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Abstract. In this paper, we establish some useful results in terms of the Kampe de 

Feriet function by evaluating different integrals of products of Appell functions with 

algebraic, Jacobi, and Legendre functions of common variables. 
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1. INTRODUCTION 
 

 

Definite integrals, Hypergeometric functions, Appell functions, algebraic functions, 

Jacobi polynomials, and Legendre functions are frequently used in Mathematics and due to 

their extensive use in Engineering and Sciences, these are topics of great interest among 

researchers. Several formulas, extensions, applications, products, derivatives, finite or infinite 

sums, and integrals have been established by the researchers so far. Since these functions and 

polynomials have numerous applications in Engineering, Physics, and Mathematics, the 

advancement and expansion in this area is of great importance and is inevitable. 

In recent decades, several applications in a variety of fields led to advancements in 

research of special functions [1]. Several relations, integrals, and forms of special functions 

and polynomials have been established in the past [2-6]. Numerous applications and 

extensions of those functions and polynomials have been studied lately [7-14]. 

The notations ,  , ,  ,   
 are used for the set of complex, real, positive real 

numbers, positive integrals, and natural numbers, respectively. For the study topics related to 

special functions and integrals, we refer to [2-6] and [15-20]. 
 

 

2. MATERIALS AND METHODS 
 

 

To solve the problem arising in ancient times involving combinations and 

permutations, Factorial function !  was defined as  

 

! ( 1)( 2)...(3)(2)1,  ,         (1) 

 

which plays a vital role in special functions too.  

Gamma function ( )p , an extension of factorial function, is defined as 
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1

0

( ) ,  Re( ) 0.p xp x e dx p



     (2) 

The Pochhammer symbol ( )n  is defined as  

 

( ) ( 1)( 2)...( ( 1)),  ,  .n n n             (3) 

 

The Beta function ( , )B p q  is defined as  

 
1

1 1

0

( , ) (1 ) ,  Re( ) 0,  Re( ) 0p qB p q x x dx p q      (4) 

 

(see Rainville [15]). One may obsever that  

 

( 1) ( ),z z z     (5) 

 

( ) ( 1)!,z z    (6) 

 

(1) !,n n  (7) 

 

( )
( ) ,

( )
n

n




 



 (8) 

 

2

2

1
( ) 2 ,

2 2

n

n

n n

 


   
    

   
 (9) 

 

( )! ( 1) ! ( 1) (1) ,k k nn k n n n      (10) 

 
1

0

( , ) ,
(1 )

n

m n

t
B m n dt

t

 





 

(11) 

 

( ) ( )
( , )

( )

m n
B m n

m n

 

 

 (12) 

and 
1

1 1 1

1

2 ( , ) (1 ) (1 ) .m n m nB m n t t dt   



    (13) 

 

The Generalized Hypergeometric function 
1 2

1 2

, ,...,
;

, ,...,

p

p q

q

a a a
F z

b b b

 
 
 

 is given by 

 

1 2 1 2

01 2 1 2

, ,..., ( ) ( ) ...( )
; ,  ,

, ,..., ( ) ( ) ...( ) !

j
p j j p j

p q

jq j j q j

a a a a a a z
F z p q

b b b b b b j






 
  

 
  (14) 

 

(see Rainville [15]). Jacobi function 
( , ) ( )v

nP x
 in terms of Hypergeometric function is given by 



On a Class of Integrals … Sadia Kousar et al. 

ISSN: 1844 – 9581 Mathematics Section 

105 

 

( , )

2 1

,1( 1) 1
( ) ; ,  , 1,

1! 2

n
n

n n x
P x F n

n

 
 

 


     
    

 
 (15) 

and 
1

( , )

1

(1 ) (1 ) ( )m u m v

nx x x P x dx



   

1 ( 1) ( 1) ( 1)
( 1) 2

! ( 1) ( 2)

n m u u n m u v

n u v n u m n

         
 

       
               

 
3 2

, 1, 1
;1

1, 2

u v u
F

u v n u m n

    
  

      
 

(16) 

 

(see Erdelyi et al. [20]). 

