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Abstract. In this paper, we define some new frames called the osculating Flc-frame,
the normal Flc-frame, and the rectifying Flc-frame along a polynomial space curve using the
Darboux vector of the Flc-frame and obtain the derivative equations according to these
frames. Also, some new integral curves called the dp,-direction curve, the D,-direction
curve, the D, -direction curve, and the D,.-direction curve of a polynomial space curve are
defined. Later, we give some theorems and results related to these curves.
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1. INTRODUCTION

In differential geometry, one of the best-known and most used frame fields for
characterizing curves is the Frenet frame. The Frenet apparatus characterizes a curve and
plays a very important role in determining the shape and the size of the curve. However, there
are other frames used to characterize curves and surfaces, such as the Bishop frame (rotation-
minimizing frame) and the Darboux frame, etc. The normal curvature, the geodesic curvature,
and the geodesic torsion of the surfaces are found using the Darboux frame fields formed by
the velocity vector of the curve lying on a surface and the normal vector of the surface. Thus,
with the help of the Darboux frame, information is obtained about the character and the shape
of the surfaces.

The Bishop frame [1], which can be placed at points where even curvatures vanish, is
very suitable for engineering applications [2]. However, in differential geometry, this frame
may not be very suitable when it cannot be calculated analytically [3]. Dede [4] recently
described a new moving frame called the Flc (Frenet-like curve) frame, which has much
easier calculations than the Frenet frame and has a more analytical form that the Bishop frame
does not have.

Hananoi et al. [5] considered the Darboux frame {T, V, U} along a regular curve y lying
on a smooth surface M where T is the unit tangent vector field of y, U is the unit normal
vector field of M restricted to y and V = T x U. They defined three vector fields D, (s), D.(s)
and D, (s) which are called the normal Darboux vector field, the rectifying Darboux vector
field, and the osculating Darboux vector field along vy, respectively:

Dy(s) = =1 (S)V(s) + kg(s)U(s),
Dy(s) = tg(s)T(s) + Kg(s)U(s),
Do (s) = 1g($)T(s) — Kn(S)V(s),
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where s is the arc-length parameter of y and x,, k., T, are the normal curvature, the geodesic

curvature, and the geodesic torsion of y, respectively. Considering the vector fields D,(s),
D.(s) and D,(s), Onder [6] defined three special curves on the surface as D;-Darboux slant
helices, where ie{o, n, r}.

Many researchers have examined associated curves and tried to reveal the
relationships between the main curve and associated curves [7-12]. Among these associated
curves, the most studied ones are spherical indicators, involute-evolute curve couple, Bertrand
curve couple, Mannheim curve couple, and integral curves. Integral curves are one of the
interesting curves among these curves since they are tangent to the vector field at every point.

Recently, Alkan et al. [13] defined three new moving orthogonal frames obtained
based on the Darboux frame which are called osculator Darboux frame, normal Darboux
frame, and rectifying Darboux frame, respectively. Also, they calculated osculator Darboux
frame components and curvatures for a cylinder. Uyar Dildil [14] has studied some new
frames using the Darboux vector field of the g-frame and defined some new integral curves of
a space curve.

In this study, firstly, some new frames called osculating the Flc-frame, the normal Flc-
frame, and the rectifying Flc-frame along a polynomial space curve using the Darboux vector
field of the Flc-frame are defined. Then the derivative equations according to these frames are
obtained. Also, we define some new integral curves called the dg-direction curve, the D,-
direction curve, the D,-direction curve, and the D, -direction curve of a polynomial space
curve using the Darboux vector field of the Flc-frame and the osculating, normal, and
rectifying Flc-frame vector fields. Thereafter, we give some theorems and results related to
these curves.

2. PRELIMINARIES

Let a = a(s) be a regular space curve with non-degenerate condition a’(s) x o’'(s) #
0. Then the Frenet frame vector fields are defined as

a'(s) a'(s) x a'’(s)

T®) =1oonp NO=BEXTE), Bl == ST

where T, N and B denote the tangent, the principal normal and the binormal vector fields of
the curve a and the prime denotes the derivative with respect to s. Then the Frenet formulas
are given by

T'(s) = k(s)v(s)N(s),
N'(s) = —x(s)v(s)T(s) + t(s)v(s)B(s),
B'(s) = —t(s)v(s)N(s),

where v(s) = ||a’(s)|| and the curvature and the torsion functions are

_ @ xa’ @l
l@®IF

o(s) = (a’(s) x o (s), a’”'(s))
I’ (s) x a"(I*

k(s)

respectively.

