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Abstract. This paper aims to expand soft int-group theory by analyzing its many 

aspects and structural properties regarding soft cosets and soft quotient groups, which are 

crucial concepts of the theory. All the characteristics of soft cosets are given in accordance 

with the properties of classical cosets in abstract algebra, and many interesting analogous 

results are obtained. It is proved that if an element is in the e-set, then its soft left and right 

cosets are the same and equal to the soft set itself. The main and remarkable contribution of 

this paper to the theory is that the relation between the e-set and the normality of the soft int-

group is obtained, and it is proved that if the e-set has an element other than the identity of 

the group, then the soft int-group is normal. Based on this significant fact, it is revealed that if 

the soft set is not normal, then there do not exist any equal soft left (right) cosets. These 

relations are quite striking for the theory, since based on these facts, we show that the 

normality condition on the soft int-group is unnecessary in many definitions, propositions, 

and theorems given before. Furthermore, we come up with a fascinating result, unlike 

classical algebra that to construct a soft quotient group and to hold the fundamental 

homomorphism theorem, the soft int-group needs not to be normal. It is also demonstrated 

that the soft int-group is an abelian (normal) int-group if and only if the soft quotient group of 

G relative to the soft group is abelian. Finally, the torsion soft-int group and 𝑝-soft int-group 

are introduced, and we show that soft int-group    is a torsion soft-int group (𝑝-soft int-

group) if and only if the soft quotient group     
⁄   is a torsion (𝑝-group), respectively. 

Keywords: Soft set; soft int-groups; normal soft int-groups; e-sets; soft cosets; soft 

quotient groups. 

 

 

1. INTRODUCTION 

 

 

Researchers are unable to properly address issues in many fields, including 

engineering, economics, environmental and health sciences, and science, due to the presence 

of various forms of uncertainty. There are three well-known fundamental theories-probability 

theory, fuzzy set theory, and interval mathematics-used as mathematical tools to cope with 

uncertainty. However, due to the limitations of each of these theories, Molodtsov [1], in 1999, 

presented Soft Set Theory as a mathematical tool to get beyond this uncertainty. Since then, 
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this theory has been used in a variety of fields, such as measurement theory, operations 

research, game theory, optimization theory, information systems, and decision-making. 

In terms of soft-set operations, the initial contributions were provided by Maji et al. 

[2] and Pei and Miao [3]. Then, Ali et al. [4] defined some new restricted and extended soft 

set operations, and Sezgin and Atagün [5] investigated more about the properties of these 

operations and defined restricted symmetric differences. Qin and Hong [6] and Ali et al. [7] 

studied the algebraic structures of soft sets. Sezgin et al. [8] and Stojanovic [9] defined 

extended and symmetric differences of soft sets, respectively. Studies on soft set operations 

[10-18] have been of interest since the soft set’s inception. Some drastic changes were made 

to the definition and operations of soft set by Çağman and Enginoğlu [19], and then the soft 

set theory has been the subject of intense research, with several significant theoretical and 

practical findings. 

Soft algebraic structures are studied by many researchers, as well as soft set 

operations, with the study of Aktas and Çağman [20]. A parametrized family of a group's 

subgroups is what Aktas and Çağman [20] defined as a soft group. In other words, if and only 

if every value in the set-valued function is a subgroup of the group, then a soft set is referred 

to as a soft group over the group. In this regard, normalistic soft groups were studied in [21]. 

Aslam et al. [22] introduced normal soft groups, abelian soft groups, and abelian soft 

subgroups of a soft group, and their properties were checked out. Also, cyclic soft groups, 

cyclic soft subgroups, soft cosets of a soft subgroup of a soft group, order of a soft group, soft 

index, and partition of a soft set over a group were studied, and soft maximal normal 

subgroups, simple soft groups, and factor soft groups were obtained. Aktaş and Özlü [23] 

introduced the order of the soft groups, power of the soft sets, power of the soft groups, and 

cyclic soft groups on a group and investigated the relationship between cyclic soft groups and 

classical groups. In 2019, Nazmal [24] handled the homomorphic image and preimage of soft 

groups under soft mappings. Alajlan and Alghamdi [25] studied the center of the soft group, 

the kernel of soft homomorphisms and soft automorphisms, characteristic soft subgroups of a 

given soft group. In all these studies, the soft group structure is the one defined by Aktaş and 

Çağman [20]. Ghosh and Samanta [26] came up with a new idea of soft groups using the 

concept of soft elements, and Yaylalı et al. [27] extended the study on binary operations on a 

soft set by using the soft element definition, and Weldetekle et al. [28] proposed a new 

definition for soft groups based on soft binary operations. 

Çağman et al. [29] constructed a novel class of soft groups on soft sets, which they 

call soft intersection groups, or simply "soft int-groups." This novel idea is very useful in that 

it enhances soft set theory in connection to group structure since it is founded on the inclusion 

relation and intersection of sets and unifies set theory, group theory, and soft set theory. This 

kind of soft algebraic structure inspired many studies in soft set literature [30-35]. In [29], 

Çağman et al. provided the notions of soft int-subgroup and normal soft int-subgroup based 

on the definition of soft int-group. Also, abelian soft sets, soft cosets, e-sets, soft images, and 

soft preimages were described, and their applications to group theory concerning the soft int-

group were given.  In [36], some additional properties of soft sets and soft int-groups were 

provided, and some significant relationships between soft products, soft inclusions, and soft 

int-groups were obtained. In [37], normal soft int-groups were presented in detail, and their 

related properties were investigated. Some relations on alfa-inclusion, soft product, and 

normal soft int-group were obtained. In addition, normalizer, quotient group, and other 

concepts concerning these were given. In [38], more on the normal soft groups, soft Cayley 

and Lagrance Theorems were handled. In [39], studies on the normalizer of a soft set and the 

normal soft set on a groupoid were given. In [40], commutative soft sets and commutative 

soft intersection groups were investigated. In [41,42], normal soft int-subgroups of a soft int-

group were defined, several relations concerning them were given and homomorphism and 
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isomorphism theorems were applied to the soft int-groups. In [43], the soft quotient subgroup 

and quotient dual soft subgroup were defined, their algebraic properties were obtained, the 

fundamental isomorphism theorems in soft subgroups analogous to group theory were 

investigated, and the second type nilpotent soft subgroups were as introduced as new concepts 

in [44]. Cosets, normal groups, and quotient groups are very significant concepts in abstract 

algebra. Lagrange Theorem, the elegant and important theorem, comes from the simple 

counting of cosets and the number of elements in each coset. Normal subgroups play an 

important role in determining both the structure of   and the nature of homomorphisms with 

domain  . Quotient groups are helpful as they allow us to examine the group in simpler forms 

using quotient groups. That is to say, a group may occasionally be too complex to investigate 

in its entirety; however, quotient groups typically have a simpler structure than the entire 

group. Thus, when we examine the quotient group, we can learn more about the initial group 

structure. To provide a concrete example of this let’s think     , the center of the group  . If 

the quotient group       ⁄  is cyclic, then the group   is abelian itself.   This fact may be 

used to demonstrate the abelian nature of every group of order p² (p prime). Also,                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    

every homomorphism with domain   gives rise to a quotient group   ⁄ , and every quotient 

group   ⁄  gives rise to a homomorphism mapping   into   ⁄ . Thus, homomorphism and 

quotient groups are closely related [45].                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   

In soft int-group theory, the concept of soft cosets was first defined by Çağman et al. 

in [29]; however, in this study, only the definition, an example, and a few theorems regarding 

the relation of e-set and cosets were given. In [37,38], normal soft int-groups, the basic 

concepts for soft quotient groups, were handled, and soft quotient groups were constructed; 

but many related concepts are missing and need to be corrected. 

