse of Theorem 3.33, that is "f;; is a normal soft int-group = G, #

{e}" needs not be true is seen in Example 3.3. In fact, in Example 3.3, f;; is a normal soft int-
group; but Gy, = {e}.

Corollary 3.36. Let f;; be a soft int-group over U. Then, if f; is not a normal soft int-group,
GfG = {e}
Now, we can revise Proposition 3.32 as follows:

Proposition 3.37. Let f; be soft int-group (need not to be normal) over U. Then, G is a
normal subgroup of G.

Proof: i) Let f; be a normal soft int-group over U. Then, Gy is a normal subgroup of G by
Proposition 3.32.
i) Now let f; be not a normal soft int-group over U. Then, G;. = {e} by Corollary

3.36. Since Gy, = {e} is a trivial normal subgroup, the proof is completed.

Example 3.38. In Example 3.4, f; is not a normal soft int-group and G;.={e} and, Gy, is a
normal subgroup of G.

Note 3.39. The converse of Proposition 3.37, that is "G¢, = {e} = f is not a normal soft int-
group” needs not be true as seen from Example 3.3. In Example 3.3, G, = {e}; however, f;
is a normal soft int-group.

Proposition 3.40. Let f be a soft int-group over U and a € G. Then,
afs = a”'f; © a® € Gy,
Proof: Let f be a soft int-group over U, a € G. Then,

afg =a"'fe © aGr, =a Gy, @ alaT €Gr, @ () EG, & (a*)NE G, & a?
€ GfG

Example 3.41. In Example 3.8, x™! = x?, xf; = x*f;, and x* € G, and x*f; = f; = fex?

Proposition 3.42. Let f; be a soft int-group over U and a € G. Forall a € G;
fe(@®) = fz(e) = f; is anormal soft int-group.

Proof: Let f; be a soft int-group over U and Va € G; f;(e) = f;(a?®). Let a,b € G, then
ab € G. Thus,

fe(e) = fe((ab)?) = fe(abab) = fs(ab(a™"a*)b) = fs((aba™")(a’b))

We obtain that f;((aba™t) (a?b)) = f(e). By Proposition 3.20 (i), f;(aba™) =
fe(a®b)
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Therefore, f;(aba™t) = fz(a’b) 2 f;(a?) N fz(b) = f;(b). By Theorem 2.12, f;
is a normal soft int-group.

In classical group theory, if a? = e (that is a™! = a) for all x € G, then G is an
abelian group. As an analogy, we have the following:

Theorem 3.43. Let f,; be a soft int-group over U and a € G. If Va € G; af; = a™1f, then
fe is a normal soft int-group.

Proof: Let f; be a soft int-group over U and a € G. If af; = a 1f; for all a € G; then
a® € Gy, by Proposition 3.40. Thus, f;(a®) = f;(e) for all a € G. Hence, f is a normal soft
int-group by Proposition 3.42.

Theorem 3.44. Let f;; be a soft int-group over U and a, b € G. Then,

a~be felab™) = fs(e)
Is an equivalence relation on G.

Proof: Let f be a soft int-group over U and a, b € G.
Reflexive: Forall a € G; f;(aa™t) = f;(e).

Symmetry: Suppose that a ~ b , we need to show that b ~a.a ~ b = f;(ab™?!) = f;(e) =
fe(ba™) = fe(e) > b ~ a.

Transitive: Let a ~ b and b ~ c. We need to show that a ~ c. a ~ b = f;(ab™1) = f;(e)
andb ~ ¢ = f(bc™1) = f(e). Hence, felac™) = felab™*bc ™) 2 fz(ab ) N
febc™) = fe(e)n fz(e) = fe(e)

This implies that a ~ c¢. Since ~ is an equivalence relation on G, we can find the
equiavalence classes for all a € G.

a = (bl fo(ab™) = fo(e)} = {b| ab™ € Gy} = {b| ba™* € Gy} = (bl b € Gy a)
= GfGa
Thatisa = Groa. Ifa~b & f;(a™'h) = fs(e), thena = aGy,.
In classical algebra, there is a one-to-one correspondence between the set of all left
cosets of H in G and the set of right cosets of H in G. As an analogy, we have the following:

Theorem 3.45. There is a one-to-one correspondence between the set of all soft left cosets
and the set of all soft right cosets of f.