WWW.josa.ro Mathematics Section



Constructing Some New Frames and... Bahar Uyar Diildiil 75

Let us consider a curve a: [a,b] = E", a(s) = (a;(s)),1 <i < n. If each coordinate
function a; is polynomial then « is defined to be an n-dimensional polynomial space curve
[15]. The degree of a(s) is identified by

dega(s) = max{deg(oc1 (s)), deg(ocz (s)), - deg(an(s))}, [16].

The definition of the Frenet-like frame (Flc-frame) of a polynomial space curve of degree n is
given by Dede [4] as following

a’(s) o (s) X a®™(s)

Tl O T e xamen

T(s) D,(s) = D1(s) X T(s),

where the prime ' indicates the differentiation with respect to s and ™ stands for the nt
derivative. The vectors D; and D, are called the binormal-like vector and the normal-like
vector, respectively. The curvatures of the Flc-frame d,, d, and d; are given by

T',D T',D D5, D
g (TP (TUDy (DhDy
\% \% \%

where v = ||a||. The connection between the Frenet frame and the Flc-frame is given by

T 1 0 0 T
<D2> = <O cosH sinG) (N)
D, 0 —sin® cosb/ \B

and the relations between the curvatures of these frames are

do
d; = kcosb, d, = —ksinb, d;= v + T,

where k and T are the curvatures of a and 6 is the angle between the vectors N and D,. The
local rate of change for the Flc-frame called as the Frenet-like formulas can be expressed as

T 0 d; dy\ /T
D’1 _dz _d3 0 Dl
The Darboux vector dg,. of the Flc-frame {T, D,, D;} can be obtained in the following
form
dpc = v(d3T —d,D; + d;Dq), [4].
Let us consider the vector fields D,, D, and D, which are called the osculating Flc-
vector field, the normal Flc-vector field, and the rectifying Flc-vector field along «,

respectively:

DO = V(dgT - dzDz), Dn = V(_dzDz + dlDl)’ DI‘ = V(d3T + dlDl)'
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Therefore, the normalized osculating Flc-vector field, the normalized normal Flc-
vector field, and the normalized rectifying Flc-vector field along o are, respectively:

D= d:
P JE+ & JE+

D2, )

_ d, d,
Dp = — ———D, + ———Dj, 3
S ©)
— d d
p=——T+———0D,.
Jaz+d2 Jd? +d?

(4)

3. SOME NEW FRAMES ALONG A POLYNOMIAL SPACE CURVE

Now, let us define some new frames along a polynomial space curve using the
Darboux vector fields of the Flc-frame.

3.1. THE OSCULATING FLC-FRAME

Let D, be the normalized osculating Flc-vector field along the polynomial space curve
a. So, from Eq.(2) we have D, € Sp{T,D,} and D, L D,. If we define E, = D, X D;, then
{D,,D;,E,} is an orthonormal frame along o. Let us call this frame the osculating Flc-frame
and obtain the derivative equations according to this frame.

Since D, € Sp{D,, D1, Eo},
D, = alﬁo +a,D; + a3E, ©)

can be written.
If we take the inner product of both sides of Eq.(5) with D,, we get (D,,D,) = a;.
Since ||D,|| = 1, we have a; = 0. So, we get

ﬁg = ale + a3E0. (6)

Taking the inner product of both sides of Eq.(6) with D; and E, yield (D},D,) = a,
and (D,,E,) = a3. If we take

ds dz

, cos¢p = ,
}d§+d§ fd§+d§ (7)

sing =

in Eq.(2), then we write
D, = sin¢T — cosdD,. 8

Differentiating this equation yields
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D, = ¢'cosdT + sindT’ + ¢'sindpD, — cospD.
From Eq.(1), we have
D, = (¢’ + vd;)cosdpT + (¢’ + vd,)singD, + (vd,sind — vdscosdp)D;.
So, using Eq.(7), we get a, = 0 and
D, = (¢’ + vd;)[cosdT + sinpD,]. 9)
Also from Eq.(8), we find
E, = —cos¢T — sindD,. (10)