In this paper, to contribute to soft int-group theory and soft set literature, we deal with 

the crucial concepts of soft cosets and soft quotient groups. By exploring and evaluating its 

various structural characteristics, particularly in relation to the theory's key concepts of soft 

cosets and soft quotient groups, this study seeks to further the field of soft int-group theory. 

First of all, the designation of soft coset is revised to conform to the standard notation of soft 

set theory. Then, all of the properties of soft sets are obtained in line with the classical cosets 

in abstract algebra, and several fascinating analogs are found. We show that when G is 

abelian, soft left and right cosets coincide, but the group G being abelian is not a necessary 

condition for the right and left cosets to be equal. Soft group itself is shown to be soft left and 

right coset, and the left (right) coset is not soft int-group, in general.  We also prove that if an 

element is in the e-set, then its soft left and right cosets coincide, and they are equal to the soft 

set itself. The main contribution of this paper is that we give the relation between the e-set and 

the normality of the soft int-group, and we demonstrate that if the e-set has an element other 

than identity, then the soft int-group is normal, and so if the soft set is not normal, then there 

do not exist any equal soft left (right) cosets. This relation is very important in the theory, 

because based on this fact, it is proved that in many definitions, propositions, and theorems in 

[29,37,38] the condition of normality on the soft group is unnecessary.  Furthermore, unlike 

classical algebra and what is quite interesting is that for constructing a soft quotient group and 

to hold the isomorphism    
⁄   

   
⁄ , the soft int-group    needs not be normal.  It is also 

presented that if each soft left (right) coset is equal to its inverse, then the soft int group is 

normal. Moreover, it is obtained that there is a one-to-one correspondence between the set of 

all soft left cosets and the set of all soft right cosets. Furthermore, it is observed that    is an 

abelian (normal) soft int-group if and only if    
⁄ is abelian. This theorem is crucial, since by 

commenting on the abelian property of     
⁄ , we can deduce about the normality of the soft 
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set     Finally, torsion soft-int group, 𝑝-soft int-group are introduced, and we prove that    is 

a torsion soft-int group (𝑝-soft int-group) if and only if the soft quotient group    
⁄  is a 

torsion (𝑝-group), respectively. In this regard, this paper is an overall study of the soft cosets. 

Moreover, since the soft set is a generalization of fuzzy sets, fuzzy group theory may be 

revisited by taking into account the outstanding results in this study about normality and 

quotient groups. 

 

 

2. PRELIMINARIES 

 

In this section, we remind the basic concepts regarding soft sets and soft int-groups.  

 

Definition 2.1. Let   be the universal set,   be the parameter set,      be the power set of   

and    . A soft set    over   is a set-valued function such that           such that for 

all    ,        . A soft set over   can be represented by the set of ordered pairs 

 

   {(       )               } 
 

[1,19]. Throughout this paper, the set of all the soft sets over U is designated by      . 

 

Definition 2.2. Let   ,         . If             for all    , then    is a soft subset of 

   and denoted by    ̃    [19]. 

 

Definition 2.3. Let   ,         . If             for all    , then    is called soft equal 

to    and denoted by      . If      , then we say that    and    are different soft sets 

[19]. 

 

From now on,   is a group with the operation      and identity     and for all      ; we 

prefer to use      instead of all      . Also, all the soft sets are the elements of the set      , 

and   is a subgroup of   otherwise specified. For all undefined concepts as regards groups, 

normal subgroups, cosets, quotient groups, and homomorphism, we refer to [44,45]. 

 

Definition 2.4.  Let    be a soft set over  . Then,    is called soft int-group over   if  

 

                   and               for all       [29]. 

 

Theorem 2.5.    is a soft int-group over   if                      for all       [29]. 

 

Proposition 2.6. Let    be a soft int-group over  . Then,             for all      [29]. 

 

Definition 2.7. Let    be a soft int-group over  . Then, e-set of    , denoted by    
, is 

defined as 

 

   
={  G        =      } [29]. 

 

Definition 2.8. Let    be a soft int-group over  .   . Then, the soft set    is called an abelian 

soft set over U if              , for all        . It is obvious that if    is abelian, then    

is abelian [37]. 
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Definition 2.9. Let    be a soft int-group over  .   , Then,    is called soft normal in G (or 

normal soft int-group), if    is an Abelian soft set [37]. 

 

Definition 2.10. Let H be a subgroup of G and    be a soft int-group over   and    be a 

nonempty soft subset of    over    If    itself is a soft int-group over  , then    is called a 

soft int-subgroup of    over U [29]. 

 

Definition 2.11.  Let    be a soft int-group over   and    be a soft int-subgroup of     Then, 

   is called a normal soft int-subgroup over  , if it is an abelian soft subset of    over U [29]. 

 

Theorem 2.12. Let    be a soft int-group over  . Then, the following conditions are 

equivalent: 

i)    is a normal soft int-group, that is,               for all        
ii)    is an abelian soft int-group. 

iii)    is constant in the conjugate class of G, that is,                  for all        
iv)                 for all        
v)                 for all       [37]. 

 

Definition 2.13. Let    be a soft int-group over   and    . Then, soft left coset of   , 

denoted by      is defined by the approximation function              for all    ; and 

soft right cosets of   , denoted by      is defined by              for all     [29]. 

 

Theorem 2.14.    is a normal soft int-group if and only if         for all      [37,41]. 

We refer to [29,36-43] for all undefined concepts as regards soft int-groups, normal soft int-

groups, and soft quotient (or factor) groups, to [47] regarding the possible applications of 

network analysis and graph applications on soft sets, and to [48,49] regarding the picture 

fuzzy soft sets.  

 

Since in this paper, we correct some problematic cases in [29,37,38] and prove that in most of 

the theorems, propositions, and definitions, some of the assumptions are not necessary, we are 

of the opinion that it is more appropriate to remind these theorems, propositions, and 

definitions in Section 3 when the occasion arises. 