Proof: Let f;; be a soft int-group over U and A= {f;a: a €G} and B= {af;: a € G} be the set
of soft right and soft left cosets, respectively. Define a map from A to B as follows:

¢ A—B
fea — o(fea)=a™'f;

First, let us show ¢ is a well-defined function. Let a,b € G and f;a = f;b. We need to
show that a ', =b™f;.

fea=feb=Gra=G b= ab? € Gy, = (@)'b" € Gr, = a™G, =b'Gr = af =0,
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Hence, ¢ is a well-defined function.
Now, we show that ¢ is an injective function. Let a,b € G and ¢(fza) = @(fgb). We
need to show that f;a = f;b.

o(f; a) = o(feb) = a*f, =b'f, =2a™ Gf, = b'leG =abte Gr, = Gr.a=Gp b= fea=
feb.

Hence, that ¢ is an injective function.

Finally, we need to show that ¢ is a surjective function. Since for all af; € B, there
exists foa~! € A such that ¢(fza™1) = af;; (since G is a group, every element has an inverse),
@ is a surjective function. Therefore, ¢ is a bijective function.

Definition 3.46. The number of (different) soft right cosets of f; is equal to the number of
different soft left cosets and is known as the soft index of f; in G, denoted by [G: f;].

In other words, when we consider the set G/fc; = { xf;: x € G}, then the cardinality of the set

G/fc is the soft index of f; in G [38].

Example 3.47. In Example 3.3, there are 4 different soft left cosets and 4 different soft right
cosets; in Example 3.4, there are 6 different soft left cosets and 6 different soft right cosets; in
Example 3.8 there are 2 different soft left cosets and 2 different soft right cosets.

In fact, In Example 3.3, G/fa = {efs afs bfs cfe} and so [G: f;]=4; in Example
3.4,

G/fc; = {efe, xfe, X*fe, ¥ e, VX[, VX2 f¢} and so [G: f;]=6; in Example 3.8, G/fa = {efs,
yfc}and [G: fg]=2.

Corollary 3.48. By Theorem 3.45, we can conclude that fza = fgb © a™f; = b71f;
(afs =bfg © fea™t = fegb™ Y forall a, b € G. In Example 3.8, fgx = fgx?, x~1 = x% and
x*fe = xfg.

In abstract algebra, “Quotient Group” has a vital role in group theory. The concept of
“Quotient Group” (which we say soft quotient group) relative to the normal soft int-group f;
was first constructed and defined by Kaygisiz [37] as follows:

Definition 3.49. Let f; be a normal soft int-group. Consider the set G/fa' where G/fa =

{ xf;: x € G}. Define an operation of composition on G/fc as follows:

« G G/ G
' /fc;x /fG /fG
(xfe, ¥fe) = (xfe) * Ofe) = xyfe

forall x,y € G. Then (G/fc *) forms a group under the composition and is called the (soft)
quotient (or factor) group of G relative to the normal soft int-group f; [37].
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Theorem 3.50. Let f; be a normal soft int group. Then, G/fc = G/Gf [37].
G

Proof: Since f;; is a normal soft int group by Theorem 3.32 and G, is a normal subgroup of
G. Hence, G/Gf is a quotient group. In addition, G/Gf is a group [37]. Now, define a map
G G

v G/fG - G/ch
XfG — XGfG

Firstly, 1 is a homomorphism since, for all xf;, yf; EG/fG;

Y ((Xfe)* (Yfe))= ¥ (XYfe)= xyGr, = (xGr)(Grp) = W (xfe) W (vf6)
On the other hand, xGf. = yGs. = Xfg = yfg, and so y is injective. For all
xGys, € G/Gf , there exists at least one Xf; EG/fG such that Y(xf;) = xG¢.. Thus, 9 is
G
bijective and so /fc = /ch'

This theorem shows that Gy, plays a key role in the analysis of the number of different
soft left (right) cosets.