Additionally, using Egs.(9) and (10) gives a; = —(¢' +vd;). By doing some

calculations, we have
dz\" [ d5
=T l(d_) (dg n d%) ¥ lel

and from Eq.(6),

D, = (d3)’ dz +vd, |E (11)
o= T \a,/) \@z+az) TV e

Similarly, since D} € Sp{D,, D4, E,},
D,1 = bIBO + b2D1 + b3E0 (12)

can be written.

If we take the inner product of both sides of Eq.(12) with D, we obtain (D}, D,) = b;.
Using Egs. (1), (7) and (8) gives b; = 0. Since ||D,]|| = 1, we have b, = 0. Then, we get

D} = bsE,. (13)

Taking the inner product of both sides of Eq.(13) with E, yields (D}, E,) = b. If we
use Egs.(1), (7) and (10), we obtain b; = v4/d3 + d3 and

D} =v /dg +d E,,. (14)

Furthermore, since E/, € Sp{D,, D1, E,},

E(,) = Clﬁo + C2D1 + C3E0 (15)

can be written.

If we take the inner product of both hand sides of Eq.(15) with D,, we have (E/,D,) =
c;. From Egs. (1) and (10), we obtain
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E, = (¢' + vdy)singT — (¢’ + vd;)cosdD, — (vd,ycosdp + vdzsing)D;. (16)

Using EQgs.(8) and (16) gives

ds\’ d3
C1 = <_3) EVEREY) z 2 + le.
dy) \d&Z + &2

From Egs. (15) and (16), we find ¢, = —v4/d3 + d3. Also, since ||E,|| = 1, we have
cz = 0. Then from Eq.(15), we obtain

sy [ d2 _
B = [<d_2) (W) + vdll D, — v /dg +d2D,. (17)

Thus, from Egs. (11), (14), and (17), if we denote

po = (%) (F5p) +vdr and no =v/EB+G,

we obtain
52) 0 0 —Po Do
Dll =(0 0 No D; | (18)
Eg Po Mo 0 E

We called p, and 1, as the curvatures of a according to the osculating Flc-frame.

Definition 3.1. Let {D,, D,, E,} be the osculating Flc-frame along the polynomial space curve
a. The curve a is called a D;-slant helix relative to the osculating Flc-frame if the vector field
D, makes a constant angle with a fixed direction, i.e. (D, U) = cosys, where U is a constant
unit vector and s is a constant angle.

Theorem 3.2. Let {D,, Dy, E,} be the osculating Flc-frame along the polynomial space curve

a. The curve a is a D;-slant helix relative to the osculating Flc-frame if and only if the

function 2—" is constant (for n, # 0 and p, # 0).

[0}

Proof: Let o be a D;-slant helix relative to the osculating Flc-frame. Then (D, U) = cosy =
c # 0, where U is a unit of constant direction. So, we can write

U=AD,+cD; +M,E,, (A €Ri:1,2). (19)
Differentiating Eq. (19) yields
U’ = A, D, + ;D + cD + ALE, + A,EL

and using Eqg. (18) gives

WWW.josa.ro Mathematics Section



Constructing Some New Frames and... Bahar Uyar Diildiil 79

A; + }\zpo == 0,
7\2710 = 0'
Ay —Aqpo + €N = 0.
Since n, # 0 and p, # 0, we get A, = 0 and A, = constant. Then, we have 2—° =
constant. Conversely, let 2—" be constant. Choosing 2—" = % and taking U = cosyD, +

siny/D,, we get U' = 0 with the help of Eq.(18). So, the vector U is constant. Also, by the
inner product of both sides of the equality U = cosyD, + sinyD; with D;, we get (U,D;) =
siny. Then, the constant vector U and the vector D; make a constant angle, i.e. the curve a is
a Dy -slant helix.