 

 

3. RESULTS AND DISCUSSION 

 

 

In this section, first, we revise the presentation of the definition of soft left (right) 

coset defined first in [29], since soft left (right) coset defined itself is a soft set; hence, it is 

more appropriate to give the definition of soft left (right) coset in the general and classical 

format of soft set as follows: 

 

Definition 3.1. Let    be a soft int-group over   and    . Then, the soft set     defined by 

 

                     } 

 

is called a soft left coset of   . Similarly, the soft set     defined by 

 

                     } 
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is called a soft right coset of    [29]. 

In abstract algebra, if   is an abelian group, then every left coset of G is a right coset 

of G, i.e., aH = Ha for all.    . As an analogy, we have the following: 

 

Note 3.2. If   is an abelian group, then each soft left and soft right coset of    always 

coincide with each other, i.e.,         for all    , since                   for all 

     . In [37], it is stated that if    is a normal soft int-group, then every soft left coset is 

equal to a soft right coset. Anyway, if   is an abelian group, then    is a normal soft int-group 

is obvious. 

 

Example 3.3. Consider the Klein-4 group             defined by the following table: 

 

    Table 1. Cayley table of binary operation. 

  .                                   

               

               

               

               

 

Let     be the universal set and    be a soft set over   defined by as follows: 

 

                                                                
 

One can easily show that     is soft int-group over  . Then, we can calculate the soft 

left cosets of   , the soft left cosets are as follows: 

 

                                                                
 

                                                                
 
                                                                
 
                                                                

 

Since   is an abelian group,                    for all      ; thus the soft left 

cosets are the soft right cosets of    at the same time. Thus, the soft right cosets are as 

follows: 

 

                                                                
 

                                                                
 
                                                                
 
                                                                 

 

Example 3.4. Let      be the universal set and                         
                       be the set of parameters defined as following table: 
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Table 2. Cayley table of binary operation. 

                  

                  

                  

                   

                  

                   

                    

 

We define the soft set    over   as follows: 

 

                                                                       
              

 

One can easily show that     is soft int-group over   and different soft left cosets of    

are as follows: 

 

   

                                                                                  
 

   

                                                                                  
 

    

                                                                                  
 

   

                                                                                  
 

    

                                                                                  
 

     

                                                                                  
 

When we can calculate the soft right cosets of    similarly, different soft right cosets 

of     are as follows: 
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Note 3.5. In Example 3.3, although each left coset is a soft right coset at the same time; in 

Example 3.4, it is seen that         for all    -{e}. Hence, by Theorem 2.14, the soft set 

   in Example 3.3. is a normal soft int-group; whereas the soft set    in Example 3.4 is not. 

The converse of Note 3.2 holds when the soft set is injective, as shown in the 

following proposition: 

 

Proposition 3.6. If    is an injective function and         for all    , then    is an 

abelian group. 

 

Proof: Let          for all    . Then,   ,   ; 

 

   (  ) =        (y) = (     )(  ) =  (y         =        

 

Since    is an injective function;  =yx for all  ,  G. Thus, G is an abelian group. 

 

Note 3.7. In Note 3.2, it is stated that if   is an abelian group, then          for all    .  

However, even when    is not an abelian group, it is possible that          for all    . 

That is, the property of abelian for the group   is not a necessary condition for the equality of 

all soft left and soft right cosets. We have the following example: 

 

Example 3.8. Let     be the universal set and                         
                       be the set of parameters. We define the soft set    over U as 

follows: 

 

                                                             
 

One can easily show that    is a soft int-group over  . Then, different soft left cosets 

of    are as follows: 

 

                                                                      
                                                                         

 

When we calculate the soft right cosets of   ,  different  soft right cosets are as 

follows: 

 

                                                                      
                                                                        

 

Hence,        ,                     ,          ,            ,         
     . We see that even though the group       is not an abelian group;          for all 

   , that is,    is a normal soft int-group by Theorem 2.14. 
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Note 3.9. By Note 3.2 and Note 3.7, we can conclude that if   is abelian, then    is a normal 

soft int-group; however, if   is not abelian, then    may be a normal soft int-group (see 

Example 3.8) or    may not be a normal soft int-group (see Example 3.3) as well. 

In classical algebra, H itself is a left as well as right coset as eH=He=H. As an 

analogy, we have the following: 

 

Proposition 3.10. Let    be soft set over  . Then,    itself is a left as well as right coset, that 

is, e   =   e =  . 

 

Proof: Let    be soft set over  . Then      ; 

 

(e  )(  ) =   (    )=   ( ) =   (    )=    e)( ) 

 

Thus, the proof is completed. 

In classical algebra,         . As an analogy, we have the following: 

 

Theorem 3.11. Let    be a soft int-group over   . Then,   

 

     
             

 

where    
={  G        =      }. 

 

Proof: Let    be a soft int-group over    and      
. Then,      =      . Thus,  

 

       =                         =             =                     

 

Hence,     ̃   . Moreover,      ;   

 

                               =               =         =          

 

Thus,    ̃    . So,        . Similarly,     ; 

 

         =                             =             =           =       

 

Hence,     ̃      Also,     ; 

 

                                =               =         =       

  

Thus,    ̃     , implying that        . We obtain that       
           

  . 

Conversely, let            . Then,      ;                    . When 

we choose     , it yields 

 

                               =         =             =             
 

 

Note 3.12. In [38], it is proved that      
        .  However, Theorem 3.11 is more 

comprehensive. And it is of great importance for us, since it shows which soft left cosets and 

soft right cosets are equal to   , as well as it shows us which left and right cosets coincide 

with each other even if G is not abelian and/or   is not a normal soft int-group.  
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Moreover, we can conclude from Theorem 3.11 that when the cardinality of    
 is 

greater than 1, some soft left (right) cosets are the same, that is, they coincide with each other. 

 

Example 3.13. Let     =                                  be the 

universal set and      be the set of parameters. We define the soft set    over U as follows: 

 

                                                                            
 

One can easily show that    is a soft int-group over   . Since 

 

   
={                , 

 

by Theorem 3.11 (1)  =        ,  (123)   =   (123) =    and  (132)   =   (132) =   . In 

fact, (1)  =         is obvious by Proposition 3.10. Moreover, 

 

(123)  = {(1,   ) , ((12),{       , ((13),{                      , ((123),           ,    }  

 

and 

 

  (123) = {(1,   ) , ((12),{       , ((13),{                      , ((123),           ,    }. 

 

Hence, 

 

(123)      (123) =    

 

One can similarly show that (132)     (132) =   . Hence, 

 

(1)   =        (123)           = (132)   =   (132)     

 

Similarly, in Example 3.8,     
={        and hence,                  and 

             =  , thus      

 

                             

 

In classical algebra, left (right) cosets are not subgroups in general. It is obvious that 

when aH=H (Ha=H), left (right) cosets are subgroups. As an analogy, we have the following: 

 

Proposition 3.14. Soft left (right) cosets are not soft int-groups, in general. 

 

Proof: In Example 3.3, consider the left coset    . Since, 

 

                                                                
 

and                                                   ,     is not a soft 

int-group; however as       ,     is obviously a soft int-group.  