Example 3.51. In Example 3.3, G= {e,a,b,c}and Gy.={e}. Thus, G/GfG = {eGy,,
aGr,,bGr,,cGs. ) and S0 G/fa ={efs, afs;bfscfz). In  Example 3.4,
G= {e,x,x%,y,yx,yx?}, Gr.={e}. So, G/GfG = {erG,foG,xZGfG,yGfG,nyfG,yszfG}
and so G/fc; = {efz, xfe, X% fz, V[, VXfe, yx%fz}. In Example 3.8, G= {e,x, x2,y,yx, yx?}
and Gy.={e, x, x*}. Therefore, G/GfG = {eGy,, Gy} and so G/fc ={efe, vfc}-

Note 3.52. By Proposition 3.15 and Theorem 3.50,
[G: G, 1= [G: f6]

This equality shows us that when we know the set Gy, we can calculate the number of
distinct soft left or soft right cosets of G, in G, that is we can obtain the index of Gy, in G,
and so the soft index of f; in G.

Example 3.53. In Example 3.3 [G: Gf.]=4; in Example 3.4 [G: G.]=6; in Example 3.8 [G:
Gr.1=2. Thus, in Example 3.3 [G: f;]=4; in Example 3.4 [G: f;]= 6 and in Example 3.8 [G:

fel=2.

Proposition 3.54. Let G;.={e}. Then, af; =bf; < a=0»b

Proof: Let G;.={e}. Then, G/GfG = G and so G/f(; = G. Since [G: G¢.]= [G: f5], the
number of different soft left (right) cosets is the cardinality of G. This means that if G;.={e},
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then there is not any soft left (right) coset that is equal to each other. That is, af; =bf; &
a=bh.

Example 3.55. In Example 3.3 and Example 3.4, G¢.={e} and there is not any soft left
(right) coset such that a # b, and af; = bf;, where a,b € G.

In fact; in Example 3.3. G;.={e} and G/fa = {ef; afs bfs cfg}. That is, there are 4
different soft (left) right cosets, where 4 is the cardinality of G.

And in Example 3.4. G;.={e} and G/fc = {efs, xfe, X*f, VI, yxfe, Vx*fs}. That is, there
are 6 different soft (left) right cosets, where 6 is the cardinality of G.

Proposition 3.56. Let f; be not a normal soft int-group and a,b € G. Then, af; = bf; &
a=b>b

Proof: By Corollary 3.36, if f;; is not a normal soft int-group, then G. = {e}. By Proposition
354, af; =bf; © a=b.

Example 3.57. In Example 3.4, the soft set f;; is not a normal soft int-group and
G/fG = { ef. Xfa. X*f6. Yfer yxfe, yx*fc}

We see that for a, b € G, af;=bf; & a =b.
It is well-known in abstract algebra that for the set G/H, H need not be a normal

subgroup; however in order to construct a quotient group G/H, H must be a normal subgroup

of group G; otherwise, the composition defined on the set G/H is not well-defined. As an
example, let G = D; = {<x,y >: x3 =y% =¢, xy = yx?} = {e,x,x%,y,yx,yx?} be the
set of parameters and H = {e,y} be the subgroup of G (Take care that H is not a normal
subgroup of G), then

xH = yx?H and x?H = yxH

Although (xH, x2H) = {yx?H,yxH); (xh)(x?H) = x3H = eH and (yx*H)(yxH) =
(vx?)(yx)H = x%H, so
(xH)(x*H) # (yx*H)(yxH)

So the composition is not well-defined when H is not a normal subgroup.
Now we show that, to a big surprise, to construct a soft quotient group relative to f,
fc need not be a normal soft int-group. We show that when f; is not a normal soft int-group,

the composition operation defined on the set G/H is again well-defined, as the operation is
independent of the choice of representatives. This is very interesting, as we do not encounter

such a case in classical abstract algebra.

In order to show this, first of all, we update the definition of soft quotient group
relative to the soft int-group f; and then show that the composition defined is well-defined.
Definition 3.58. Let f,; be soft int-group (needs not be normal). Consider the set G/fa’ where
G/fc = {xf;: x € G } is the set of all the soft left (right) cosets of f;. Define an operation of

composition on G/fc as follows:
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« G G/ G
' /fGX /fG /fG
(xfe, ¥fe) = (fe) * Ofe) = xyfe

for all x,y € G. Then, (G/fc *) forms a group under the composition and is called the soft
quotient (or factor) group of G relative to the soft int-group f.

Theorem 3.59. Let f; be a soft-int group of G. Then, the set G/fa of all the soft left (right)
cosets of f; in G forms a group under the composition defined by (xf;) * (¥fs) = xyf¢.

