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Abstract. The aim of this paper is to introduce the notion of monotone sequence in
metric spaces. Some properties and examples are given.
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1. INTRODUCTION

Recall that a metric space is a non-empty set X endowed with a distance (or a metric),
that is an application f: X — [0, 00), satisfying the following axioms:
a) d(x,x) =0, forevery x € X;

b) d(y,x) = d(x,y), forevery x,y € X;
c) d(x,y) +d(y,z) = d(x,z), forevery x,y,z € X.

The third property is called the triangle inequality.

The notion of metric space was introduced by the French mathematician Maurice
Fréchet in 1906 and the German mathematician Felix Hausdorff in 1914. Since then, many
properties and applications have been stated.

Usually, the notion of monotonicity is defined in spaces Y endowed with an ordering
relation " < ". More exactly, we say that a sequence

a1 © (¥, <)

is increasing (or decreasing) if for every integer n > 1, it holds:

Yn < Ynt1 (OF Yy = Ynia).

Moreover, we say that a sequence (V,)n»1 € (Y,<) is monotone if it is either
increasing or decreasing. Although there is no ordering relation in a general metric space,
such a order was introduced by Menger [1], who defined the notion of points that are in
between two points. More precisely, if points a, b, x € (X, d), then it is said that x is between
a and b, if

d(a,x) +d(x,b) = d(a,b).
A kind of monotonicity was defined by Mud [2] with respect to a fixed element

chosen in the respective metric space. We will introduce in this paper a notion of monotone
seguences in metric spaces, not involving elements outside the given sequence.
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2. THE RESULTS

As it is often done, we will start with the case of the metric space of the real numbers.
In this sense, remark that if (x,,),>1 iS @ monotone (say increasing) sequence of real numbers,
then for every positive integers m < n < p, we have x,,, < x,, < x,, and consequently:

Ixm—xn|+|xn—xp|=|xm—xp|. 1)
This equality holds true also for any decreasing sequence (x;,),,s1 € R.
If we consider the (usual) metric space (R, d), with d(x,y) = |x — y|, then (1) can be
rewritten in terms of distance d.

This fact entitles us to introduce the following:

Definition 1. Let (X,d) be a metric space, where X #= @. We will say that a sequence
(Xp)n=1 € X is monotone if for every positive integers m < n < p, we have:

d(xm, %) + d (2, %) = d(xm, xp). (2)
In the sequel we will characterize the monotone sequences in some classical metric
spaces.

2.1. THE USUAL REAL METRIC SPACE

In the (usual) metric space (R, d), with d(x,y) = |x — y|, relation (2) becomes:
1% — 2| + |20 = x| = |2 — %),
wherel <m <n <p.Ifwetaken =m+ 1and p = m + 2, we deduce that:

|xm - xm+1| + |xm+1 - xm+2| = |xm - xm+2|-

By denoting a = x,;, — X;p41 @Nd b = X1 — Xma2, We get: |a| + |b| = |a + b|. But
this is true only if and only if a and b have the same sign.

It follows that the quantity x,,, — x,,,+1 has a constant sign, for every integer m > 1.

This means that the sequence (x,,)ns1 iS monotone with respect to the usual ordering
on R.

In conclusion, in the (usual) metric space (R, d), the monotonicity given by Definition
1 is the same as the monotonicity with respect to the natural ordering on R.

2.2. THE K-DIMENSIONAL TAXICAB METRIC SPACE

Let us consider the k-dimensional real space R¥ ={X|X = (xy,..,xx), X; €
R, ..., x; € R} endowed with the so-called Taxicab metric:
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k
A, ¥) = Y 1w = vil,
i=1

forevery X,Y € R¥, X = (x4, ..., xc), Y = (¥4, oo, Vi)
Let (Xp)n=1 © R, say

Xy = Xk, -, XK), n=>1,
be a monotonic sequence in the sense of Definition 1.

For every positive integers m < n < p, we have d(X,,,, X)) + d(X,, Xp) =
d(Xm, Xp), Or

k k k
Z|X,"n—X,"l|+Z|XTﬂ—X§|=Z|X§H—X§,|. 3)
i=1 i=1 i=1

By summing the inequalities:
| X5 — X5+ | X5 — X5 = x5 - X5, 1<i<k, 4)

we get the general inequality:

k k k
Z|X;'n — X5 +Z|X}l - X} = Z|X;'n - X}
i=1 i=1 i=1

In our case (3), this inequality holds true with equality, and consequently, the same
with inequalities (4):

[Xm = Xa| + X = Xp| = [Xm = X[, 1< i<k

As we proceeded in the previous example, it results that the numbers X%, — X} and
Xi— X;', have the same sign, foreverym < n < pand 1 < i < k. This means that for all
1 <i <k, the sequence (X,il)n21 c R is monotone, in the usual sense.

