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Abstract. This paper presents a novel class of quaternions derived from the concept of
elliptic quaternions. Specifically, we establish the Fibonacci and Lucas elliptic quaternions,
serving as a natural extension of the Fibonacci and Lucas quaternions. Our study delves into
the fundamental properties of these sequences, including recurrence relations, generating
functions, Binet-like formulas, and Vajda’s identity. We additionally establish relations
involving both Fibonacci and Lucas elliptic quaternions.
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1. INTRODUCTION

Quaternions were discovered by Sir William R. Hamilton in 1843 [1], and their theory
expanded to include applications such as rotations in the early 20th century. One of the most
significant properties of quaternions is that each unit quaternion represents a rotation, playing
a crucial role in the study of rotations within 3-dimensional vector spaces. Quaternions find
extensive use in fields like computer vision, computer graphics, animation, and kinematics.
Similar to how each unit quaternion represents a rotation in Euclidean 3-space, utilizing unit
elliptic quaternions for a given ellipsoid enables the generation of elliptical rotations.
Understanding motion on an ellipsoid holds particular importance, especially considering that
planets typically possess ellipsoidal shapes and follow elliptical orbits.

The concept of elliptic quaternions was introduced by Ozdemir [2] and used for the
creation of an elliptical rotation matrix. For a given ellipsoid a,x? + a,y? + azz% = 1, the
elliptic quaternion algebra H,_ 4, 4, 1S

Mg, ay,a; = {90 + g1t + q2j + q3k|qo, 91,92, 3 € R}

an associative, non-commutative division ring and the basis {1, i,j, k} satisfy the following
multiplication rules:

i2=—aq,j? = —ayk? = —as,,ijjk = —-A
(1.1)

o A A A
= ]l—a3 yJK = ]—all, L= l —a2],

where A: = \/a,a,a; and a4, a,,a; € R*. Itis clear that if we take a; = a, = a; = 1, we get
the usual quaternion algebra.
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For any given two elliptic quaternions p = py + p,i + poj + psk and g = qo + q4i +
q.J + qsk, the addition, subtraction, and scalar multiplication are defined as follows:

PEq=@otqo)+(1tq)i+P:tq)j+ (st a3k,
cp = cpg + cp1l + cpyj + cp3k, where c € R.

The product of two elliptic quaternions p and g is defined as:

pPq = Poqo — a1P1CI1A— aszQzA— aspsqs

+ (Poql + D190 + — D293 — _P3q2> i
a; a;
A A

+ (POQZ + P2q0 + —DP391 — _P1Q3>
a, a,

]
A A

+ (Po% + p3qo + a_P1‘I2 - _pz%) k.
3 as

The elliptic quaternion product can also be seen in Table 1.

Table 1.Elliptic quaternion product table.

1 i j k
1 1 i j k
A I A
i i a; @ az]
A . A
J J s a; all
i i A A
az] all as

The norm of an elliptic quaternion g = q, + q41i + q»j + qsk is defined as

N(@):=+qq = JQS +a,q7 + a,q% + asq3

where ¢ = qo — q1i — q2j — q3k is the conjugate of g. For details on elliptic quaternions, we

refer to [2].
There are several studies on different types of sequences over quaternion algebra. In
particular, Horadam [3] defined the Fibonacci and Lucas quaternions on real quaternion

algebra H as:
Qn = Fo + Fpal + Fyof + Foysk,
Kn = Ly + Lysql 4 Lyyoj + Lyysk,

where F, is the n-th Fibonacci number defined by the recurrence relation F, = F,,_; + F,,_,,
n = 2 with the initial conditions F, = 0 and F; = 1, and L,, is the nth Lucas number which
satisfies the same recurrence relation as Fibonacci numbers but begins with L, =2 and

L, = 1. The Binet formulas for the Fibonacci and Lucas sequences are E, = = 5~ and

1+2\/§, B = 1_2\/5 are the roots of the characteristic polynomial

L, =a™+ B" where a =
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x? —x — 1. Note that @ = —1,a + 8 = 1, — B = /5. For more on quaternion sequences,
we refer to [4-10].

In this paper, we introduce the Fibonacci and Lucas elliptic quaternions, which
provide a natural generalization of the classical Fibonacci and Lucas quaternions by using the
concept of elliptic quaternions. We investigate some basic properties of these sequences, such
as recurrence relations, generating functions, Binet-like formulas, Vajda’s identity, and
Honsberger’s identity. We also derive some relations including both Fibonacci and Lucas
elliptic quaternions.