Proof: Let f; be a soft-int group of G and consider the set
G/fc; = {xf;: x € G}

for xf;, vf¢ EG/fG. Define the composition on G/fGas (xfg) * (vfg) = xyf; . To show that
the above composition is well-defined, let a,, a,, by, b, € G and

(a1fe, b1fe) = (azfe, b2fc)

We need to show that

a1 f * bifc = axfe * bafs

i) Let f; be not a normal soft int-group and (a, fg, b1fs) = (ayfe, bafg). Thus, a, f; = a,f;
and b, f; = b,f;. By Proposition 3.56, a;, = a, and b; = b,. Thus, a;b,f; = a,b,f; and,
S0 ayfg * bifec = axfc * bafe.

i) Let f; be a normal soft int-group and (a, f;, b1fs) = (axfe, bafe)- Thus, a,f; = a,f;

(a4 bl)fc(X):fc((a1b1)_1x):fc((b1_1a1_1)x):( b, fe)(a;~x)=
(bafe)(ay %) =(f5b2)(a, ~tx)=(fs)(a, ~txb, )=
(a1fz) (b, " D=(azfe)(xby )=(fraz)(Xby )= fe (xby ‘a,™ 1= fs(x(azhy)™t)=
(az by)fe(X)

Thus, a; bif; = ayb,f; and so a,f; * bifec = axfe * byfg. This shows that the
above composition is well-defined, that is this operation is independent of the choice of
representatives xf; and yf;, although f; is not a normal soft int-group.

In order to show that (G/fa ,%) 1S a group, that is the closure, associative, identity, and
inverse property are satisfied, we refer to Kaygisiz [37].

Example 3.60. Consider the soft set

fo = {(e.{—2,-1,0,1,2}), (x,{-2,—1}), (x* {~2,—1}), (. {=2.0}), (yx, {—2.,2}),
(yx?, {=2,1}}
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in Example 3.4. We know that f; is a soft int-group over Z, but it is not a normal soft int-
group. Soft left cosets of f;; are as follows:

Cle. =efo . xfe . X*fo. ¥fe, yxfo, yx*fo}

We see that there is no soft left (right) coset that is equal to each other, that is,
af; = bf; & a=b. When we construct the soft quotient group of G relative to the soft int-
group f;, the Cayley group table of the soft quotient group is as follows:

Table 3. Cayley table of binary operation.

* efe xfe x*fs vfe yxfe  yx*fs

efe efe xfg x*fa yfe yxfe yx*fg
xfe xfg x*fg efe  yxX*fc Vfe yxfe
x*fe | x*fg efe xfg yxfe yx*fc  ¥fe

vfe yfe yxfe yx*fe efg xfg x*fg
vxfe | yxfe yx*fc  ¥fe x*fa efe xfe
X2 fe | yx*fe  ¥fs yxfe xfg x*fg efe

One can easily show that = is a well-defined operation on G/fa and (G/fc; *) is a

group; in fact, the soft quotient group is isomorphic to D;.
Now, we are ready to revise Theorem 3.50 as follows:

Theorem 3.61. Let f;; be a soft int group (needs not be normal). Then, G/fa = G/Gf .
G

Proof: By Proposition 3.37, Gy is a normal group when f; is normal or not. The rest of the

proof is obvious by Theorem 3.50 and by Proposition 3.56.

Moreover, in [38, 41], for the canonical homomorphism, the condition of normality on
fc 1s given, but this condition is unnecessary, so we revise the canonical homomorphism by
removing the normality condition on f;.

Theorem 3.62. Let f;; be soft int-group, Then, for all xe G,
: G
¢: G — /fc
X— Xfg
is @ homomorphism with the Kernel G (a Canonical (natural) homomorphism).

Proof: Let x,y € G, and x = y. Then, it is obvious that xf; = yf;. Hence, ¢ is a well-
defined function. Moreover,

d (XY)=xyfe=(Xfc) Vfe) = ¢ (X)p(Y)

Hence, ¢ is a homomorphism. Let us find the Kernel of the homomorphism:

Kernel p={x€ G : ¢(x) = fc}={X€ G : xf; = fc}=Gf, (By Theorem 3.11)

Here note that if f; is not normal, then G/fa is still a group; so the normality of f;can
be removed.
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In abstract, algebra it is well-known that the group homomorphism ¢: G — G is
injective if and only if the Kernel ¢= {e;}. Now, we have the following corollary:

Corollary 3.63. Let f,; be a not normal soft int-group. Then,

b G — G/fc
X— Xxfg
IS @ monomorphism.