Similarly, in Example 3.8, since              =  , each of them is a soft int-

group; however, it is obvious that    (and hence            as                ) is not 

a soft int-group. 
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In classical algebra,                 and               . As an 

analogy, we have the following: 

 

Proposition 3.15. Let    be a soft int-group over    Then,  

 

   =           
=     

   (   =          
 =    

 ) 

 

for all      G [29]. 

 

Note 3.16. Let    be  a soft int-group over    Then, by Proposition 3.15,  

 

   = b         
=     

         
  (   =          

 =    
          

) 

 

for all      . Proposition 3.15 is of great importance in terms of showing which soft left 

(right) cosets are equal to each other. 

 

Example 3.17. Let      be the universal set and                , the subgroup of 

                                                   , be the set of 

parameters. We define the soft set    over U as follows: 

 

                                  
 

One can easily show that    is a soft int-group over     The soft left cosets of    are: 

 

efG =  (e,  ), (x
2
,   ), (y,   ), (yx

2
,  ) ,  x2

fG =  (e,   ), (x
2
,  ), (y,  ), (yx

2
,   ) , 

yfG =  (e,   ), (x
2
,  ), (y,  ), (yx

2
,   ) , yx

2
fG =  (e,  ), (x

2
,   ), (y,   ), (yx

2
,  )   

 

It is seen that e  = yx
2    and  x

2  = y  . In fact; since    
={      , it is expected by 

Proposition 3.10 that e    = yx
2     . In fact; e    

= e. e, yx
2  =  e, yx

2 , yx
2   

= yx
2
. e, 

yx
2  =  yx

2
, e  and x

2   
= x

2
. e, yx

2  =  x2
, y , y   

= y. e, yx
2  =  y, x

2 . Thus, e   
= yx

2
 

   
 and e   = yx

2  . Also, x
2   

= y   
 and x

2   = y  . 

 

Proposition 3.18. Let    be a soft int-group over   and      G. If                , then  

            [36]. 

 

Corollary 3.19. Let    be a soft int-group over   and      G. If           
, then       

     . 

 

Proposition 3.20. Let    be a soft int-group over   and      G. Then,  

i.       
              

ii.         
             

iii.            
              

 

Proof: Let    be a soft int-group over   and      G. 

 

(i)  If        
  then              . Thus,  
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Therefore,              Similarly, 

 

                                                                                      . 

 

Hence,            . Thus,            . 

 

(ii) If         
  then               . Thus, 

 

                                                             

 

Therefore,              Similarly, 

                            

                                                     . 

 

Hence,            . Thus,            . 

 

(iii) If           
  then                 . Thus,  

 

                                                               

 

Therefore,              Similarly, 

                                                                        . 

 

Hence,            . Thus,            . 

 

Proposition 3.21. Let    be a soft int-group over   and      G. Then, 
 

                                  

 

Proof: Let    be a soft int-group over  ,      G and        . Then, 

 

              
     

         
          

                         

 

Let                        . Then, for all      
   

                                                                
                                                                           

        
 

Thus,        . 

 

Theorem 3.22. Let    be a soft int-group over  ,  and    be a normal soft int-subgroup of    

over  ,       G. Then,                     [29]. 

 

Note 3.23. In [29,37], Theorem 3.22 is given with the condition that    is a normal soft int-

subgroup of soft int-group of   over   and in the proof, the normality is used to prove the 

theorem. However, in the following theorem, we revise Theorem 3.22 [29,37] by removing 

the condition of normality. 
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Theorem 3.24. Let    be a soft int-group over  ,      G. Then,               
       (                   ) 

 

Proof: Let    be a soft int-group over  ,      G and        . Then, 
 

             
     

         
             

 

Note 3.25. The converse of Theorem 3.24, that is                       needs not be 

true, as seen from the following example. 

 

Example 3.26. Let      be the universal set and                         
                       be the set of parameters. We define the soft set    over U as 

follows: 

 

                                                                          
 

One can easily show that     is soft int-group over  .  Soft left cosets       and       

are as follows: 

 

    = { (e, {0, 1, 2, 3}), ( , ), (x
2
, {0, 1, 2, 3}), (y, {0,1}), (yx, {0, 1}), (yx

2
, {0, 1})} 

    = { (e, {0, 1, 2, 3}), ( , {0, 1, 2, 3}), (x
2
, ), (y, {0, 1}), (yx, {0,1}), (yx

2
, {0, 1})} 

 

It is obvious that   (x) =   (  ); however          . 

 

Theorem 3.27. Let    be a soft int-group over  ,      G. Then,                    
       for all     [38]. 

 

Proposition 3.28. Let    be a soft int-group over  ,      G. Then,             
               for all    . 

 

Proof: Let    be a soft int-group over  ,      G. Then, from Theorem 3.27, if       
       then              for all    . Thus, 

                                     and 

                             =              =        

 

Thus,              . By Theorem 3.27,                             for 

all    .  

 

Corollary 3.29. Let    be a soft int-group over  ,      G. Then,      
        

        for all    . 

 

Theorem 3.30. Let    be a soft int-group over  . Then,    
 is a subgroup of   [29]. 

 

Corollary 3.31. Let   be an abelian group and    be a soft int-group over  . Then,    
 is a 

normal subgroup of G.  [37]. 

 

Proposition 3.32. Let    be a normal soft int-group over  . Then,    
 is a normal subgroup 

of G [37]. 
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Proof: By Theorem 3.30,    
 is a subgroup of    when    is a soft int-group over  . 

Therefore, it is enough to show that when    is a normal soft int-group over  ,    
 is a 

normal subgroup of  . Let      and       
. Then, 

 

                                

 

Thus,          
 and    

 is a normal subgroup of G.  Here it is obvious that if   is 

abelian, then    is a normal soft int-group over   and     
 is a normal subgroup of G. 

It is obvious by the definition of    
 that         

 and so    
  . What if    

       

Now, we are ready to give our main theorem, which gives the relation between    
 and the 

normality of   .  

 

Theorem 3.33  Let    be a soft int-group over  . Then, 

 

   
        is a normal soft int-group. 

 

Proof: Let    be a soft int-group over   and    
   }. That is to say, there is at least one 

more element in    
 different from the identity element “e” of  . We need to show one of the 

equivalent conditions in Theorem 2.12. 

 

1. CASE:  Suppose      
      

  Then,       
. It follows that             

              By Proposition 3.28, for all      ,                
 

2. CASE: Suppose      
      

  Then,       
. It follows that              By 

Proposition 3.28, for all                       
 

3. CASE: Suppose      
       

  Then,       
. It follows that                By 

Proposition 3.28, for all                    
 

4. CASE: Now suppose      
       

   Then, either       
 or       

. 

 

i. Suppose      
       

  then        
  It follows that             . By 

Proposition 3.20 (i),            . Thus,                                
                )       . By Theorem 2.12,    is a normal soft int-group. 