2. MATERIALS AND METHODS
Throughout this section, we use the notation E:= E(aq,a,,a3) for the ellipsoid

a,x? + ayy? + azz? = 1.

Definition 1. The nth Fibonacci and Lucas elliptic quaternions on the ellipsoid E are defined
respectively by

QE,n =FE + Fppal + Fpyoj + Frisk,
KE,n =Ly + Lyl + Lyyoj + Lpysk,

where F, is the nth Fibonacci number, L,, is the nth Lucas number, and the basis {1,i,, k}
satisfies the multiplication rule in (1.1).

The norm of a Fibonacci elliptic quaternion Qg ,,is

N(Qgn):= JQE,nQE,n = \/Fnz + a,F2, + ayFf, + asFPy

where Qg = Fy — Fpyal — Fpyo) — Faysk.
It is clear to see that the Fibonacci elliptic quaternions satisfy the following recurrence
relation

Qen = Qpn-1+Qppn2,n =2 (2.1)

with initial values Qgo=1i+j+ 2k and Qp, =1+i+2j+3k. The Lucas elliptic
quaternions also satisfy the same recurrence relation but begin with initial values Kz, = 2 +
i+3j+4kand Kz, = 1+ 3i + 4j + 7k.

Now we give the generating functions and the Binet formulas of the Fibonacci and
Lucas elliptic quaternions.

Theorem 1. The generating functions of the Fibonacci and Lucas elliptic quaternions are

i+j+2k+(1+j+k)x

G —
(x) 1—x—x2

and
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24+ i+3j+4k+(—1+2i+j+3k)x

H(x) =
(x) 1—x—x2

)

respectively.

Proof: Let G(x) = Xn-o Qrnx™ be the generating function of the Fibonacci elliptic
quaternions. From (2.1), we have

[o.0] [0/0) [o.0] [0/
(1 - X — xZ) z QE,nxn = Z QE,nxn - z QE,Tan+1 - Z QE,nxTH-2
n=0 n=0 n=0 n=0
[0/0) [o.0] [0/0)
= Z QE,nxn - z QE,n—lxn - 2 QE,n—an
n=0 n=1 n=2

= Qgo + Qp1x + QE,ZxZ + ot QppX™ + o
_(QE,OX + QE,1XZ + -+ Qgpn-1x" + )
_(QE,on + QE,1X3 + -+ Qpp2x™ + )

co

= Qgo + (QE,l - QE,O)x + Z Qg n_2x"*?
n=2
= Qgo + (QE,l - QE,O)x-

By using the initial values, we get the desired result.
The generating function of Lucas elliptic quaternions can be derived similarly.

Theorem 2. The Binet-like formulas of the Fibonacci elliptic quaternions and Lucas elliptic
quaternions are given respectively by

Qpn=—"—7—
a—p
and
Kgn = a*a™ + B*B",
where a*: = 1+ ai + a?j + a®k and B*:= 1 + Bi + B?j + B3k.

Proof: From the definition of the Fibonacci elliptic quaternion and the Binet formula of the
Fibonacci sequence, we get

QE,n = FE 4 Fppql + Fuppf + Frisk
an _nn an+1 _ pn+1 an+2 _ n+2 an+3 _ pn+3

a—p a—p a—p a—p
_a*(l+ai+a®j+a’k) B+ Bi+ P+ Bk)
- a—p - a—p
_ata" - Bp"
=—=F

The Binet formula of Lucas elliptic quaternions can be obtained in a similar manner.
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Theorem 3. The exponential generating functions of the Fibonacci and Lucas elliptic

quaternions are
(00}
x™ afe®™ — ﬁ*eﬁx
2, Gnr =
n=0

and

(o]
n
x__ * o X *,Bx
KE’nn' =a’e™ + freP*,
_ n=0 '
respectively.

Proof: From the Binet formula of Fibonacci elliptic quaternions, we have
> z<>
QEn - a — ﬁ n'
2 (ax)” z (ﬁx)”
T a-R a—

— pref*
a—p '
Similarly, by using the Binet formula of the Lucas elliptic quaternions we get the

desired result. Now we give the following lemma which gives a simplification to obtain the
Vajda’s like identity for the Fibonacci elliptic quaternions.