. . (dsd,—d5ds)+vd;(d3+d3)
Corollary 3.3. a is a D;-slant helix & (D) = constant.

3.2. THE NORMAL FLC-FRAME

Let D,, be the normalized normal Flc-vector field along the polynomial space curve a.
Then, from Eq.(3) we have D, € Sp{D,,D,} and D,, L T. If we define E, = D, x T, then
{D,,, T,E,} is an orthonormal frame along the curve a. Let us call this frame the normal Flc-
frame and obtain the derivative equations according to this frame.

Since D, € Sp{D,, T, E,,}, we can write
ﬁ;l = alﬁn + azT + a3En. (20)

Taking the inner product of both sides of Eq.(20) with D, gives (D}, D,,) = a;. Since
|ID,|| = 1, we get a; = 0. Thus, we can write

ﬁ;l = azT + a3En. (21)

If we take the inner product of both sides of Eq.(21) with T and E,, we obtain
(D;,, T) = a, and (D}, E,) = a3. Taking

. dZ d1
sinQ) = ———, cosl = ——— (22)

df +d3 Vi +d3
in Eq.(3) gives
D, = —sinQD, + cosQD;. (23)
If we differentiate this equation, we get
D;, = —Q'cosQD, — sinQD) — Q'sinQD; + cosQD}.

From Eq.(1), we have
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D}, = (vd;sinQ — vd,cosQ)T — (Q' + vd;)cosQD, — (Q' + vd;)sinQD;.
Thus, using Eq.(22), we find a, = 0 and we get
D}, = —(Q' + vd3)[cosQD, + sinQD,]. (24)
Moreover using Eq.(23) gives
E, = cosQD, + sin(D;. (25)

Further, from Egs.(24) and (25), we get a; = —(Q'+ vd;). By doing some

calculations, we obtain
dy\"( di
w=-|@) (Fha) e

and from Eq.(21), we find

D! = (dz)’ di +vd, |E (26)
n— d,/ \d? + d2 Vds| En-

Similarly, since T’ € Sp{D,,, T, E,}, we can write
T’ = blﬁn + sz + b3En. (27)

Taking the inner product of both sides of Eq.(27) with D, gives (T’,D,,) = b;. From
Egs.(1), (22) and (23), we obtain b; = 0. Since ||T|| = 1, we get b, = 0. Thus, we have

TI = b3En. (28)

If we take the inner product of both sides of Eq.(28) with E,, and use Egs. (1), (22) and
(25), we obtain b; = v/d? + d3. So, we get

T =v /d% + d2 E,,. (29)

Besides, since E, € Sp{D,,, T, E,,},
E! = ¢,D, + ¢, T + c3E, (30)
can be written.
Taking the inner product of both sides of Eq.(30) with D, gives (E},D,) = c;. Using
Egs. (1) and (25) gives
E; = —(vd;sinQ + vd; cosQ)T — (Q + vd3)sinQD, + (Q' + vd3)cosQD;. (31)

From Egs. (23) and (31), we obtain
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C =(%>, d—% + vd
17 \d,/ \d? + &2 3

Using Egs. (22), (30), and (31) yields ¢, = —v4/d? + d3. Also, since ||E,|| = 1, we
get c; = 0. Thus using Eq. (30) gives

, dy\' [ df — I
En = l(d—l) (m) + Vd3l Dn -V d% + d% T. (32)

Denoting

and using Egs. (26), (29) and (32) yields

Dy, 0 0 —pn\/D,
T |=(0 0 Mn T | (33)
Eﬁ Pn  —MNn 0 En

Here, p, and n, are called the curvatures of o according to the normal Flc-frame.

Theorem 3.4. Let {D,, T, E,} be the normal Flc-frame along the polynomial space curve a.

The curve « is a helix relative to the normal Flc-frame if and only if the function 12 is

Pn

constant, forn, # 0 and p, # 0.

Proof: Let a be a helix relative to the normal Flc-frame. Then (T, U) = cosy = ¢ # 0, where
U is a unit constant direction. So,

U=XD,+cT+ME, (ERIL2) (34)

can be written.
If we differentiate Eq. (34), we get

U' = A, D} + 2Dy, + cT' + ALE, + A,E)
and we use Eq. (33), we find

1’1 + }\an = 0,
Aznn = 0'
Ay — Apn +cny, = 0.

