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Abstract. Our goal is firstly to investigate holomorphic conditions of the Norden
(K&hler-Norden) metrics g¢ and resarch Quasi-Kahler-Norden metrics g¢ on the tangent
bundle (T (M,), ¢, g©) of 4-Walker manifolds M,.
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1. INTRODUCTION

Work on the lifts of geometric objects on the manifold was started in the 1960s.
Vertical and complete lifts of tensor areas were added to the tangent bundle by Yano and
Kobayashi [1, 2]. Studies on the Walker manifold have been significantly expanded since
2004. Matsushita [3] has developed almost complex structures suitable for Walker 4-
manifolds. Chaichi et al. [4] have explored the curvature properties of 4-dimensional Walker
metrics. Davidov et al. investigated almost Kahler-Walker 4-manifolds [5] as well as
Hermitian-Walker 4-manifolds [6]. Salimov [7] delved into certain properties of Norden-
Walker metrics. These inquiries and findings have predominantly focused on 4-dimensional
Walker manifolds.

In this study the structures and metrics on the Norden-Walker 4-manifolds will be
transported to the tangent bundle with the help of the complete lifts and more general results
will be obtained with the aid of computer programs than the results obtained on. The set
SZ(MZn) denotes all tensor fields of type (p,q) on M,,. It is implied that manifolds, tensor

fields, and connections are always assumed to be differentiable and belong to the class C*.

1.1. NORDEN (ANTI-HERMITIAN) AND HOLOMORHIC NORDEN (KAHLER-NORDEN)
METRICS

A metric g is classified as a Norden metric [8] if it satisfies the condition:

g, V) =-g(u,jv)
or, equivalently,
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gu,jv) =g(Ju,v) (1.1)

forany U,V € I5(Myy).
A Norden metric g is called a holomorphic if

(@,9)(U,V,W) =0 (1.2)

forany U,V,W € 33(M,,).

By setting U = 0,,V = 9;, W = 0; in the equation (1.2), we see that the components
(2;9)kij of 2;g with respect to the local coordinate system x?,...,x™ may be expressed as
follows:

@1 Dkij = Tk O0mGij — " 0k Gmj + GmjOJi* — 0Ji) + Gim0iJi"
If (M,,/,9) is a Norden manifold with holomorphic Norden metric g, we say that
(M,,,], g) is a holomorphic Norden manifold.

1.2. HOLOMORPHIC (ALMOST HOLOMORPHIC) TENSOR FIELDS

The pure tensor fields have been investigated by numerous authors (see, e.g., [2,9, 10,
11, 12, 13]). Specifically, for a (0,q) —tensor field w, the purity implies that for any
Uy, ..., Uy € 35(Myy), the following conditions must be satisfied:

w(JUy, Usy,...,Uy) = w(Uy,JU,, ..., Uy) =...= w(Uy, Uy, ..., JU,).
An operator [2]
Gk S2(1\/12n) - Sg+1(M2n)
is defined for the pure tensor field w as follows:

(@;0) (U, Vi, Vay..., V) = JUY @V, Vo, ..., V) — U@V, V..., V)
+0 (L NV, Var. V) + o A0V, Voo, (L, HU),

where L, the denotes the Lie differentiation with respectto V.
When ] represents a complex structure on M,,, and the tensor field 2;w vanishes, the

complex tensor field @ on X, (C) is referred to as holomorphic [2, 9, 12]. Consequently, a

holomorphic tensor field w on X,,(C) is manifested on M,,, as a pure tensor field w, satisfying
the condition:

(@]O))(U, Vl' Vz,...,l/q) = O
for any U, Vy,...,V, € I35(Ma,,). Hence, such a tensor field w on M,,, is also referred to as a

holomorphic tensor field. When J is an almost complex structure on M,,, a tensor field w
satisfying 2;w = 0 is termed almost holomorphic.
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2. MAIN RESULTS
2.1. THE COMPLETE LIFTS OF THE NORDEN-WALKER METRICS ON T (M,)

The expression for the Walker metric is given by:

0 01 0
0 1
a 6
6 B

where a, 8 and 8 are functions depending on the coordinate values (x, v, z, t). g¢ on T (M,)
with lokal components g;; defined by

(2.1)