Lemma 1. Let w: = ail +ai] _aik, t:=1-— a, + a, —das, tl:: a1F1 +a2F3 + a3F5,
1 2 3
ty:= %(ale + a,F, + a3Fg). For o and B*, we have the following results:

(l) (X*,B* = KE,O —t— A\/g(l),
(ii) B*a* = Kgo — t + AV5w,
(i) (@) =Kgo— (L + 1t +t,) + ‘/E(QE,O - tz)'

((v) (B2 =Kgo— (L +t; +t5) —V5(Qgo — t2).

Proof: We only give the proofs of the identities (i) and (iii). The remaining cases can be
proven similarly.
(i) From the definition of a* and 8*, we have

@B = (1 +ai + a%j + a3k)(1 + Bi + B2j + B3k)
=1—a,(aB) — ay(aBf)? — az(ap)?
A
n <B ot (@2 - a%) i
1
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+<W+u2+£hﬂﬁ—wﬁﬁj

a

+ <B3 +ad+ A(ozﬁz - azﬁ)> k
as

A
=1+a1_a2+a3+(1__\/§>i

aq
A A
+(3——\/§)j+(4+—\/§>k
az as
:1+a1_a2+a3+KE‘0_2_A\/§(U
=KE'0_t_A\/§(U-

(iii) From the definition of a*, we have

(@)= +ai+a?j+a3k)A + ai + a?j + a3k)
=1-aq,a?— a,a* — aza®
+Qa)i + (2a?)j + a®)k

1++5

)

l

=1—a1a2—a2a4—a3a6+2<

<3+\/§
+2(—

>j+2(2+\/§)k

=1-a,a® — aza* — aza® + Kz o — 2 + V5Qg,
=Kgo—1—-t,—t; + ‘/g(QE,o —t3)
= KE,O - (1 + tz + tl) + \/E(QE,O - tz)

It is clear that we have the following results from the Lemma 1:

@'+ prat =2(Kgo— t),
a’f*—pa* = —2M5w,
(@) + (B =2 (Ko — (1 + 8, +1)),
(@)? = (B")* = 2\/§(QE,O - tz)-

By using the Binet formula of the Fibonacci elliptic quaternions and the above Lemma
1, we obtain the following identities.

Theorem 4. (Vajda’s like identity) For nonnegative integers r, s and n, we have

QE,n+rQE,n+s - QE,nQE,n+r+s = (_1)nF;*[(KE,O - t)Fs + Ast]-

Proof: By using the Binet formula of Fibonacci elliptic quaternions, we get

5(QE,n+rQE,n+s - QE,nQE,n+r+s)

— (an+ra* _ '8n+rﬁ*)(an+sa* _ 'Bn+s’8*)
_(ana* _ Bnﬁ*)(an+r+sa* _ 'Bn+r+s’8*)
— anﬁn+r+5(a*ﬁ*) + Bnan+r+5(ﬁ*a*)
_an+rﬁn+s(a*ﬁ*) _ 'Bn+ran+s(’3*a*)
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— (anﬁn+r+s — aTl+Tﬁn+S)a*ﬁ* + (ﬁnan+r+s — ﬁn+ran+5)'8*a*
= (@B)*(B* (@ B) + a"** (B a")) — (aB)"(a"B*(a"B") + BT a’ (B ™))
= (ap)"((B™*° —a"BHa" " + (a™*° = pra*)f"a")
= (ap)*(B" —a")B*(a’B") + (a” = T)a’*(B*a")
= (ap)"(a” = ") (a*(B*a") = B*(a”B"))

and by using Lemma 1 (i) — (ii), we get

5(QE,n+rQE,n+s - QE,nQE,n+r+s)
= (aB)™(a”" — B7) (aS(KE,O —t+ A\/ga)) —B5(Kgo—t — A\/ga)))

= (ap)"V5F, ((Kgo — £)(a® — %) + AV5w(a® + %))
= (ap)™V5F, ((Kgo — )V5F, + AV5wl;)

= (“ﬁ)n5Eﬂ((KE,0 - t)Fs + Awly)
= (—1)"5E.((Kgo — OF + AwLy).

Thus, we get the desired result.

It is clear that if we take r,s » m and n = n — m in the above theorem, we obtain the
following result.