Proof: By Theorem 3.62, the function ¢p: G — G/fa such that ¢p(X) — xf; forall xe G isa

homomorphism. Let f; be a not normal soft int-group. Then, G¢. = Kernel ¢ = {es}. Thus,
¢ is injective, and so ¢ is a monomorphism. Moreover, from this fact, we can deduce that
Pd(X)= ¢p(y)=x=y. Thus, xf; = yf; implies that x =y when f; is a not normal soft int-
group as shown in Proposition 3.56.

In abstract algebra, if G is an abelian group, then so is G/fc' As an analogy, we have
the following:

Theorem 3.64. If G is an abelian group, then so is (G/fa *) [37].
In abstract algebra, if G/H is abelian, then G needs not be an abelian group. (Consider

the quotient group 53/A3, whose cardinality is 2, and so abelian; but the symmetric group S

is not abelian.) As an analogy, we have the following example showing that the converse of
Theorem 3.64 is not true in general.

Example 3.65. Let U = Z be the universal setand G = D, = {< x,y >: x* =y2 =¢, xy =
yx3} = {e,x,x%,x3,y,yx, yx?,yx3} be the set of parameters. We define the soft set f; over
U as follows:

fo =1{(e,2), (x, {0}, (x*,2), (x°, {0}), (v, {O}), (v, {0}), (yx?,{O}), (yx*, {O})}

One can easily show that f;; is soft int-group over Z. Since G¢, = {e,x?}, by Theorem
3.33 f; is a normal soft int-group over G and there are 4 different left(right) cosets as

following: efg = xf5, xfe = x*fe, ¥fs = yx’fo.yxfs =yx’f; and so G/, =

{efe, xfe,Yfe, vxfe}. When we construct the soft quotient group of G relative to the soft int-
group f;, the Cayley group table of the quotient group is as follows:

Table 4. Cayley table of binary operation.
* efe xfc Yfe yxfg

efe efe xfec Yie Yxfg
xfe | xfc  efe yxfe Yfe

e | Yfe yxfe efc xfg
yxfe | yxfe yfe xfc efg
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It is obvious that (G/fa *) is abelian (Klein 4-group); however and G = D, is not
abelian. To satisfy the converse of Theorem 3.64, we have the following:

Theorem 3.66. If (G/fa *) is abelian and f;; is injective, then G is abelian.

Proof: LetVa,b € G and af; * bf; = bf; * af;. Then,

afc *bfs = bf; xaf; = abf; = baf; = abeG = baGfG = (ab)‘l(ba) € Gfa =
(b~ta 1) (ba) € G, = fo((b~ra ) (ba)) = fs(e) = f((ab)™*(ba)) = fz(e) =
fe(ba) = f;(ab) = ab = ba

Thus, G is abelian.

Theorem 3.67. f; is an abelian (normal) soft int-group if and only if G/fa is abelian.

Proof: Let f, be an abelian (normal) soft int-group. Then, (xyx~1y~1) = f;(e) for all
X,y €G; fg. Thus,

fe(C)(x)™) = fe(e) = fo((x)' (xy)) = fe(e) = (yx)"'(xy) € Gp, = yxGs, =
xyGe. = Yxfe =xyfe = ¥fe *xfec = xfe *Yf¢-

G . .
Thus, /fc is abelian.
Conversely, let G/fa be an abelian group. Then, xf; * yfe; = yfe * xfz = xyfe =

yxfe = xyGr, = yxGp, = (xy) 71 (yx) € Gy, = fe((xy) T %)) = fe(e) = fe(xy) =
fe(yx) forall x,y € G. Thus, f; is an abelian (normal) soft int-group.