 

ii.Suppose      
       

  then       
  It is well known that  

[     
        

        
]  [ab    

       
        

] 

 

Let        
      

       
   It follows that              and so       

     . But this is not a case under this cirtumtance, since      
       

  

Let        
      

       
   It follows that              and so       

     . But this is not a case under this circumstance, since       
       

    

Let        
      

       
   It follows that              and so       

     , and since      
 and       

 .                   . By Proposition 3.28, for all 

     ;                
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Example 3.34  In Example 3.8,    
              and    is a normal soft int-group (even 

though      is not abelian) 

 

Note 3.35. The converse of Theorem 3.33, that is     is a normal soft int-group      
 

     needs not be true is seen in Example 3.3. In fact, in Example 3.3,    is a normal soft int-

group; but    
    . 

 

Corollary 3.36. Let    be a soft int-group over  . Then, if    is not a normal soft int-group,  

   
    . 

Now, we can revise Proposition 3.32 as follows: 

 

Proposition 3.37. Let    be soft int-group (need not to be normal) over  . Then,    
 is a 

normal subgroup of G.  

 

Proof: i) Let    be a normal soft int-group over  . Then,    
 is a normal subgroup of G by 

Proposition 3.32. 

           ii) Now let    be not a normal soft int-group over  . Then,    
      by Corollary 

3.36. Since     
     is a trivial normal subgroup, the proof is completed.  

 

Example 3.38  In Example 3.4,    is not a normal soft int-group and    
=    and,    

 is a 

normal subgroup of G.  

 

Note 3.39. The converse of Proposition 3.37, that is     
        is not a normal soft int-

group” needs not be true as seen from Example 3.3. In Example 3.3,     
    ; however,    

is a normal soft int-group. 

 

Proposition 3.40. Let     be a soft int-group over   and     G. Then, 

 

                
 

 

Proof: Let     be a soft int-group over        G. Then, 

 

              
       

           
           

            
   

    
 

 

Example 3.41. In Example 3.8,       ,         , and       
 and              

 

Proposition 3.42. Let     be a soft int-group over   and      .  For all      
                is a normal soft int-group. 

 

Proof: Let     be a soft int-group over   and                   . Let        then 

    . Thus, 

 

                                                         

 

We obtain that                         . By Proposition 3.20 (i),             
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Therefore,                                      . By Theorem 2.12,     

is a normal soft int-group. 

In classical group theory, if      (that is        for all     , then G is an 

abelian group. As an analogy, we have the following: 

 

Theorem 3.43. Let     be a soft int-group over   and     G. If                  , then 

   is a normal soft int-group. 

 

Proof: Let    be a soft int-group over   and    . If            for all      then 

      
 by Proposition 3.40. Thus               for all    . Hence,    is a normal soft 

int-group by Proposition 3.42. 

 

Theorem 3.44. Let    be a soft int-group over   and      . Then, 

                   

is an equivalence relation on  .  

 

Proof: Let     be a soft int-group over   and      .  

 

Reflexive: For all                       
 

Symmetry: Suppose that     , we need to show that    .                     
                    
 

Transitive: Let     and    . We need to show that    .                     
and                   . Hence,                                
                            

This implies that     . Since   is an equivalence relation on G, we can find the 

equiavalence classes for all     G. 

 

 ̄                                  
              

           
  

    
  

 

That is  ̄     
 .  If                   , then  ̄      

  

In classical algebra, there is a one-to-one correspondence between the set of all left 

cosets of H in G and the set of right cosets of H in G. As an analogy, we have the following: 

 

Theorem 3.45. There is a one-to-one correspondence between the set of all soft left cosets 

and the set of all soft right cosets of     
 

Proof: Let    be a soft int-group over   and A= {   :    G} and B= {   :     G} be the set 

of soft right and soft left cosets, respectively. Define a map from A to B as follows: 

 

                                                                 : A B 

                                       (   )=      

 

First, let us show   is a well-defined function. Let       and     =   b. We need to 

show that   -1   b
-1  .  

 

    =   b      
  =   

b    b
-1

     
  (  -1

)
-1

b
-1

     
    -1    = b

-1        -1   = b
-1   
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Hence,   is a well-defined function. 

Now, we show that   is an injective function. Let       and  (     =       . We 

need to show that     =   b.  

 

 (    ) =  (  b)     -1   = b
-1        -1

    
 = b

-1   
    b

-1
     

       
  =    

b      = 

  b. 

 

Hence, that   is an injective function. 

Finally, we need to show that   is a surjective function. Since for all       , there 

exists         such that  (     ) =     (since G is a group, every element has an inverse), 

  is a surjective function. Therefore,   is a bijective function.  

 

Definition 3.46. The number of (different) soft right cosets of    is equal to the number of 

different soft left cosets and is known as the soft index of    in G, denoted by [ :   ]. 

In other words, when we consider the set    
⁄             , then the cardinality of the set 

 
  

⁄  is the soft index of    in G [38]. 

  

Example 3.47. In Example 3.3, there are 4 different soft left cosets and 4 different soft right 

cosets; in Example 3.4, there are 6 different soft left cosets and 6 different soft right cosets; in 

Example 3.8 there are 2 different soft left cosets and 2 different soft right cosets.  

In fact, In Example 3.3,     
⁄                    and so [G:   ]=4; in Example 

3.4,  

 
 

  
⁄                                 and so [G:   ]=6; in Example 3.8,    

⁄         

     and [G:   ]=2 . 

 

Corollary 3.48. By Theorem 3.45, we can conclude that                      

(                      for all a, b   G.  In Example 3.8,         ,        and 

        . 

 

In abstract algebra, “Quotient Group” has a vital role in group theory. The concept of 

“Quotient Group” (which we say soft quotient group) relative to the normal soft int-group    

was first constructed and defined by Kaygısız [37] as follows: 

 

Definition 3.49. Let    be a normal soft int-group. Consider the set     
⁄ , where    

⁄  

           . Define an operation of composition on    
⁄  as follows: 

 

 :    
⁄ x    

⁄   
  

⁄  

 

                           

 

for all      . Then  (   
⁄   )  forms a group under the composition and is called the (soft) 

quotient (or factor) group of G relative to the normal soft int-group    [37]. 
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Theorem 3.50. Let    be a normal soft int group. Then,     
⁄   

   
⁄ [37]. 

 

Proof: Since    is a normal soft int group by Theorem 3.32 and    
 is a normal subgroup of 

G. Hence,     
⁄  is a quotient group. In addition,     

⁄  is a group [37]. Now, define a map  

 

𝜓:    
⁄       

⁄  

 

x        
 

 

Firstly, 𝜓 is a homomorphism since, for all x  , y     
  

⁄ ;  

 
𝜓 ((x     (y  ))= 𝜓 (xy  )=      

       
      

                  

 

On the other hand,     
      

  x       , and so 𝜓 is injective. For all 

    
  

   
⁄   there exists at least one x     

  
⁄   such that 𝜓          

. Thus, 𝜓 is 

bijective and so     
⁄   

   
⁄   

This theorem shows that    
 plays a key role in the analysis of the number of different 

soft left (right) cosets. 