Corollary 1. (Catalan’s like identity) For nonnegative integers n and m, such that n > m, we
have

Ql%,n - QE,n—mQE,n+m = (_1)n_mFm[(KE,o — t)Fm + A(/)Lm].

It is clear that if we take m = 1 in the Catalan’s like identity, we obtain the following
result.

Corollary 2. (Cassini’s like identity) For positive integer n, we have

Q}E",n — Qgn-1Upn+1 = =t ((KE,O — t) + Aa)).

It is clear that if we take s = m —n and r = 1 in Theorem 4 we obtain the following
result.

Corollary 3. (d’Ocagne’s like identity) For nonnegative integers n and m, such that m > n,
we have

Qen+1Qem — Qenlem+1 = (_1)n[(KE,0 - t)Fm—n + AOULm—n]-

Theorem 5. (Honsberger’s like identity) For positive integers n and m, we have

Qem-1Qen + QemQen+1 = Fnan(Kgo — (1 + t; + t2)) + Lipyn(Qgo — 1).

Proof: By using the Binet formula for the Fibonacci elliptic quaternion we have
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S(QE,m—lQE,n + QE,mQE,n+1)
= (@™ ta" = pmIp) (@ = )
+(C¥m6¥* _ ﬁmﬁ*)(a”“a* _ ﬁn+1,8*)

— (am+n—1(a*)2 + ﬁm+n—1(ﬁ*)2 + am+n+1(a*)2 + ﬁm+n+1('8*)2
_am—llgna*lg* _ ’Bm—lanﬁ*a* _ am'Bn+1a*’8* _ ﬁman+1ﬁ*a*)
= (@™ (a = p)(@")? = ™ (a - B)(B")?
_am(a—lﬁn + ﬁn+1)a*ﬁ* _ ﬁm(ﬁ—lan + a"“)ﬁ*a*)
= (a = p)(@™™(a")? = ™ (B7)?)

and using the Lemma 1 (iii) — (iv) , we get
5(Qzm-1Q5n + QsmQens1)
= \/E(a"”" (KE,0 — (1 +t +1t) +V5(Qgo — tz))
—pmn (KEO —(A+t +1t) —V5(Qgo — tz))>
=5 ((a"”" =) (Ko — (1 +t, + tz))
+(@™™ + VS (Qp o — tz))
=5 (Fm+n\/§ (Kpo = (1+ t1 +£5)) + LynsnV5(Qr0 — t2)>

5Fnin (KE,O -1+t + tz)) + Lm+n(QE,0 - tz)-
Thus, we get the desired result.
Next, we give some relations between Fibonacci and Lucas elliptic quaternions.
Theorem 6. For nonnegative integers n,r, s with s > r, we have

KE,n+rQE,n+s - KE,n+sQE,n+r = 2(_1)n+rFs—r (KE,O - t)-

Proof: By using the Binet formulas for the Fibonacci and Lucas elliptic quaternions, we have

\/E(KE,n+rQE,n+s - KE,n+s QE,n+r)
— (a*an+r + ﬁ*ﬁn+r)(a*an+s _ ﬁ*ﬁn+5)
_(a*an+s + ﬁ*ﬁn+5)(a*an+r _ B*Bnﬂ")

— (a*)2a2n+r+s _ a*ﬁ*an+rﬁn+s + ﬁ*a*an+53n+r _ (ﬁ*)2ﬁ2n+r+s
_(a*)2a2n+r+s + a*ﬁ*an+53n+r _ ﬁ*a*an+rﬁn+s + (ﬁ*)2ﬁ2n+r+s
=a'B(ap)"(a’B" —a’B®) + Bra”(ap)"(a*B" — a’ B*)
= (af)"(a*B" —a"B*)(a"B" + B a”)

— 2(_1)n+r(a5—r _ ﬁs_r)(KE,O _ t)
= 2(—1)™"V5F,_.(Kgo — t).

Thus, we get the desired result.