The Legendre function ( )nP z
 of the first kind is given by 

 

2

2 1

, 1( 1) 1 1
( ) ; ,  1 2.

1! 2 2
n

n nz z
P z F z

n z



 



     
    

   
 (17) 

 

It is easy to see that   

 
1

1 2 2

0

( 1) 2 ( ) (1 )
(1 ) ( )

1 2
(1 )

2 2

i

v

v
u u P u du

v v
v

    
    

   


  
     

 
        

       
   



 

(18) 

and 
1

1 2 2

0

2 ( )
(1 ) ( )

1 2

2 2

vu u P u du
v v

  
   

   

 
 

 
        

    
   



 

(19) 

(see Erdelyi et al. [20]). 

The Power series of the forms 

 

 
'

'

1

0 0

( ) ( ) ( ) ( )
( , , ; ; , ) ,  max , 1,

( ) ! !

i j
i j i j

i j i j

ht s
F ht s t s

i j

  
   



 


  

 
 

(20) 

 
'

' '

2 '
0 0

( ) ( ) ( ) ( )
( , , ; , ; , ) ,  1,

( ) ( ) ! !

i j
i j i j

i j i j

ht s
F ht s t s

i j

  
    

 

 


 

  
 

(21) 

 

 
' '

' '

3

0 0

( ) ( ) ( ) ( ) ( )
( , , , ; ; , ) ,  max , 1

( ) ! !

i j
i j i j

i j i j

ht s
F ht s t s

i j

   
    



 

  

 
 

(22) 

and  

'

4 '
0 0

( ) ( ) ( )
( , ; , ; , ) ,  1

( ) ( ) ! !

i j
i j i j

i j i j

ht s
F ht s t s

i j

 
   

 

 
 

 

  
 

(23) 

 

are called Appell functions and are denoted by the symbols mentioned above (see Appell [4]). 
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The double power series defined as 
' ' '

: ; 1 2 1 2 1 2

: ; ' ' '

1 2 1 2 1 2

, ,..., : , ,..., ; , ,...,
; ,

, ,..., : , ,..., ; , ,...,

p q r p q r

s t u

s t u

a a a b b b b b b
F x y

c c c d d d d d d

 
 
 

               

' ' '

1 2 1 2 1 2

' ' '
0 0 1 2 1 2 1 2

( ) ( ) ...( ) ( ) ( ) ...( ) ( ) ( ) ...( )

( ) ( ) ...( ) ( ) ( ) ...( ) ( ) ( ) ...( ) ! !

i j
i j i j p i j i i q i j j r j

i j i j i j s i j i i t i j j u j

a a a b b b b b b x y

c c c d d d d d d i j

 
  

    

  

(24) 

 

is known as the generalized Kampe de Ferit function, according to Pandey [16]. 
 

 

3. RESULTS AND DISCUSSION 
 

 

3.1. RESULTS 
 

 

Using some Algebraic functions alongside Appell functions, we evaluate the 

following integrals in this section: 

1) Let 
1

1 '

1 1

0

(1 ) ( ; , ; ; , ) .A t t F ht s dt           

 

Then, using (20), we get 

 
'1

1

1

0 00

( ) ( ) ( ) ( )
(1 )

( ) ! !

i j
i j i j

i j i j

ht s
A t t dt

i j

  
  



 
  

  

    

 

' 1

1

0 0 0

( ) ( ) ( )
(1 ) .

( ) ! !

i j
i j i j i

i j i j

h s
t t dt

i j

  
  



 
   

  

    

 

Applying (4), (12), (8), and (24); it follows that  

 
'

1

0 0

( ) ( ) ( )
( 1, )

( ) ! !

i j
i j i j

i j i j

h s
A B i

i j

  
  



 


  

      

'

0 0

( ) ( ) ( ) ( 1) ( )

( ) ! ! ( 1)

i j
i j i j

i j i j

h s i

i j i

     

 

 


  

    
 

  
  

      

'

0 0

( ) ( ) ( ) (1 )
(1 , )

( ) (1 ) ! !

i j
i j i j i

i j i j i

h s
B

i j

   
  

 

 


  


   


  

                                    

'

1:2;1

1:1;0

: ,1 ;
(1 , ) ; , .