Corollary 3.68. f; is an abelian (normal) soft int-group if and only if G/Gf is abelian. This
G

result is of great importance since by looking at the abelian property of G/Gf , We can
G
comment on the normality of f;. Also, f; is not an abelian (normal) soft int-group if and only
if G is not abelian.
/ch

Furthermore, in classical algebra it is well-known that if the index of H in G is 2, then
H is normal. Similarly, if the soft index of f; in G is 2, then f; is normal in G. In fact, let [G:

fe]72. Then, the cardinality of the soft quotient group G/fGis 2, and hence G/fGiS an abelian

group (Since 2 is a prime number). Hence, by Theorem 3.67, f; is an abelian (normal) soft
int-group. Here remember that G/fa is a group whether f; is normal or not. Similarly, if the

soft index of f,; in G is p or p? where p is a prime number, then f, is normal in G, too. In
Example 3.65, [G: f;]=4=2% and f; is normal (Note that in Example 3.65, Gr. #{e}).
Moreover, if [G: G¢ ]=p or p?, then £ is normal in G since [G: f;]= [G: Gr.l

Example 3.69. In Example 3.4, f; is not an abelian (normal) soft int-group and G/fc =

{efe. xfg, X*f5, Yfe, VX[, yx*fs} is not abelian, too; since (x?f;)(vfs) = yxfg and
Ofe)(x*fe) = yx*fg, and yxfs # yx*fg,
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Definition 3.70. Let f; be a soft int-group over U. If there exists a positive integer n such that

fe(x™) = fe(e)
then x is said to have finite order and the smallest such positive n such that f;(x™) = f;(e) is
called the order of x with respect to f;, and is denoted by SOf;(x). If there does not exist
such a positive integer, then x is said to have infinite order [38].

Definition 3.71. If SOf;(x) is finite for all Xx€ G, then f; is called a torsion soft-int group.

Definition 3.72. If SOf;(x) is a power of a prime number p for all x€ G, f; is called p-soft
int-group.

Example 3.73. In Example 3.4, SOf;(e)=1, SOf;(x)= SOf;(x*)=3, SOf;(y)= SOf;(yx)=
SOf;(yx?)=2. Thus, f is torsion soft-int group and p-soft int-group.

The following definitions, order of a soft left(right) coset in the quotient group and the
generator of the soft quotient group, are given in a classical way as in abstract algebra:

Definition 3.74. Let G/fc be a quotient group and xf; € G/fc' If there exists a positive

integer n such that (xf;)™ = f; then xf; is said to have finite order and the smallest such
positive n such that (xf;)™ = f; is called the order of xf;; is denoted by SO (xf;).

Definition 3.75. Let G/fa be a quotient group. If there exists xf; € G/fa such that

< (fe) >={(f)"neny =0/,
then G/fc is called a cyclic soft quotient group and xf is called the generator of G/fc'

Example 3.76. Consider G = Z,," = {1, 3, 7,9} as the group and let U = Z be the universal
set and f; be a soft set over U defined by as follows:

fo ={(1,{=3,-2,-1,0), B, {-2,-1}, (7, {-2,-1}), (9,{-3,-2,-1}}.

One can easily show that f; is a soft int-group over Z. Then, since G = Z," is
abelian, soft left and right cosets of f;; are as follows:

ifG = fG1 = fG = {(i' {_3' —2, —1,0}), (§) {_2) _1})' (7' {_2' _1}): (§, {_3' _2' _1})}
3fc = fe3 ={(1,{-2,-1P,(3,{-3,-2,-1,01),(7,{-3,-2,-1}),9,{-2,-1}) }
7fe = fe7 ={(1,{-2,—-1),(3,{-3,-2,—1), (7,{-3,-2,-1,01, 9, {-2,-1})}

e = fc9 ={(1,{=3,-2,-1}, B, {-2,-1}, (7,.{-2,-1}), (9,{-3,-2,-1,01}
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Since <3f; >= (3f;, s, 7fe fo)} = G/fc;' G/fa is cyclic and 3f; is generator of
G/fa' Similarly, one can show that <7f; >= {7f;, 95, 3fs f5o)} = G/fGand S0 7fg is
G
generator of /fa'

Theorem 3.77. If G is a cyclic group then so is G/fa'
Proof: Letx € G, G =< x >. Since G/fc ={9fc = (x™)fs n € Z}. Since

M fe = (xx...x)fe = (xfe)(xfe)-.. (xfe) = (xfe)"
G — n G i i
Thus, /fc {(xfz)", n€Z},so0 /fc; is cyclic.
The converse of Theorem 3.77 is not true in general as shown in the following

example.

G — G — . i G/
Example 3.78. In Example 3.8, /fc = {efs, yf¢} and /fc =< yf; >; that is to say /fGIS
cyclic; but G = S5 is not cyclic.

Theorem 3.79. f; is a torsion soft-int group < G/fc is a torsion group.