Theorem 7. For nonnegative integer n, we have

6 8
(DKEn + Qb = g((KE,o -1+t + tz)) Lyn + S(QE,O - tz)F2n> + © (KE,O - t)(—l)n,
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4 12
(i)KEn — Qfn = c ((KE,O -1+t + tz)) Lyn + 5(QE,O - tz)F2n> + = (KE,O — t)(—l)n-

Proof: (i) By using the Binet formulas for the Fibonacci and Lucas elliptic quaternions and
by using Lemma 1, we have

1
Kin +Qfn = (a"a™ + B*B™)* + g(a*a" — B B™)?
= @a" 4 fp@ e+ 6"
+§(CK*C¥" _ ﬁ*ﬁn)(a*an _ B*ﬁn)
:1 (a*)2a2n + a*ﬁ*(a/j)n +ﬁ*a*(a,8)" + (ﬂ*)ZﬁZn
tz ((@)?a®™ —a*B*(af)™ — B*a*(af)™ + (B*)*B*™)
= (a*)?a®" (1 + %) + (B p*" (11 + %)
+a@p + )@ (1-5)
1
= (1 + g) (KE,O — (A +t +1t) +V5(Qgo — tz)) a*
1
+ (1 + g) (KE,O -1 1‘ ty +tp) — \/g(QE,o — tz)) g
+2 (1 - §> (Kgo —t) (D"

6 8
=3 ((KE,O -1+t + tz)) Lon +5(Qgo — tz)FZn) + T (KE,() —t)(-D™

(ii) By using the Binet formulas for the Fibonacci and Lucas elliptic quaternions and by using
Lemma 1, we have

1
Kén—Qfn = (@"a™ + B*B)? — g(“*an — B*B™)?
1

= (@ a™+ppM)(a*a™ + ") — g(a*an =B pM)(a*a™ — B*p™)

=1 (@)?a®™ + a* B (af)™ + Bra*(af)™ + (B*)*B*"

_g((a*)zam —a*B(ap)" = Bra*(ap)™ + (B*)*B*™)
= %(azn(KE,o —(1+t+6)+ ‘/E(QE,O — t3))
+B?" (Ko — (1 + t; + t5) — \/E(QE,O —t3))
6 n
+=(@B)2(Kso 1))
= %((KE,O -1+t + tz))(azn + %) + ‘/E(QE,O —t,)(a®™ — B*™))
6
+§(—1)"2(1f<E,O —t)
4 12
= E(KE,O -1+t + tz))LZn + 5(Qgo — t2)Fon) + ?(_1)71(1(5,0 - t)-

Thus we get the desired result.
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Theorem 8. For nonnegative integers n and m with m > n we have

QE,nKE,m - KE,mQE,n = 2(_1)n+1A(‘)Lm—n-

Proof: By using the Binet formulas for the Fibonacci and Lucas elliptic quaternions, we have

\/E(QE,nKE,m - KE,mQE,n)
— (a*an _ ﬁ*ﬁn)(a*am + ,B*ﬁm)
—(a*a™ + B ™) (a"a™ — B*B™)
— (a*)zan+m + a*ﬁ*anﬁm _ ﬁ*a*amﬁn _ (ﬁ*)zﬁ"+m
_(a*)zan+m + a*’g*amﬁn _ B*a*anﬁm + (ﬁ*)ZIBn+m
=a'frap™ - prata™p" + a*fra™ B — frata ™
= (@’ = pra)(@"B™ + a™p")
= 2(-D"AVEw (™ + ™)
= 2(=1)" 1 AV5WL,,_p.

Thus, we get the desired result.

Theorem 9. For Fibonacci and Lucas elliptic quaternions, we have the following sum
formulas:

n
(i) Z QE,r = QE,n+2 - QE,Z'
r=1
n
(ii) z KE,T = KE,n+2 - KE,Z:
r=1
(l”') Z QE i+r — QE,2n+r'

(”7) z KE i+r — KE 2n+r:

Proof: (i) and (ii) can be proven by mathematical induction.

(iii) By using the Binet formula of Fibonacci elliptic quaternion and by using binomial
expansion, we get

> ()0 = i o) <“ ”; :g ﬁl”)

i=0 n i=0
a‘a”
T a- ; (i a—,B
_aa’ n_ 33T n
_a—ﬁ(1+a) 5(1+B)
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B a*a2n+r _ ﬁ*ﬁ2n+r B Q
a — ﬁ E2n+r-

(iv) By using the Binet formula of Lucas elliptic quaternion and by using binomial
expansion, we get

n

Zn: (:l) Keivr = Z (:l) (a*a”r + ﬁ*ﬁ”r)

i=0 i=0
n n

- ) () sy (F

=a alr(ol +a)"+ " ﬁr(l + g™
=q a2n+r +ﬁ ﬁ2n+r

= KE,2n+r-

Thus, we get the desired result.