Now we are in a position to give the following.

Theorem 1. A sequence (X,)ns1, XN = (X%l, X‘lfl) of elements from the k-dimensional
Taxicab metric space is monotone in the sense of Definition 1 if and only if each real

sequence (X3)ps1, X2 pz1 s ..o (X}i)n21 is monotone in the usual sense (possibly of different
monotonicity).

2.3. THE K-DIMENSIONAL EUCLIDIAN METRIC SPACE

Let us consider the k-dimensional real space R¥ ={X|X = (xy,..,xx), X; €
R, ..., x; € R} endowed with the Euclidian metric:
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forevery X,Y € R, X = (xq, .o, 1), Y = (¥4, o) Vio).
Let (Xp)n=1 € R™, say

Xy = (X§, -, XK), n>1,
be a monotone sequence in the sense of Definition 1.

For every positive integers m < n < p, we have d(X,,,, X)) + d(X,, Xp) =
d(Xm, Xp), or

Zk:(X}n - X2+ Zk:(Xh — X}D)2 = Zk:(x}n - x;,)z. (5)

By denoting a; = X}, — X, by = X} — X}, (for arbitrary positive integers m, n, p), we
get:

k k k
i=1 i=1 i=1

But the following inequality holds true, for every real numbers a;, b;, 1 < i < n:

zA%+ zbfz z(ai+bi)2' (6)
: - :

It is also called the Minkovski inequality. As it is equivalent to the Cauchy-
Buniakovski-Schwarz inequality (see, e.g., [1, 3-5]), inequality (6) holds with equality if and
only if

Av_Bs_ My

—2_.=-N 7
B, B, By (7)

with the convention that if a denominator vanishes, then the corresponding numerator
vanishes, too. If we denote

aq b;

a, b
a= , b=["%1],

(085 bk
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then (7) can be written in the form a = Ab, for some 4 € R.
Coming back to (5), and taking m = 1 and n = 2, we get: X,, — X, = 1,(X, — X;),
or:

Xp = AP(XZ - Xl) + Xz,

where 4, € R, and A, = —1, 4, = 1. For these forms, the vectors: X, — X,, X,, — X,,, and
Xm — X, are proportional:

Xm—Xn=Unm— An)(XZ - X1)
Xn — Xp = An— Ap)(XZ - X1)
X —Xp = (A — 4,) (X2 — X1).

Now, these are satisfied with a monotone sequence (1,,),>1- We are in a position to
give the following

Theorem 2. A sequence (Xp)ps1, XN = (X,ll, Xllfl) of elements from the k-dimensional
Euclidian metric space is monotone in the sense of Definition 1 if and only if there exists a
monotone sequence (A,)n=1 € R, such that, for every integer n > 1, it holds:

Xn =2, (X; — X1) + X
3. ATHEOREM OF WEIERSTRASS TYPE

We establish in this section a theorem of Weierstrass type in general metric spaces,
with respect to the monotonicity defined in the first section of this paper.

In the sequel, (X, d) will be again a general metric space.

Recall that a sequence (x,)n-1 € (X,d) is called a Cauchy sequence if for every
€ > 0, there exists an integer n(e) (depending on €) such that d(x,,, x,) < &, for every
m,n > n(e).

Moreover, we say that the sequence (x,),s>1 € (X, d) converges to x € X, if for every
€ > 0, there exists an integer n(e) (depending on &) such that d(x,,x) < &, for every
n > n(e).

It is well-known that a convergent sequence is a Cauchy sequence, but the reciprocal
part it is not necessarily true.

A metric space is called complete if every Cauchy sequence is convergent.

We also use next the notion of a bounded sequence (x,)n»1 € (X,d), that is
d(x,,a) < M, for every integer n > 1, with some a € X and M > 0. Note that if the
sequence (x,)ns1 IS bounded, then for every other a’ € X, there exists M’ > 0 such that
d(x,,a") < M', for every positive integer n.

We give the following

Theorem 4. Every montone and bounded sequence

(Xn)nzl c (X' d)

is a Cauchy sequence.
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Proof: Let
M = sup d(xq, xy).

n=1

For every ¢ > 0 (arbitrarily fixed), there exists k > 1 such that d(x;, x;) > M — «.
Then for every m,n > k, we have:

d(Xm, Xp) < &, (8)

meaning that (x,,),,», is @ Cauchy sequence. This can be proven as follows.
Assume, without loss of generality, that m < n. We have:

d(xy, Xm) = d(xy, x) + d(xg, X)) = d(xq, ) > M — ¢,
50 d(xq,xy,) > M — €. Using also d(x,, x;) < M, we deduce:
d (X, Xp) = d(x1, %) —d(xy, %) <M — (M —¢€) = &.

In conclusion, relation (8) is true, and the proof is completed.
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