Since n, # 0 and p, # 0, we have A, = 0 and A; = constant. So, we get 2—“ =

n

constant. Conversely, let 2—“ be constant. If we choose 2—“ = % and take U = cosyD,, +
n

sinyT, we find U’ = 0 by using Eq.(33). Then, the vector U is constant. In addition, having
the inner product of both sides of the equality U = cosyD,, + sinT with T, we get (U, T) =
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sinyr. Consequently, the constant vector U and the vector T make a constant angle, i.e. the
curve a is a helix.

. . (dyd;—didy)+vds(di+d3)
Corollary 3.5. ais a helix & (D)2 = constant.

3.3. THE RECTIFYING FLC-FRAME

Let D, be the normalized rectifying Flc-vector field along the polynomial space curve
. From Eq.(4), D, € Sp{T,D,} and D,. L D,. If we define E, = D, x D,, then {D,, D,,E,} is
an orthonormal frame along the curve a. Let us call this frame the rectifying Flc-frame and
obtain the derivative equations according to this frame.

Since D% € Sp{D,, D,, E,},
ﬁ;- = alﬁr + azDz + a3Er (35)

can be written. If we take the inner product of both sides of Eq. (35) with D,, we get
(D, D,) = a;. Since ||D,|| = 1, we have a; = 0. Therefore,

ﬁ;- == azDZ + a3Er. (36)

Taking the inner product of both sides of Eq. (36) with D, and E,. give (D}, D,) = a,
and (D}, E,) = a3. If we denote

. ds d;
sin®@ = ———, c0s® = ——— (37)

in Eq. (4), then we have
D, = sinOT + cosOD;. (38)
Differentiating this equation yields
D, = ©'cos®OT + sin®T’ — ©’sin®D; + cosOD}.
From Eq. (1), we get
D, = (0’ — vd,)cosOT + (vd;sin® — vd;cos®)D, — (0’ — vd,)sin®D;.

Thus, using Eq. (37), we have a, = 0. So, we get

D, = (0’ — vd,)[cosOT — sin®D,]. (39)
Besides from Eq. (38), we find

E, = —cosOT + sin®D;. (40)
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Additionally, using Egs. (39) and (40) gives a; = —(0' —vd,). By doing some

and from Eq. (36), we have

_ ds\’ d?
f__|(4s _ _ 41
Or l(dl) <d5+d§> VdZIEf ¢

Similarly, since D}, € Sp{D,, D5, E,},

DIZ == blﬁr + b2D2 + b3Er (42)
can be written. If we take the inner product of both sides of Eq.(42) with D,, we obtain
(D}, D,) = by. Using Egs. (1), (37) and (38) gives b; = 0. Since ||D,|| = 1, we obtain b, =
0. Then, we get

D) = bsE,. (43)

Taking the inner product of both sides of Eq.(43) with E, yields (D3, E.) = bs. If we
use Egs. (1), (37), and (40), we obtain b; = v,/d% + d3 and

b=V ’df + d3 E,. (44)

Furthermore, since E.. € Sp{D,, D,, E,},
EI,‘ = Clﬁr + C2D2 + C3Er (45)

can be written. If we take the inner product of both hand sides of Eq.(45) with D,, we have
(EL, D,) = c,. From Egs. (1) and (40), we get

E. = (0" —vd,)sin®T — (vd3sin® + vd,cos®)D, + (0’ — vd,)cos®D;. (46)

Using EQs.(38) and (46) gives

C =(%), d% —vd
17 \d,/ \d? + d2 z

From Egs. (37), (45), and (46), we find ¢, = —vy/d% + d3. Also, since ||E.|| = 1, we
have c; = 0. Then From Eq.(45), we obtain

, ds\ [ df — .
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Thus from Eqgs.(41), (44) and (47), if we denote

pr = (j—i)’ (d;fd%) —vd, and m,=vyd?+d3

ﬁ;‘ 0 0 —Pr D,
Dy|=10 0 n [{D,|

Ef pr —Mr O

we get

Here, p, and 1, are the curvatures of a according to the rectifying Flc-frame.