Theorem 10. For Fibonacci and Lucas elliptic quaternions, we have the followings:

n n e
] n B 52Qg ntrs if n is even,
) ) Qe2itr =9 n-1
52 Kgpir, ifnisodd,
n
B S52Kg nirs if n is even,
(U) KE 2i+r — Y n+1

2 Qgnt+rr ifnisodd,

(m)z (~DiQsater = (~1)"Qener

@) ) () D Keairr = (D Ko

Proof: (i) By using the Binet formula of Fibonacci elliptic quaternion and by using binomial

expansion, we get
n * 21+r 2i+r
n ﬁ B
Z (i ) Qk2itr = < )

i=0
ﬁ - ﬁ_ s
n_ ,B,Br n
Aty TFA )
_a'a’(aVR) - p" ﬁr(—ﬁ‘/_)
_ -
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n

52Qg ntrs if nis even,
n—1

52 Kgnyp, ifnisodd.

(ii) By using the Binet formula of Lucas elliptic quaternion and by using binomial expansion,
we get

Z (:l Keoivr = i (:l) (a*a2i+7‘ + ﬁ*ﬁ2i+r)

=0 =0
n n

_aaz a21+ﬁﬁr2(n)ﬂ2i

i=0

= a*a (1 + az)" + B*BT(1 + B )"
aa"(aV5) + BB (~pV5)"
52Kg ptr if n is even,

n+1
2 Qpn+r, ifnisodd.

(iii) By using the Binet formula of Fibonacci elliptic quaternion and by using binomial
expansion, we get

n

z (?) (_1)iQE,2i+r — Z (:l) (_1)i <a2i+ra; :§2i+rﬁ*>

i=0 i=0

aa” O m i o B*BT O i i
=a—ﬁ; ;) (Dl Ta-pLy (i) o
_oaa’ n_ BB n
—a_ﬁ(l—az) —ﬁ*ﬁﬁ(l—ﬁz)

ata”
= ﬁ(_ a) ﬁ( B)
=(_1) QE,n+r

(iv) By using the Binet formula of Lucas elliptic quaternion and by using binomial
expansion, we get

n

Z (:l (—D'Kgi4r = Z (?) (—1)i(a2i+ra* +ﬁ2i+rﬁ*)
£=0 i=0

=a'a Z - 1)ia2f+ﬁ*ﬁrz (7) (~1yipe
S (L= a4 BT (1— "
= a*a’(—a)" + BT (~p)"
= (_1)nKE,n+r-

Thus, we get the desired result.
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Next, we give some binomial identities for Fibonacci and Lucas elliptic quaternions.
Since the proof is similar to the previous theorem, we skip it.

Theorem 11. For Fibonacci and Lucas elliptic quaternions, we have the followings:

n 1/.n o
_ n > (52 + 1) Qe n» if nis even,
@ Z (Zi) Qpa4i = n-1
i=0 2 (STKE,n — QE,n) , ifnisodd,
1, n
B n n > (52 + 1) Kg n, if n is even,
@) (3)Kea =17 ) nas
i=0 > (STQEJn — KE,n>, if nis odd,
. 1/n o
n 3 (52 - 1) Q& n» if n is even,
(”l)z (Zi + 1) QFa4i+1 = 1, n-1
= 5 (571(,5,1 + QE_n), ifnis odd,
n L,n i i
. n 5 (52 — 1) Kg n, if nis even,
(“’)Z (214 1) Keais =91 ns
= . (STQE,n + KE_n), if n is odd.

4. CONCLUSIONS

In this paper, we introduce the Fibonacci and Lucas elliptic quaternions, extending the
classical Fibonacci and Lucas quaternions through the incorporation of elliptic quaternion
concepts. We explore the fundamental properties of these sequences, including recurrence
relations, generating functions, and Binet-like formulas. By using the Binet formula of
Fibonacci elliptic quaternions we derive Vajda’s identity and Honsberger’s identity.
Additionally, we establish relations encompassing both Fibonacci and Lucas elliptic
quaternions. An intriguing direction for further exploration is the study of a generalization of
Fibonacci and Lucas elliptic quaternions. In particular, one could consider bi-periodic
Fibonacci and Lucas sequences [11-13] and investigate the elliptic quaternion structure
associated with them.
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