 

Example 3.51. In Example 3.3, G            and    
={ }. Thus,  

   
⁄        

  

    
     

     
   and so  

  
⁄                      In Example 3.4, 

G                  ,    
={ }. So,  

   
⁄       

     
      

     
      

       
   

and so    
⁄                                  In Example 3.8, G                    

and    
={      }. Therefore,     

⁄        
      

  and so    
⁄               

 

Note 3.52. By Proposition 3.15 and Theorem 3.50, 

 

[G:    
]= [G:   ] 

 

This equality shows us that when we know the set    
, we can calculate the number of 

distinct soft left or soft right cosets of    
 in G, that is we can obtain the index of    

 in G, 

and so the soft index of    in G.   

 

Example 3.53. In Example 3.3 [G:    
]=4; in Example 3.4 [G:    

]=6; in Example 3.8 [G: 

   
]=2. Thus, in Example 3.3 [G:   ]=4; in Example 3.4 [G:   ]= 6 and in Example 3.8 [G: 

  ]=2. 

 

Proposition 3.54. Let     
={ }. Then,      =        

 

Proof: Let    
={ }. Then,     

⁄    G and so    
⁄   G.  Since [G:    

]= [G:   ], the 

number of different soft left (right) cosets is the cardinality of G. This means that if     
={ }, 
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then there is not any soft left (right) coset that is equal to each other. That is,     =b   
   . 

 

Example 3.55. In Example 3.3 and Example 3.4,     
={ } and there is not any soft left 

(right) coset such that    , and         , where         

In fact; in Example 3.3.    
={ } and   

  
⁄                      That is, there are 4 

different soft (left) right cosets, where 4 is the cardinality of G. 

And in Example 3.4.    
={ } and    

⁄                                  That is, there 

are 6 different soft (left) right cosets, where 6 is the cardinality of G. 

 

Proposition 3.56. Let    be not a normal soft int-group and      . Then,         
    

 

Proof: By Corollary 3.36, if    is not a normal soft int-group, then     
    . By Proposition 

3.54,            . 

 

Example 3.57. In Example 3.4, the soft set    is not a normal soft int-group and  

 
 

  
⁄    e  ,    ,  

   ,                } 

 

We see that for      ,    =b      . 

It is well-known in abstract algebra that for the set   ⁄ , H need not be a normal 

subgroup; however in order to construct a quotient group   ⁄ , H must be a normal subgroup 

of group G; otherwise, the composition defined on the set   ⁄  is not well-defined. As an 

example, let                                                be the 

set of parameters and          be the subgroup of   (Take care that H is not a normal 

subgroup of  ), then 

        and          

 

Although (                   ;    )(            and             
              , so 

   )(                 

 

So the composition is not well-defined when H is not a normal subgroup. 

Now we show that, to a big surprise, to construct a soft quotient group relative to   , 

   need not be a normal soft int-group. We show that when    is not a normal soft int-group, 

the composition operation defined on the set   ⁄  is again well-defined, as the operation is 

independent of the choice of representatives. This is very interesting, as we do not encounter 

such a case in classical abstract algebra. 

In order to show this, first of all, we update the definition of soft quotient group 

relative to the soft int-group    and then show that the composition defined is well-defined. 

 

Definition 3.58. Let    be soft int-group (needs not be normal). Consider the set    
⁄ , where 

 
  

⁄               is the set of all the soft left (right) cosets of   . Define an operation of 

composition on    
⁄  as follows: 
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 :    
⁄ x    

⁄   
  

⁄  

 

                           

 

for all      . Then,  (   
⁄   )  forms a group under the composition and is called the soft 

quotient (or factor) group of G relative to the soft int-group   . 

 

Theorem 3.59. Let    be a soft-int group of G. Then, the set    
⁄  of all the soft left (right) 

cosets of    in G forms a group under the composition defined by                  . 

 

Proof: Let    be a soft-int group of G and consider the set 

  
 

  
⁄             

 

for    ,       
  

⁄ . Define the composition on    
⁄ as                  . To show that 

the above composition is well-defined, let                and 

 

                         

 

We need to show that   

 

                       

 

i) Let    be not a normal soft int-group and                          . Thus,             

and           . By Proposition 3.56,        and         Thus,                  and, 

so                       . 

 

ii) Let    be a normal soft int-group and                          . Thus,             

and           .  Let    . Then, 

 

         (x)=  (      
   )=  (   

    
    )=(     )(  

    = 

(    )(  
    =(    )(  

    =(  )(  
     

   = 

(     )(   
   =(     )(   

   =(    )(x  
   =       

    
   =   (       

  )= 

         (x) 

 

Thus,                  and so                       . This shows that the 

above composition is well-defined, that is this operation is independent of the choice of 

representatives     and    , although     is not a normal soft int-group. 

In order to show that (   
⁄     is a group, that is the closure, associative, identity, and 

inverse property are satisfied, we refer to Kaygısız [37]. 

 

Example 3.60. Consider the soft set  
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in Example 3.4. We know that    is a soft int-group over  , but it is not a normal soft int-

group. Soft left cosets of    are as follows: 

 
 

  
⁄    e   ,     ,  

   ,                } 

 

We see that there is no soft left (right) coset that is equal to each other, that is,  

            =b. When we construct the soft quotient group of G relative to the soft int-

group   , the Cayley group table of the soft quotient group is as follows: 

 

          Table 3. Cayley table of binary operation. 

                              

                                

                                

                                 

                                

                                 

                                  

 

One can easily show that    is a well-defined operation on    
⁄  and  (   

⁄   )  is a 

group; in fact, the soft quotient group is isomorphic to     
Now, we are ready to revise Theorem 3.50 as follows: 

 

Theorem 3.61. Let    be a soft int group (needs not be normal). Then,     
⁄   

   
⁄ . 

 

Proof: By Proposition 3.37,    
 is a normal group when    is normal or not. The rest of the 

proof is obvious by Theorem 3.50 and by Proposition 3.56. 

Moreover, in [38, 41], for the canonical homomorphism, the condition of normality on 

   is given, but this condition is unnecessary, so we revise the canonical homomorphism by 

removing the normality condition on   . 

 

Theorem 3.62. Let    be soft int-group, Then, for all x    

 :       
⁄  

x      

is a homomorphism with the Kernel    
 (a Canonical (natural) homomorphism). 

 

Proof: Let        and    . Then, it is obvious that        . Hence,   is a well-

defined function. Moreover, 

 

  (xy)= xy  =(x           (x) (y) 

 

Hence,   is a homomorphism. Let us find the Kernel of the homomorphism: 

Kernel  ={x   :        }={x   :       }=   
 (By Theorem 3.11) 

Here note that if    is not normal, then    
⁄  is still a group; so the normality of   can 

be removed. 
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In abstract, algebra it is well-known that the group homomorphism  :     is 

injective if and only if the Kernel  = {   . Now, we have the following corollary: 

 

Corollary 3.63. Let    be a not normal soft int-group. Then, 

 

                                                                               :       
⁄  

                                                                                   x      

is a monomorphism. 