:1 ;
B F h s

   
  

 

 
     

  
 

2) Consider the integral 
1

1 1 '

2 1

0

(1 ) ( , , ; ; , ) .A t t F ht s dt         

 

Then, using (20), we get 
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'1

1 1

2

0 00

( ) ( ) ( ) ( )
(1 )

( ) ! !

i j
i j i j

i j i j

ht s
A t t dt

i j

 
  



 
 

  

    

     

' 1

1 1

0 0 0

( ) ( ) ( )
(1 ) .

( ) ! !

i j
i j i j i

i j i j

h s
t t dt

i j

 
  



 
   

  

    

 

Applying (4), (12), (8), and (24), it follows that 

 
'

2

0 0

( ) ( ) ( )
( , )

( ) ! !

i j
i j i j

i j i j

h s
A B i

i j

  
 



 


  

    

'

0 0

( ) ( ) ( ) ( ) ( )

( ) ! ! ( )

i j
i j i j

i j i j

h s i

i j i

    

  

 


  

  
 

  
  

'

0 0

( ) ( ) ( ) ( )
( , )

( ) ( ) ! !

i j
i j i j i

i j i j i

h s
B

i j

   
 

  

 


  

 


  

'

1:2;1

1:1;0

: , ;
( , ) ; , .

: ;
B F h s

   
 

  

 
   

  
 

 

3) Consider the integral 

 

1 '

3 1

1

( 1) ( , , ; ; , ) .
h

A t t F s dt
t

     


    

 

Then, using (20), we get 

'

1

3

0 01

( ) ( ) ( )
( 1)

( ) ! !

i

j

i j i j

i j i j

h
s

t
A t t dt

i j

 
  



  
 

  

 
 
     

  

'

1

0 0 1

( ) ( ) ( )
( 1) .

( ) ! !

i j
i j i j i

i j i j

h s
t t dt

i j

 
  



 
   

  

    

 

Let 1u t  . Then : 0u   as :1t  . Then, using (4), (12), (8) and (24), we 

obtain 
'

1 ( )

3

0 0 0

( ) ( ) ( )
(1 )

( ) ! !

i j
i j i j i

i j i j

h s
A u u dt

i j

 
  



 
   

  

    

'

0 0

( ) ( ) ( )
( , )

( ) ! !

i j
i j i j

i j i j

h s
B i

i j

  
  



 


  

               

     

'

0 0

( ) ( ) ( ) ( ) ( )

( ) ! ! ( )

i j
i j i j

i j i j

h s i

i j i

     

 

 


  

   
 

 
       
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'

0 0

( ) ( ) ( ) ( )
( , )

( ) ( ) ! !

i j
i j i j i

i j i j i

h s
B

i j

    
  

 

 


  


  

'

1:2;1

1:1;0

: , ;
( , ) ; , .

: ;
B F h s

    
  

 

 
    

 
 

4) Consider the integral 

 
1

'

4 1

1

(1 ) ( 1) ( ; , ; ; (1 ) , ) .A t t F h t s dt     


     

 

Then, using (20), we get 

 
'1

4

0 01

( ) ( ) ( ) ( (1 ) )
(1 ) ( 1)

( ) ! !

i j
i j i j

i j i j

h t s
A t t dt

i j


 

  



 


  


     

' 1

0 0 1

( ) ( ) ( )
(1 ) ( 1) .

( ) ! !

i j
i j i j i

i j i j

h s
t t dt

i j

  
  



 
 

   

     

 

Using (13), (12), (8) and (24); we conclude that 

 
'

1

4

0 0

( ) ( ) ( )
2 ( 1, 1)

( ) ! !

i j
i j i j i

i j i j

h s
A B i

i j

  
  

  


 
   

  

      

               

'

1

0 0

( ) ( ) ( ) (2 ) ( 1) ( 1)
2 .