= o

0
g = (gij) = 0
1

o

0O 0 O 0 0 0 1 0
0 0 O 0 0 0 0 1
0 0 da 06 1 0 a 6@
0 0 g6 9B 0 1 6 pB
Cc _—_
9=lo001 0 000 0 (2.2)
0 0 O 1 0 0 0 O
1 0 «a 0 0 0 0 O
016 B 0000
In addition, we get the inverse of the metric tensor gC defined by (2.2) as follows
0 0 0 0 —«a -0 1 0
0 0 00 -8 —B 01
0 0 0O 0 1 0 0 O
cn-1_10 0 0O 0 O 1 0 O
@)Y"=|1_0 29 1 0 —9a —38 0 0/ (2.3)
-6 - 0 1 —06 —0B 0 O
1 0 0O 0 O 0 0 0
0 1 0O 0 O 0 0 O

where «,f,0 are smooth functions and the complete lifts a¢, B¢, 8¢ of a,5,0 have the lokal
expressions

at =y'd;a = da,
B =y'o,p = ap,
¢ = 19,0 = 36

of the coordinate values (x,y, z, t, k, [, m, n).
2.2. THE COMPLETE LIFTS OF THE PROPER ALMOST COMPLEX STRUCTURE J

Let an almost complex structure on M, be @, which satisfied:
(i) ®? = -1,
(ii) @9, = 9,, P, = —0,,(P induces a positive g —rotation on D)
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(iii) g(@U,V) = g(U, ®V) (Nordenian property),
(1), (id), (iii) properties define & non-uniquely, i.e.

(PO, = =0y, 0, = 0,, \
1

®d, = wd, + E(ﬁ + a)d, — 9, !

|

I 1
\®o, = _E(ﬁ + a)0, + wdy, + 0,

In addition, & has the local components

/0 -1 o —%(,8+a)\
o=(@h=|1 0 ~B+®) |
00 0 1
00 -1 0

according to the natural frame {ax, dy, 0y, 6t}, where an arbitrary functionis w = w(x, y, z, t).

Consequently, we set w equal to 8. Subsequently, g establishes a singular almost
complex structure.

1
/0 1 0 —E(ﬁ+a)\

J=Up=]1 o %(,B+a) 6 (2.4)
00 0 1
00 -1 0

(My,], g) is named almost Norden-Walker manifold.
J¢ of the proper almost complex structure / on 4 —manifold M, with lokal
components J; defined by

1
0 -1 6 —5(B+a) 00 0 0
1
10 S@B+a) 6 00 0 0
0 0 0 0 0 0 0
_10 O -1 0 0 0 0 0
J¢ = 1 1 (2.5)
0 0 06 —§(6ﬁ+aa) 0 -1 6 —E(ﬁ+a)
1 1
0 5 (0B +0a) 06 1 0 > B+a) 6
0 0 0 0 0 0 1
0 0 0 0 0 0 -1 0

where a,f,0 are smooth functions and the complete lifts a¢, 8¢, 8¢ of the a,3,0 have the
local expressions

a’ = y'd;a = 0a,
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B¢ =y'o.p =B,
0¢ =y'0,0 = 96
of the coordinate values (x,y, z, t, k, [, m, n).
Remark 1. From (2.5) we obtain that in the case of « = —f and 8 = 0, ] is integrable.

2.3. INTEGRABILITY CONDITIONS OF THE COMPLETE LIFTS J¢ OF THE PROPER
ALMOST COMPLEX STRUCTURE

Theorem 1. Let J be the proper almost complex structure on (M,, ], g) and J¢ be the complete
lifts of the proper almost complex structure on T(M,). Then J¢ is integrable if and only if the
following PDEs hold:

0=—-0,+00,+ (00)0; + (00),, — 0(00)) + % [(a+ B)6, + ((0a)

+(98))8, — (a + B)(98), + (a; + B7) — ((0a)m + (35)m)]

0=06,+ 060, + (36)0, — (86),, — 6(96), — % [(a + B)6; — ((0a)
+(08))0k + (@ + B)(98) + (ar + Br) — ((0a)n + (9F)n)]

0= ~6, 4 6(8) 5 (e + i + (& + F)B)

1
0=—0pn—0(0) —5(@n+ fn— (a+[)0k)

(@) + (3B)y + 2(86), = 0, (da), + (3B), — 2(36); = O

(0a), + (3B)y — 2(6), = 0, (da), + (3B)x +2(36), = 0
e + B + 26, = 0,0, + B — 26, = 0 &0
y + By + 26, = 0,a, + B, — 26, =0

Thus, we see that if « = —f and 8 = 0, then J is integrable.
Let (T(M,),]¢, g°) be a Norden-Walker manifold (N,c =0) and a = g. Then the
equation (2.6) reduces to

(2.7)

ay = Uy a; = 0

from which follows
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Uex + Qyy =0 g Ge tay=0
Orx + 0,y =0 2% 0+ 6 =0

e.g., the functions « and 8 are harmonic according to the arguments x, y and k, [.
Theorem 2. If the triple (T(M,),J¢, g¢) is Norden manifold and « = B, then « and 6 all
harmonic with respect to the arguments x, y and k, L.
2.4. EXAMPLE OF NORDEN-WALKER METRIC

Suppose a equals B and let h(x,y, k, 1) represent a function of variables x,y, k and [
that is harmonic with respect to «, for instance.

h(x,y,k, 1) = e*cosy + e*cosl.
We define

a=0d(x,y,ztklmn)=nh(xykl)+w(ztmn)
= e*cosy + ekcosl + w(z, t,mn),

where w represents any smooth functions z, t, m and n.
In that case, a is also harmonic according to x, y, k and L. We obtain

a, = e*cosy ay = e*cosl
 x and Ko
ay, = —e~siny a; = —e"sinl.