Proof: Let f; be a torsion soft-int group. Then, for any X€ G, there exists a positive integer n
such that f; (x™) = f;(e). Thus,

fe(x™) = fe(e) > x" € Gr, = x"'fg = fo =efc = (xfe)" = efs

Thus, G/fa is a torsion group. Conversely, let G/fa be a torsion group. Then, for any
XE G, there exists a positive integer n such that (xf;)™ = ef;. Thus,

(xfe)" =efs = x"fe =efs = fc = x" € G, = fo(x™) = fe(e)
Therefore, f; is a torsion soft-int group.

Theorem 3.80. f; is a p-soft-int group & G/fa Is a p-group.

Proof: Let f; be a p-soft-int group. Then, for any Xe G, there exist nonnegative integers k
and prime p such that f; (xpk) = f.(e). Then,

foGP") = fale) = xP" € Gy, = 2P fo = efy = fo = (xfe)P = ef

Thus, G/fa is a p-group. Conversely, let G/fc is a p-group. Then, for any x€ G, there

exist nonnegative integers k and prime p such that (fo)Pk = ef;. Thus,

(fe)P = efs = 1P fg = efs = fo = xP" € Gy, = fo(xP) = fa(e)
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Hence, f; is a p-soft-int group.

Proposition 3.81. Let f; be a soft int-group over U and a € G. For all a € G, f;(a?) =
fe(e) = G/fc; is an abelian 2-group.

Proof: Let f be a soft int-group over U and a € G. By Proposition 3.42, if f;(a?) = f;(e)
for all a € G, then f is an abelian (normal) soft int-group over U. Then, by Theorem 3.67,

G/fc is an abelian group. Now, we need to show that G/fa is a a 2-group. Let f;(a?) = fg(e)
forall a € G. Thus,

fe(@®) = fs(e) > a* € Gr. = a’fe = fo = aaf; = (afp)(afs) = fe = (afe)* = f;
Thus, for all a € G, ord(af;)< 2, where ord(af;) is the order of af,;. Therefore, for all a €

G, ord(af;)=1 or ord(af;)=2. Hence, G/fc is a 2-group.

Corollary 3.82. Let f be a soft int-group over U and a € G. If forall a € G; af; = a 1fg,
then G/fc is an abelian 2-group.

Proof: The proof is obvious by Proposition 3.40, Theorem 3.43 and Proposition 3.81.

Theorem 3.83. Let a, b € G and f;; be a soft int-group over U. fga = fgb © fga™t = fzb?
(af; = bf; @ a™'f; =b~'f;) foralla, b €G.

Proof: Leta, b € G and f; a = f; b. We need to show that f,a™' = f; b . If f;is not a
normal soft int-group and f; a = f; b, then a = b by Proposition 3.58), and so a™* = b ..
Therefore, f,a™* = f;b*. If f; is a normal soft int-group, then foa = f; b = Gr.a =Gs.b =
ab*€G,>ba’€G, = atbeGr, =G oat=Gfb ' = fea™' = f;b~1. Here note
that if f;is normal and ba™ € Gy, = fe(ba™) = fz(a™'b)= fs(e), thus a™'b € G;,..

Now, let f,a™t = f.b~1. We need to show that fza = f; b.

fea t=feb™' = G;a'=G; b > a b€ Gy, >ba€ G, > ab € Gy, > Gpoa=
Geeb = fea=fgb.
Here note that when a=tb € Gy, = f;(a™'b) = fz(ba™1)= f;(e), thus ba € G;,.
In fact, in Example 3.8, f;x = fzx?, x™1 = x? and f;x? = f;x.
In classical algebra, when G is a group and H and K are subsets of G, then H= K <
xH = xK (H= K © Hx = Kx) for VXe G. As an analogy, we have the following:

Proposition 3.84. Let f; and fi be soft int-subgroups of f; and a € G. Then,

. fu=fxk©afy=afy

. fu=fxe fua=fxa

Proof: We give the proof of (i), as (ii) can be shown similarly. Let f;; = fx. Then, V X€ G;

(afa)(X) = fu (@7%) = fie(a )= (afi)(¥)
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Hence, afy = afy. Conversely, let afy = afk. Then, for all xe G,
fu(@)= fu(a™ a )= (afy)( ax)= (afi)(ax) = f(a™ a x) = fi(ex) = fie(x)
Thus, fy = fx.
In classical algebra, when G is a group and H and K are subsets of G, then H € K & xH <

xK (H € K © Hx € Kx) for all X,y €G. As an analogy, we have the following:

Proposition 3. 85. Let f; and fx be soft int-subgroups of f; and a € G. Then,
i fu S fk © afu S af
i fu S fx © fua S fra

Proof: We give the proof of (i), as (ii) can be shown similarly. Let fy c fx. Then, V Xe G;
afuy(X)= ful@a " X)Sfx (@ X)=afy(x)
Thus, afy c afx. Conversely, let afy c afx. Then, for all x € G,
fu(¥)= fu(€X)= fy (a~*ax)= afy(ax) E afy(ax)= fx(a™"ax) =fi (eX)=fx(X).
Thus, fy  fi-
In classical algebra, when G is a group and H is a subset of G, then, x(yH)=(xy)H for
all x,y € G. As an analogy, we have the following:
Proposition 3.86. Let f; be a soft int-group and a € G. Then,
I. a(bfy)=abf;
ii.  (fga)b=fzab
Proof: We give the proof of (i), as (ii) can be shown similarly. For all Xe G;
(a(bfe))X)=bfe(a™X)= fo(b~ (a™'X))= fe(b~ a~'X)=f¢ (ab)~'x)=((a b)fs)(X)
Thus, a (bf;) = abf;.
In classical algebra, when G is a group and H and K are subsets of G, then xH = yK
© H=x"1yK forall x,y € G. As an analogy, we have the following:
Proposition 3.87. Let f and f be soft int-subgroups of f; and a,b € G. Then,
i afe=bfy © fe=a 'bfy
ii.  fea=fybe fo=fyba "

Proof: We give the proof of (i), as (ii) can be shown similarly. Let a,b € G and af;=bfy.
Then, Vx € G;

(a™'bf)(X)=fu((a™'b) " X)=fu (b~ ax)=fy (b~ (ax))=bfy(a X)=af;(a X)=f¢(a" ax)=f;(X)

Hence, f; =a~1b fy;.Conversely, letand a, b € G and f;=a~1bf,. Then, for all xe G;

(afe)(®)= fe(a™X)=(a™ bf)(a™ X)=(bfu)(a a™'X)=(bfu)(€X)=(bfu)(X).
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Hence, af;=bfy.
4. CONCLUSIONS

In this paper, we have dealt with the crucial concepts of the soft int-group theory, the
soft cosets, and soft quotient groups, by examining and assessing their numerous structural
features, especially in connection to classical abstract algebra. We showed that when G is
abelian, soft left and right cosets coincide; but when the group G is not abelian, right and left
cosets can be equal as well. That is to say, the soft int group may be normal. We focused on
the key concept of e-set, and we proved that if an element is in the e-set, then its soft left and
right cosets coincide, and also they are equal to the soft set itself. This paper’s outstanding
contribution is that we obtained the relation between the e-set and the normality of the soft
int-group. We proved that if the e-set has an element other than the identity of the group, then
the soft int-group is normal, and thus if the soft set is not normal, then there does not exist any
equal soft left (right) cosets. This relation is quite vital in the theory, since based on this fact,
we realize that in many definitions, propositions, and theorems in [29, 37, 38], the condition
of normality of the soft group is not necessary and when we reveal this condition, the
theorems still hold. Also, we came up with quite an interesting result, for constructing a soft

quotient group and holding the isomorphism G/fa = G/Gfa’ the soft group f; needs not to be

normal. We obtained some more characterization as regards the normality of the soft group
such as if each soft left (right) cosets is equal to its inverse, then the soft int group is normal.

Also, it was observed that f; is an abelian (normal) soft int-group if and only if G/fGis

abelian. Besides, the torsion soft-int group and p-soft int-group were introduced and we
proved that f; is a torsion soft-int group (p-soft int-group) if and only if the soft quotient

group G/fc is a torsion (p-group), respectively. In this regard, this paper is an overall study of

soft cosets, and we hope this paper will contribute to the theory both as a theoretical and
practical aspect. In future studies, soft middle cosets, pseudo cosets, and double pseudo cosets
can be studied in detail and their relations between soft cosets can be obtained. Furthermore,
fuzzy group theory can be handled again as regards the normality and fuzzy quotient group
considering the remarkable findings in this paper, since the soft set is a generalization of the
fuzzy set.
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