 

Proof: By Theorem 3.62, the function  :       
⁄  such that  (x       for all x    is a 

homomorphism. Let    be a not normal soft int-group. Then,    
              . Thus, 

  is injective, and so   is a monomorphism.  Moreover, from this fact, we can deduce that 

 (x)=  (y) x=y. Thus,         implies that      when    is a not normal soft int-

group as shown in Proposition 3.56. 

In abstract algebra, if   is an abelian group, then so is    
⁄ . As an analogy, we have 

the following: 

 

Theorem 3.64. If    is an abelian group, then so is  (   
⁄   )  [37]. 

In abstract algebra, if    ⁄  is abelian, then   needs not be an abelian group. (Consider 

the quotient group  
  

  
⁄ , whose cardinality is 2, and so abelian; but the symmetric group     

is not abelian.) As an analogy, we have the following example showing that the converse of 

Theorem 3.64 is not true in general. 

 

Example 3.65. Let      be the universal set and                         
                              be the set of parameters. We define the soft set    over 

U as follows: 

 

                                                                         
 

One can easily show that    is soft int-group over  . Since    
       , by Theorem 

3.33    is a normal soft int-group over G and there are 4 different left(right) cosets as 

following:                                         and so   
  

⁄  

                  . When we construct the soft quotient group of G relative to the soft int-

group   , the Cayley group table of the quotient group is as follows: 

 
Table 4. Cayley table of binary operation. 
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It is obvious that  (   
⁄   ) is abelian (Klein 4-group); however and      is not 

abelian. To satisfy the converse of Theorem 3.64, we have the following: 

 

Theorem 3.66. If (   
⁄   )  is abelian and    is injective, then   is abelian.  

 

Proof:  Let        and                   Then, 

 

                                
      

                
  

                
    (            )                              

                     

 

Thus, G is abelian.  

 

Theorem 3.67.    is an abelian (normal) soft int-group if and only if     
⁄  is abelian. 

 

Proof: Let    be an abelian (normal) soft int-group. Then,                  for all 

         . Thus, 

 

                                                        
       

 

     
                           . 

 

Thus,    
⁄  is abelian. 

Conversely, let     
⁄  be an abelian group. Then,                      

           
      

               
                              

        for all      . Thus,    is an abelian (normal) soft int-group. 

 

Corollary 3.68.     is an abelian (normal) soft int-group if and only if      
⁄  is abelian. This 

result is of great importance since by looking at the abelian property of  
   

⁄ , we can 

comment on the normality of   . Also,    is not an abelian (normal) soft int-group if and only 

if      
⁄ is not abelian. 

Furthermore, in classical algebra it is well-known that if the index of H in G is 2, then 

H is normal. Similarly, if the soft index of    in G is 2, then    is normal in G. In fact, let [G: 

  ]=2. Then, the cardinality of the soft quotient group    
⁄ is 2, and hence    

⁄ is an abelian 

group (Since 2 is a prime number).  Hence, by Theorem 3.67,    is an abelian (normal) soft 

int-group.  Here remember that    
⁄  is a group whether    is normal or not. Similarly, if the 

soft index of    in G is 𝑝 or 𝑝2
, where 𝑝 is a prime number, then    is normal in G, too. In 

Example 3.65, [G:   ]=4=2
2
, and    is normal (Note that in Example 3.65,    

 {e}). 

Moreover, if [G:    
]= 𝑝 or 𝑝2

, then    is normal in G since [G:   ]= [G:    
].  

 

Example 3.69. In Example 3.4,    is not an abelian (normal) soft int-group and    
⁄  

  e  ,    ,  
   ,                } is not abelian, too; since                  and 

                 , and            ,
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Definition 3.70. Let    be a soft int-group over U. If there exists a positive integer   such that  

 

             

 

then   is said to have finite order and the smallest such positive   such that              is 

called the order of   with respect to   , and is denoted by        . If there does not exist 

such a positive integer, then   is said to have infinite order [38]. 

 

Definition 3.71. If          is finite for all x  , then    is called a torsion soft-int group. 

 

Definition 3.72. If          is a power of a prime number 𝑝 for all x  ,    is called 𝑝-soft 

int-group. 

 

Example 3.73. In Example 3.4,         =1,        =         =3,        =         = 

         =2. Thus,    is torsion soft-int group and 𝑝-soft int-group. 

The following definitions, order of a soft left(right) coset in the quotient group and the 

generator of the soft quotient group, are given in a classical way as in abstract algebra: 

 

Definition 3.74. Let    
⁄  be a quotient group and      

  
⁄ .  If there exists a positive 

integer   such that           then     is said to have finite order and the smallest such 

positive   such that           is called the order of     is denoted by        . 

 

Definition 3.75. Let    
⁄  be a quotient group. If there exists       

  
⁄  such that 

 

                      
  

⁄  

 

then    
⁄  is called a cyclic soft quotient group and     is called the generator of    

⁄   

 

Example 3.76. Consider      
     ̅   ̅   ̅  ̅  as the group and let      be the universal 

set and    be a soft set over U defined by as follows: 

 

      ̅                 ̅            ̅            ̅               
 

One can easily show that    is a soft int-group over  . Then, since      
  is 

abelian, soft left and right cosets of    are as follows: 

 

 ̅      ̅        ̅                 ̅            ̅            ̅              
 
 ̅      ̅     ̅            ̅                 ̅               ̅            
 
 ̅      ̅     ̅            ̅               ̅                 ̅           
 
 ̅      ̅     ̅               ̅            ̅            ̅                
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Since < ̅      ̅    ̅    ̅         
  

⁄ ,    
⁄  is cyclic and   ̅   is generator of 

 
  

⁄   Similarly, one can show that < ̅      ̅    ̅    ̅         
  

⁄ and so  ̅   is 

generator of    
⁄ . 

 

Theorem 3.77. If G is a cyclic group then so is     
⁄ . 

 

Proof: Let    ,       . Since    
⁄                    . Since  

 

                                             

 

Thus,    
⁄               , so    

⁄  is cyclic. 

The converse of Theorem 3.77 is not true in general as shown in the following 

example. 

 

Example 3.78. In Example 3.8,    
⁄             and    

⁄       ; that is to say    
⁄ is 

cyclic; but      is not cyclic. 

 

Theorem 3.79.    is a torsion soft-int group   
  

⁄  is a torsion group. 

 

Proof: Let    be a torsion soft-int group. Then, for any x  ,  there exists a positive integer   

such that             . Thus,  

 

                   
                        

 

Thus,    
⁄  is a torsion group. Conversely, let    

⁄  be a torsion group. Then,  for any 

x  ,  there exists a positive integer n such that           . Thus,  

 

                                
              

 

Therefore,     is a torsion soft-int group. 