( ) ! ! ( 2)

i j
i j i j

i j i j

h s i

i j i


 

     

   

 
 

  

    
 

   
  

 

Particularly at 1  , we have 

 

 

'

1

4

0 0

( ) ( ) ( ) (2 ) ( 1) ( 1)
2

( ) ! ! ( 2)

i j
i j i j

i j i j

h s i
A

i j i

 
    

  

 
 

  

    
 

   
  

      

'

1

0 0

( ) ( ) ( ) ( 1) (2 )
2 ( 1, 1)

( ) ( 2) ! !

i j
i j i j i

i j i j i

h s
B

i j

 
   

 
  

 
 

  


    

 
  

                        

'

1 1:2;1

1:1;0

: , 1;
2 ( 1, 1) ;2 , .

: 2;
B F h s     
 

  

 
 

      
   

 

 

Similarly, for 1  ; we can evaluate the following integral results: 

 
1 '

1 ' ' 1:2;1

2 0:2;1 '

0

: ,1 ;
(1 ) ( , , ; , ; , ) (1 , ) ; , ,

: ,1 ;
t t F ht s dt B F h s      

       
  

  
 

      
  

  (25) 

 
1 '

1 1 ' ' 1:2;1

2 0:2;1 '

0

: , ;
(1 ) ( , , ; , ; , ) ( , ) ; , ,

: , ;
t t F ht s dt B F h s     

      
   

 
 

    
  

  (26) 
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'

1 ' ' 1:2;1

2 0:2;1 '

1

: , ;
( 1) ( , , ; , ; , ) ( , ) ; , ,

: , ;

h
t t F s dt B F h s

t

      
       

  



 
 

     
 

  (27) 

1

' '

2

1

(1 ) ( 1) ( , , ; , ; (1 ) , )t t F h t s dt      


  
 

'

1 1:2;1

0:2;1 '

: , 1;
2 ( 1, 1) ;2 , ,

: , 2;
B F h s     
 

   

 
 

      
   

 (28) 

1

1 ' '

3

0

(1 ) ( , , , ; ; , )t t F ht s dt           

                      

' '

0:3;2

1:1;0

: , ,1 ; ,
(1 , ) ; , ,

:1 ;
B F h s

    
  

 

  
     

    

(29) 

 
1 ' '

1 1 ' ' 0:3;2

3 1:1;0

0

: , , ; ,
(1 ) ( , , , ; ; , ) ( , ) ; , ,

: ;
t t F ht s dt B F h s      

      
  

 
 

    
  

  (30) 

1 ' '

3

1

( 1) ( , , , ; ; , )
h

t t F s dt
t

      


   

                    

' '

0:3;2

1:1;0

: , , ; ,
( , ) ; , ,

: ;
B F h s

     
  

 

  
    

 
             (31) 

1

' '

3

1

(1 ) ( 1) ( , ; , ; ; (1 ) , )t t F h t s dt      


  
 

                    

' '

1 0:3;2

1:1;0

; , , 1; ,
2 ( 1, 1) ;2 , ,

: 2;
B F h s      
 

  

 
  

      
   

             (32) 

 
1

1 ' 2:1;0

4 0:2;1 '

0

, :1 ;
(1 ) ( , ; , ; , ) (1 , ) ; , ,

: ,1 ;
t t F ht s dt B F h s  

  
      

  

  
  

      
  

  (33) 

 
1

1 1 ' 2:1;0

4 0:2;1 '

0

, : ;
(1 ) ( , ; , ; , ) ( , ) ; , ,

: , ;
t t F ht s dt B F h s 

  
     

   

 
 

    
  

  (34) 

 

1 ' 2:1;0

4 0:2;1 '

1

, : ;
( 1) ( , ; , ; , ) ( , ) ; ,

: , ;

h
t t F s dt B F h s

t

 
   

      
  



 
  

     
 

  (35) 

and  
1

'

4

1

(1 ) ( 1) ( , ; , ; (1 ) , )t t F h t s dt     


  
 

                           
1 2:1;0

0:2;1 '

, : 1;
2 ( 1, 1) ;2 , .