Definition 3.6. Let {D,, D,, E.} be the rectifying Flc-frame along the polynomial space curve
a. The curve a is called a D,-slant helix relative to the rectifying Flc-frame if the vector field
D, makes a constant angle with a fixed direction, i.e. (D,, U) = cosy;, where U is a constant
unit vector and s is a constant angle.

Theorem 3.7. Let {D,, D,, E,} be the rectifying Flc-frame along the polynomial space curve

a. The curve a is D,-slant helix relative to the rectifying Flc-frame if and only if the function

2t js constant (for i, # 0 and p, # 0).

Pr

Proof: The proof of the theorem can be done in a similar way to the proof of Theorem 3.2.
and Theorem 3.4.

. . (d5d;—dids)-vd,(d3+d3)
Corollary 3.8. a is a D,-slant helix (D)2 = constant.

4. SOME ASSOCIATED CURVES WITH THE DARBOUX FLC-VECTOR FIELDS

Now, let us define some new associated curves with a polynomial space curve using
the Darboux vector field of the Flc-frame and the osculating, normal, and rectifying Flc-frame
vector fields.

4.1. dp,.-DIRECTION CURVE

Definition 4.1. Let « be a polynomial space curve in E3, {T,D,, D,} be the Flc-frame along «
and dg;. be the Flc-Darboux vector field of a. The integral curve of the vector field dg. is
called dp-direction curve of a. Namely, if B(s) is the dg-direction curve of a, then
dpic(s) = B'(s), where dg. = v(d3T — d,D, + d;D;).

Theorem 4.2. Let B be the dp-direction curve of a polynomial space curve a. Then the
Frenet vectors {Tg, Ng, Bg} and the curvatures kg and tg of 8 can be obtained as

1
TB == (d3T - d2D2 + dlDl)’
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1
— 2 2N\4! _ ! !
Ng = Tth+d F{[(dl + d3)d; — d3(d;d; + d;d3)]T
—[(d} + d3)d; — d,(d;d; + d3d3)]D,
+[(d3 + d3)d} — d;(d,d5 + d3d3)]D,},

[(d;d; — dpdi)T + (dyd3 — d3d})D;, + (dpd3 — d3d3) D],

1| =

BBZ

r
Kg = )
P77 v(d2 + d2 + dd)3r2

A

T = o7

where

I'=/(dydj — dpd})? + (dydj — dsd})? + (ddj — dd})?,
and

3
A= [v'dy + 2v'dy + vdi + v?(did] — djdD]1(didj — djdi), i),k = 1,2,3 (cyclic).
=1

i

Proof: Since B is the dg.-direction curve of a, we can write B’ = dg;. and we get the tangent
vector Tg of B as

__F 1
Bl Jd? + dZ + d3

Tg

(d3T —d,D, +dyDy).

Also, we have
B" = (vd3)'T — (vd;)'D, + (vd;)'D;.
So, we find

| B’ x B = v?[(didj — dpd))T + (dyds — d3d1)D; + (dpdj — d3d3)D4]
an

18" > B"|| = v°T,

where

['=/(did; — d2d;)? + (did3 — d3d})? + (d,d; — dsd3)2.
Then, we obtain the binormal vector Bg of § as

ﬁ, X ﬁ” 1 ! ! ! ! ! !
By = i gy = 111z — dodi)T + (dyds — dsdi)D; + (dods — dyd)Dy.

Moreover, we find the normal vector Ng of 8 as
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1
— — 2 AV LS ! ’
—[(d] + d3)d; — dp(dyd} + d3d3)]D;
+[(d3 + df)d; — d (d2d3 + d3d5)]D, }.

Also, the first curvature kg of  can be obtained as

S 3 r
PTUNBNE T v(d? + dE + d2)3/2

Besides, we get

B" = [v"d; + 2v'd; + vdy + v?(d,d} — d,d})]T
—[v"d, + 2v'd} + vdy + v2(d;d] — d;d})]D,
+[v"'d; + 2v'd] + vd} + v3(d,ds — d3d))]D;.