 

Theorem 3.80.    is a p-soft-int group   
  

⁄  is a p-group. 

 

Proof: Let    be a p-soft-int group. Then, for any x  ,  there exist nonnegative integers   

and prime p such that    (   
)       . Then,      

 

      
           

    
    

                 
     

 

Thus,     
⁄  is a p-group. Conversely, let    

⁄  is a p-group. Then, for any x  ,  there 

exist nonnegative integers    and prime p such that        
    . Thus, 
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Hence,    is a p-soft-int group. 

 

Proposition 3.81. Let     be a soft int-group over   and       . For all             

       
  

⁄  is an abelian 2-group. 

 

Proof: Let     be a soft int-group over   and      .  By Proposition 3.42, if              

for all      then     is an abelian (normal) soft int-group over  . Then, by Theorem 3.67,  
 

  
⁄  is an abelian group. Now, we need to show that    

⁄  is a a 2-group. Let              

for all    . Thus,  

 

                   
                                       

 

Thus, for all    ,  ord(   )  , where ord(   ) is the order of    . Therefore, for all   

 ,  ord(   )= 1 or ord(   )=2. Hence,    
⁄  is a 2-group. 

 

Corollary 3.82. Let      be a soft int-group over   and     G. If  for all                , 

then    
⁄  is an abelian 2-group. 

 

Proof: The proof is obvious by Proposition 3.40, Theorem 3.43 and Proposition 3.81. 

 

Theorem 3.83. Let  , b   G and    be a soft int-group over U.                     

(                       for all  , b   G.  

 

Proof:  Let  , b   G and      =     . We need to show that            -1
. If   is not a 

normal soft int-group and      =     , then   =   by Proposition 3.58), and so        -1
. 

Therefore,           1
. If    is a normal soft int-group, then     =           

  =   
   

    -1
     

      -1
     

     -1
       

     
   

 =       
         =      . Here note 

that if   is normal and         
                   =      , thus          

.  

Now, let              We need to show that     =     . 

 

      =           
   =   

             
        -1    

      -1    
     

   = 

   
        =     . 

 

Here note that when         
                  =      , thus     -1    

   

In fact, in Example 3.8,         ,        and         . 

In classical algebra, when   is a group and   and   are subsets of  , then  =     

   =      =      x =   ) for   x  . As an analogy, we have the following: 

 

Proposition 3.84. Let    and    be soft int-subgroups of    and    . Then,  

 

i.    =          =            

ii.    =        =      

 

Proof: We give the proof of (i), as (ii) can be shown similarly. Let    =   . Then,   x  ;  

 

(   )(x) =    (  -1
x) =   (  -1

x)= (   )(x) 
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Hence,     =    . Conversely, let     =    . Then, for all x  ,  

 

  ( )=   (  -1
   x)= (   )(  x)= (   )(  x) =   (  -1

   x) =   (ex) =       

 

Thus,    =   . 
In classical algebra, when   is a group and   and   are subsets of  , then             

            x     ) for all x,y  G. As an analogy, we have the following: 

 

Proposition 3. 85. Let    and    be soft int-subgroups of    and    . Then,  

i.    
 

          
 

    

ii.    
 

          
 

     

 

Proof: We give the proof of (i), as (ii) can be shown similarly. Let     
 

   . Then,   x  ;  

 

   (x)=   (   x)       x)=   (x) 

 

Thus,     
 

    . Conversely, let      
 

    . Then, for all x ϵ G, 

 

  (x)=   (ex)=    (    x)=    ( x)      ( x)=   (    x) =   (ex)=  (x). 

 

Thus,    
 

     
In classical algebra, when   is a group and   is a subset of  , then,   ( H)=(  )H for 

all       G. As an analogy, we have the following: 

 

Proposition 3.86. Let    be a soft int-group and    . Then, 

i.  (   ) =      

ii. (   )   =      

 

Proof: We give the proof of (i), as (ii) can be shown similarly. For all x  ;  

 

( (   ))(x)=   (   x)=   (   (    x))=   (      x)=        x)=((   )  )(x) 

 

Thus,   (   ) =     . 

In classical algebra, when   is a group and   and   are subsets of  , then        

   =       for all      . As an analogy, we have the following: 

 

Proposition 3.87. Let    and    be soft int-subgroups of    and      . Then,  

i.    =       =          

ii.      =        =        

 

Proof: We give the proof of (i), as (ii) can be shown similarly. Let       and    =   . 

Then,     ;  

 

(   b   (x)=  (        x)=  (   ax)=  (   (ax))=   (  x)=   (  x)=  (   ax)=  (x) 

 

Hence,     =   b   .Conversely, let and       and   =      . Then, for all x  ; 

 

(   )(x)=   (   x)=(   b  )(    x)=(   )(     x)=(   )(ex)=(   )(x). 
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Hence,    =   . 

 

 

4. CONCLUSIONS 

 

 

In this paper, we have dealt with the crucial concepts of the soft int-group theory, the 

soft cosets, and soft quotient groups, by examining and assessing their numerous structural 

features, especially in connection to classical abstract algebra. We showed that when G is 

abelian, soft left and right cosets coincide; but when the group G is not abelian, right and left 

cosets can be equal as well. That is to say, the soft int group may be normal. We focused on 

the key concept of e-set, and we proved that if an element is in the e-set, then its soft left and 

right cosets coincide, and also they are equal to the soft set itself. This paper’s outstanding 

contribution is that we obtained the relation between the e-set and the normality of the soft 

int-group. We proved that if the e-set has an element other than the identity of the group, then 

the soft int-group is normal, and thus if the soft set is not normal, then there does not exist any 

equal soft left (right) cosets. This relation is quite vital in the theory, since based on this fact, 

we realize that in many definitions, propositions, and theorems in [29, 37, 38], the condition 

of normality of the soft group is not necessary and when we reveal this condition, the 

theorems still hold. Also, we came up with quite an interesting result, for constructing a soft 

quotient group and holding the isomorphism    
⁄   

   
⁄ , the soft group    needs not to be 

normal. We obtained some more characterization as regards the normality of the soft group 

such as if each soft left (right) cosets is equal to its inverse, then the soft int group is normal. 

Also, it was observed that    is an abelian (normal) soft int-group if and only if     
⁄ is 

abelian. Besides, the torsion soft-int group and 𝑝-soft int-group were introduced and we 

proved that    is a torsion soft-int group (𝑝-soft int-group) if and only if the soft quotient 

group    
⁄  is a torsion (𝑝-group), respectively. In this regard, this paper is an overall study of 

soft cosets, and we hope this paper will contribute to the theory both as a theoretical and 

practical aspect. In future studies, soft middle cosets, pseudo cosets, and double pseudo cosets 

can be studied in detail and their relations between soft cosets can be obtained. Furthermore, 

fuzzy group theory can be handled again as regards the normality and fuzzy quotient group 

considering the remarkable findings in this paper, since the soft set is a generalization of the 

fuzzy set.  
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