: , 2;
B F h s 

  
 

   

 
  

      
   

 (36) 

 

In this section, we evaluate some integral formulae involving the Appell functions 

with the Jacobi function: 
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5) Consider the integral 

 
1

( , ) '

5 1

1

(1 ) ( 1) ( ) ( ; , ; ; ( 1) , ) .v

iA t t t P t F h t s dt       


     

 

Then, using (20), we get 
'1

( , )

5

0 01

( ) ( ) ( ) ( (1 ) )
(1 ) ( 1) ( )

( ) ! !

i j
i j i jv

i

i j i j

h t s
A t t t P t dt

i j


   

  



 


  


     

' 1

( , )

0 0 1

( ) ( ) ( )
(1 ) ( 1) ( ) .

( ) ! !

i j
i j i j i v

i

i j i j

h s
t t t P t dt

i j

    
  



 
 

   

     

 

Using (16), (7), (8), (12) and (24); it follows that 

 
'

1

5

0 0

( ) ( ) ( ) ( 1) ( 1) ( 1)
( 1) 2

( ) ! ! ! ( 1) ( 2)

i j
i j i j i i

i j i j

h s i i i v
A

i j i i v i i i

  
       

     

 
   

  

         
  

         
  

3 2

, 1, 1
;1

1, 2

i v
F

i v i i i

   

    

     
  

        
 

'

1

0 0

( ) ( ) ( ) ( 1) ( 2 )
2

( ) ! !

i j
i j i j i

i j i j

h s

i j


 

   



 
 

  

 
   

( 1) ( 1) ( 1)

( 1) ( 2)

i i v

i v i i i

    

    

        

         

 

       3 3

, 1, 1
;1 .

1, 2,1

i v
F

i v i i i

   

    

     
  

        
 

 

Particularly for 1  , we get 

 
'

1

5

0 0

( ) ( ) ( ) ( 1) ( 2 )
2

( ) ! !

i j
i j i j i

i j i j

h s
A

i j

 
   



 
 

  

 
   

3 3

, 1, 1( 1) ( 1) ( 1)
;1

2 1, 2 2,1(2 1) ( 2 2)

i vi v i
F

v i ii v i

    

    

             
   

              
 

'

1

0 0

( ) ( ) ( ) ( 1) ( 2 )
2 ( 1)

( ) ! !

i j
i j i j i

i j i j

h s

i j

 
   




 
 

  

 
     

( 1) ( 1)( 1) ( 1)

1 2 2 3
( 1) ( 2)

2 2 2 2

i i

i i i i

v v

v v
v

   

     
  

       


              
            

       

 

3 3

, 1, 1
;1

2 1, 2 2,1

i v
F

v i i

  

  

     
  

      
 

12 ( 1, 1)B         
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'

1:4;1

1:4;0

: , 1, 1, 1;

; 2 ,1 2 2 3
: , , , ;

2 2 2 2

v

F h sv v

     

     


    
           
 

 

3 3

, 1, 1
;1 .

2 1, 2 2,1

i v
F

v i i

  

  

     
  

      
 

 

6) Consider the integral 

 
1

( , ) '

6 1

1

(1 ) ( 1) ( ) ( ; , ; ; (1 ) , ) .v v

iA t t P t F h t s dt     


     

 

Using (20), we obtain 

 
'1

( , )

6

0 01

( ) ( ) ( ) ( (1 ) )
(1 ) ( 1) ( )

( ) ! !

i j
i j i jv v

i

i j i j

h t s
A t t P t dt

i j


 

  



 


  


     

' 1

( , )

0 0 1

( ) ( ) ( )
(1 ) ( 1) ( ) .

( ) ! !

i j
i j i j i v v

i

i j i j

h s
t t P t dt

i j

  
  



 
 

   

     

 

Using (15), (14), (13), (12), (7), (8) and (24); it follows that 

 
' 1

6 2 1

0 0 1

( ) ( ) ( ) ,1( 1) 1
(1 ) ( 1) ;

1( ) ! ! ! 2

i j
i j i j i v i

i j i j

i v ih s t
A t t F dt

i j i

 
   



 
 

   

     
       

 
   

'

0 0 0

( ) ( ) ( ) ( ) (1 )( 1) 1

( ) ! ! ! (1 ) 2 !

i j
i j i j p pi

p
i j pi j p

i v ih s

i i j p

   

 

  


  

   
 


   

1

1 1 1 1

1

(1 ) ( 1)i p vt t dt      



    