Moreover, we have

(B'x B",B") = v¥{[v'd; + 2v'd; + vd3 + v?(d;d; — dpd;)](d;d; — dpdf)
+[v'dy + 2v'd}, + vdy + v2(dad, — d,d})](dsd) — dyd})
+[v'dy + 2v'd;, + vd! + v2(dyd} — dad}y)](dyds — dsd))).

So, the second curvature tg of 3 can be found as

o <ﬁl X ﬁII’ﬁIII) _ A
PTONB X prIE v

where

3
A= Z [v'dy + 2v'dy + vdi + v?(did] — djdD](didj — djd;), 1,j,k = 1,2,3 (cyclic).
i=1

1

4.2. D,-DIRECTION CURVE

Definition 4.3. Let « be a polynomial space curve in E3, {T,D,, D,} be the Flc-frame along «
and D, be the unit osculating Flc-frame vector field of a. The integral curve of the vector
field D, is called D,-direction curve of a. Namely, if y(s) is the D,-direction curve of a, then

D,(s) = Y'(s).

Theorem 4.4. Let y be the D,-direction curve of a polynomial space curve a. Then the Frenet
vectors {T,, N,, B, } and the curvatures k, and T, of y can be found as

— D/
T, = D,, N, = —s—,l, B, = €Dy, Ky = €Po, Ty = Moy
[1D1

where e = +1.
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Proof: Since vy is the D,-direction curve of a, we can write y’ = D, and we obtain the tangent
vector T, of y as

— 1
TY ES DO = —(dgT - dzDz).

\Jd2 + d3

Differentiating this equation with respect to s and using Eq.(1), we find

5 (dsdz —dyds) + vd, (d3 + d3)

! (d,T + d3D,). (48)
i (d7 +d5)* S
Since
_ (dyd; —dad3) + vd, (d3 + d3)
Po 2 + & ’
from Eq.(48), we obtain
_ D}
D) = —po .
T

n/

So, we get ||D)|| = ep,, Where € = +1. Thus, since N, = IIII;_?II’ we have
o

!

1

N, = —¢——.
Y |1D1]]

Moreover, since B, = T, X N,, we obtain the binormal vector as B, = &D,. Besides,
for the curvatures of y, we get

Ky = ||T{,|| = €Po» Ty = _(BI'NV> = No-

Corollary 4.5. y is a general helix if and only if a is a D;-slant helix.

Proof: The proof can be seen by using Corollary 3.3.

4.3. D,,-DIRECTION CURVE

Definition 4.6. Let « be a polynomial space curve in E3, {T,D,, D,} be the Flc-frame along «
and D,, be the unit normal Flc-frame vector field of a. The integral curve of the vector field
D,, is called D,-direction curve of a. Namely, if {(s) is the D,-direction curve of «, then

Dn(s) = 7'(s).

Theorem 4.7. Let  be the D, -direction curve of a polynomial space curve a. Then the Frenet
vectors {Tz, N¢, B¢} and the curvatures k; and t of ¢ can be found as
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— T’
Tz = Dn, NZ = _EW’ BZ = ET' KZ = Epn' ‘[c = T’In'

where e = +1.

Proof: From the definition of D,,-direction curve, we can write

— 1
TZ = Dl’l = —(_dZDZ + dlDl)'

If we differentiate this equation with respect to s and applying Eq.(1), we obtain

5 - (did; —dydy) — vdz(df +d3)
-

(4% + d2)3/2 (dyD; + d,Dy). (49)
1 2

Since
_ (dd; —did,) + vd3(df +d3)
Pn = & + &2 '

from Eq.(49), we get
-, T’
= .
"I

So, we have ||Dy|| = epy,, where € = +1. Thus, since N = ”g—‘,‘”, we find

N L
= —&—0.
¢ IT'||

Also, the definition of the binormal vector Bz, we find By = €T. On the other hand, the
curvatures of the D, -direction curve ¢ can be obtained

xg = ||T¢|| = epn, T = —(Bz, Ng) =1y
Corollary 4.8. T is a general helix if and only if a is a general helix.