From equation (2.7), we derive the partial differential equation (PDE) for 8 to fulfill
as:

0, = a, = —e*siny and 0, = a; = —e*sinl
n :
6, = —a, = —e*cosy 6, = —a, = —ekcosl.

For these PDEs, we get a value of 6; by solutions of the equation 8, = —a, =
—e*cosy and a value of 8, by solutions of the equation 6, = —a;, = —e*cosl. Thus, we
obtain the results

0, = —e*siny + B1(z,t, k,l,m,n)
0, = —eksinl + B,(x,y,z,t,m,n),
where (, and B, represent arbitrary smooth functions of z,t k,[,m,n as well as

x,y,z,t,m,n, respectively. Consequently, the full lift of the Norden-Walker metric exhibits
components in relation to 6; and 6,, correspondingly.
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2.5. HOLOMORPHIC CONDITIONS OF THE COMPLETE LIFTS g¢ OF THE NORDEN-
WALKER METRICS

If (M,,], g) represents an almost Norden-Walker manifold and
@1 Dkij = Tk OmGij — )"0k Gmj + 9mj(@Jk* — OJi™) + gim0J* = 0, (2.8)
then, as demonstrated in Section 1, J is integrable and the triple (M,,], g) is denoted as a
holomorphic Norden-Walker or a Kéhler-Norden-Walker manifold.

By substituting equations (2.2) and (2.5) into (2.8), we observe the non-vanishing
components of (@]cgc)kij. Consequently, we establish the following theorem:

Theorem 3. If (M,,],g) denotes an almost Norden-Walker manifold, then the triple
(T(M,),J¢, g¢) constitutes a holomorphic Norden (Kahler-Norden) manifold if and only if
the following partial differential equations are satisfied:

Uy =y = Q=0 =y =ay =0
(), = (0a), = (0a)y = (), = O
Bx =By =Bk =B =Pm=Pr=0
(0B)x = (0B)y = (9B), = (0B)ix = (0B); =0
Oy =6, =06, =0,=06,=0,=0
(00)x = (06), = (90), = (06); =0
(8@), — 2(80), = 0,20, + (3f)m — 2(36), = 0
Bz =0, +(00), = 0,8, —a, + (0a);, + (0B)m = 0
26, — (0a),, = 0, @, — B — 46, + (8@), + (0B)y, = 0
ty + By — (3Q)m = 0, ¢ + B — 2(00)m — (3F)n = 0

0, —a, + (30),, =0
2.6. QUASI-KAHLER-NORDEN-WALKER MANIFOLD

A Norden-Walker manifold (M,],g) meeting the condition o,g;; + 2V, G;; being
zero is termed a quasi-Kahler manifold, where G is defined by G;; =/"gn; [10].
Furthermore, for the covariant derivative VG of the associated metric G set (VG);jx = V;Gjx
on the Norden-Walker 4 —manifold.

Theorem 4. A triplet (T(M,),J¢, g¢) forms a quasi-Kéhler-Norden manifold if and only if
the following partial differential equations are satisfied:

Ay =0y =aqr =0 =aqnp=0a, =0
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() = (3a), = (0a), = (3ar), = 0
Bx=By =Bk =B =Pm=Pn=0
(0B)x = (0B)y = (0B), = (0B)x = (0B)1 =0
Oy =6,=0,=0,=06,=0,=0
(00)x = (06)y = (98), = (90),

3(86), — 2(0a), = 0,30, — a, — (8)y + (30)y, = 0
2(80), — (8@); = 0, (0a), — 6, — a, + (36), = 0
Bz =0, +(060), = 0,8, + 6, — (00)n, + (0B)m =0

0, — ay + (30) = 0,—P; — 0, + (0B, + (80),, = 0

3. CONCLUSION

In this study it was investigated holomorphic conditions of the Norden (Ké&hler-

Norden) metrics g€. Later, studied the Quasi-Kahler-Norden metrics g¢ on the tangent
bundle (T (M,), ¢, g©) of 4-Walker manifolds M,.
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