'

0 0 0

( ) ( ) ( ) ( ) (1 )( 1) 1

( ) ! ! ! (1 ) 2 !

i j
i j i j p pi

p
i j pi j p

i v ih s

i i j p

   

 

  


  

   
 


   

12 2 (1 , 1)i v p B i p v             
'

1

0 0

( ) ( ) ( ) ( 1) (2 )
2 ( 1)

( ) ! ! !

i j
i j i jv i

i j i j

h s
v

i i j




   



 
 

  


     

0

( ) (1 ) 1 (1 ) ( 1)

(1 ) ! (2 )

p p

p p

i v i i p v

p i p v

  

  





         
 

     
  

'

1

0 0

( ) ( ) ( ) ( 1) (2 )
2 ( 1)

( ) ! ! !

i j
i j i jv i

i j i j

h s
v

i i j




   



 
 

  


     

0

( ) (1 ) (1 ) 1 (1 )

(1 ) (2 ) ! (2 )

p p p

p p p

i v i i i

i v p i v

    

    





        
 

       
  

'

1 1:2;1

1:0;0 3 2

,1 ,1: , 1; ;
2 ( 1) 2 , ;1

1 ,2: ; ;

v
i v i i

v F h s F
i v

 
     

  

 
        

       
       

 



 On a Class of Integrals … Sadia Kousar et al.  

 

www.josa.ro Mathematics Section 

112 

(1 )
.

(2 )

i

i v

 

 

  

   

 

 

Particularly at 1  , we get 

 
'

1 1:2;1

6 1:0;0 3 2

,1 ,1: , 1; ;
2 ( 1) 2 , ;1

1 ,2: ; ;

v
i v i i

A v F h s F
i v


    

 

 
        

       
       

 

(1 )

(2 )

i

i v





  

   

 

'

1 1:3;1

1:1;0

: , 1,1 ;
2 (1 ,1 ) ;2 ,

: 2 ;

v B v F h s
v

     


 

 
  

      
   

 

3 2

,1 ,1
;1 .

1 ,2

i v i i
F

i v

 

 

      
  

    
 

7) Consider the integral 

 
1

( , ) '

7 1

1

(1 ) ( 1) ( ) ( , , ; ; (1 ) (1 ) , ) .v h

iA t t P t F z t t s dt      


      

 

Then, using (20), we get 

 
'1

( , )

7

0 01

( ) ( ) ( ) ( (1 ) (1 ) )
(1 ) ( 1) ( )

( ) ! !

h i j
i j i jv

i

i j i j

z t t s
A t t P t dt

i j


  

  



 


  

 
     

' 1

( , )

0 0 1

( ) ( ) ( )
(1 ) ( 1) ( ) .

( ) ! !

i j
i j i j i ih v

i

i j i j

z s
t t P t dt

i j

   
  


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Using (15), (14), (13), (12), (7), (8), and (24); we have 
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Particularly for 1  , we get 
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8) Consider the integral 
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

     

 

Then, using (20), we get 
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Using (15), (14), (13), (12), (7), (8) and (24); we get 
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Particularly at 1r   , we get 
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9) Consider the integral 
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Then, using (20), we obtain 
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Using (15), (14), (13), (12), (7), (8) and (24); we have 
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Particularly for 1l   and 1r   ; we get 
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Similarly, for 1l    and 1r   ; we can evaluate the following integral results: 
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Multiplied with the Legendre function, here we calculate some integrals involving the 

Appell function in this section: 
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Using (18), (9), (8) and (24); we conclude that 
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3.2. DISCUSSION 
 

 

Definite integrals of four Appell using Algebraic functions, Jacobi function, and 

Legendre function as products in integrand have been calculated in this paper using 

Pochhammer symbols, Factorial function Gamma, Beta, and Hypergeometric functions in the 

process. For most of the integrals, special cases have also been discussed. 
 

 

4. CONCLUSION 
 

 

Integrals calculated in this work are limited and are analogous to the work of Suther et 

al. (2020). We can extend and further investigate integrals containing similar double and 

higher power series using these results. The material is original and not previously 

published/submitted elsewhere. 
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