Proof: The proof can be seen by using Corollary 3.5.

4.4. D,-DIRECTION CURVE

Definition 4.9. Let o be a polynomial space curve in E3, {T,D,,D,} be the Flc-frame along «
and D, be the unit rectifying the Flc-frame vector field of «. The integral curve of the vector
field D, is called D,-direction curve of a. Namely, if ¢(s) is the D,-direction curve of a, then

D;(s) = ¢'(s).
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Theorem 4.10. Let ¢ be the D,-direction curve of a polynomial space curve a. Then the
Frenet vectors {T,, Ny, B, } and the curvatures k,, and t,, of ¢ can be found as

— D!
Ty =Dy, Ny = —s—,z, B, = €Dy, Ko = €Pr To = Nry
1D

where £ = +1.

Proof: Taking into account the definition of the D,-direction curve, we get

— 1
T - DI‘ - —2(d3T + dlDl)'

¢ Ja&Z+ d2

Differentiating this equation with respect to s, using Eq.(1) and doing some
calculations, we obtain

5 - (dsdi — didy) —vd, (df +d3)

Since
_ (d3dy —did;) —vdy(df + d3)
Pr = & + & '
from Eq.(50), we find
_ D)
DL = —pp——.
SR
So, we get ||Dy|| = ep,, where e = £1. Since N, = ”gf”, we have
N, = —¢ ,2 .
® D3]]

Thus, the binormal vector B, of the curve ¢ is obtained as B, = €D,. Also, the
curvature and the torsion of the D,-direction curve ¢ can be found as

Ko = ”T(:o” = &P, Tp = —(Bq 'Ncp) = MNr-

Corollary 4.11. @ is a general helix if and only if « is a D,-slant helix.

Proof: The proof can be seen by using Corollary 3.8.
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5. CONCLUSION

In this paper, using the Darboux vector of the Flc-frame, the osculating Flc-frame, the
normal Flc-frame, and the rectifying Flc-frame are defined along a polynomial space curve.
Also, the derivative equations according to these frames are obtained. Besides, some new
integral curves called the dg-direction curve, the D,-direction curve, the D, -direction curve,
and the D,-direction curve of a polynomial space curve are defined and some results related to
these curves are given. Similar studies can be done using other frames in the future.

REFERENCES

[1] Bishop, R. L., American Mathematical Monthly, 82(3), 246, 1975.

[2] Jattler, B., Maurer, C., Computer-Aided Design, 31(1), 73, 1999.

[3] Dede, M., Mathematical Sciences and Applications E-Notes, 10(4), 190, 2022.

[4] Dede, M., Houston Journal of Mathematics, 45(3), 707, 2019.

[5] Hananoi, S., Noriaki, 1., Izumiya, S., Beitrage zur Algebra und Geometrie, 56, 575,
2015.

[6] Onder, M., arXiv:2201.09684.

[7]1 Choi, J. H., Kim, Y. H., Applied Mathematics and Computation, 218(18), 9116, 2012.

[8] Macit, N., Dulddl, M., Turkish Journal of Mathematics, 38, 1023, 2014.

[91 Korpinar, T., Sariaydin, M. T., Turhan, E., Advanced Modelling and Optimization,
15(3), 713, 2013.

[10] Yilmaz, S., Kirklareli University Journal of Engineering and Science 1, 66, 2015.

[11] Given, I. A., Open Mathematics, 18, 1332, 2020.

[12] Echabbi, N., Chahdi, A. O., International Journal of Mathematics and Mathematical
Sciences, Article 1D 3814032, 2021.

[13] Alkan, A., Kocayigit, H., Agirman Aydin, T., Sigma Journal of Engineering and
Natural Sciences, 42(4), 1023, 2024.

[14] Uyar Daldil, B., Aims Mathematics, 9(7), 17871, 2024.

[15] Farouki, R. T., Han, C. Y., Manni, C., Sestini, A., Journal of Computational and
Applied Mathematics, 162(2), 365, 2004.

[16] Larson, R., Elementary Linear Algebra, The Pennsylvania State University, Boston,
2012.

WWW.josa.ro Mathematics Section



