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Abstract. In this paper, we establish some useful results in terms of the Kampe de
Feriet function by evaluating different integrals of products of Appell functions with
algebraic, Jacobi, and Legendre functions of common variables.
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1. INTRODUCTION

Definite integrals, Hypergeometric functions, Appell functions, algebraic functions,
Jacobi polynomials, and Legendre functions are frequently used in Mathematics and due to
their extensive use in Engineering and Sciences, these are topics of great interest among
researchers. Several formulas, extensions, applications, products, derivatives, finite or infinite
sums, and integrals have been established by the researchers so far. Since these functions and
polynomials have numerous applications in Engineering, Physics, and Mathematics, the
advancement and expansion in this area is of great importance and is inevitable.

In recent decades, several applications in a variety of fields led to advancements in
research of special functions [1]. Several relations, integrals, and forms of special functions
and polynomials have been established in the past [2-6]. Numerous applications and
extensions of those functions and polynomials have been studied lately [7-14].

The notations C, R, R*, Z", N are used for the set of complex, real, positive real

numbers, positive integrals, and natural numbers, respectively. For the study topics related to
special functions and integrals, we refer to [2-6] and [15-20].

2. MATERIALS AND METHODS

To solve the problem arising in ancient times involving combinations and
permutations, Factorial function o! was defined as

al=a(a-D(a-2)..3)(2)L, xeN, (1)

which plays a vital role in special functions too.
Gamma function I'(p), an extension of factorial function, is defined as
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I'(p)= T xP'e *dx, Re(p)>0. (2)

The Pochhammer symbol (&), is defined as
(o), =a(a+)(a+2)..(a+(n-1), aeC, neN. (3)

The Beta function B(p,q) is defined as
1
B(p,a) = [ x"*(1-x)""dx, Re(p)>0, Re(g)>0 4)
0

(see Rainville [15]). One may obsever that

I'(z+1) =zI(2), (5)
I'(z)=(z-1!, (6)
(1)n = n!' (7)
_T'(a+n)
@ =y ®)
[ @ a+l
=2 (3) (%), ¥
(n+k)!'=(n+1) n'=(n+1), @, (10)
B(m,n) = !(1 t)””" t, 1)
B(m,n) = % (12)
and
2™ 1B(m,n) = j (L+1)™ (L —t)"dt. (13)
a,8,,...,a, o
The Generalized Hypergeometric function jF [bl b b ;z} is given by
8,8y, 8y = (a);(8,);--(ay); 2! .
F f = - f Z
P q[bl,bz,...,bq Zj JZ_(; (bl)J(bz)J(bq)J ]l P.gqe (14)

(see Rainville [15]). Jacobi function P (x) in terms of Hypergeometric function is given by
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., 7+1), -n1+7+9+n 1-x
P! ﬂ’(x):%zﬁ( s Tj 7,9>-1neN (15)
and
1
j X% (1= )™ (L+ X)* P™) (x)dx
_ (q)rgmee F(u+1)F(n+m+1)F(u+v+1) (16)
NTU+v+n+)I'u+m+n+2)
[ A, u+v+lu+1 ]
X3 1
u+v+n+lu+m+n+2
(see Erdelyi et al. [20]).
The Legendre function P, (z) of the first kind is given by
n (242 l r 2
It is easy to see that
1 T _1\7 y—w-ié-7
Jua-utyep ydu =— 0 2 ﬁr(“’)m;”” s
. 1"(1—1'+V)l"( +a)+r—vjr( +w+r+vj
2 2
and
p - 27zl ()
Iu”’l(l—uz) 2 P (u)du =
. r(1+a)—r—vjr(2+a)—r—vj (19)
2 2
(see Erdelyi et al. [20]).
The Power series of the forms
(@),.;(B)(B); (ht)'s
Rl B f it s) = > 20 ('S’ (s <1 20)
i=0 j=0 (7)i+j I'J-
o 2 & (@) (B)(B); (ht)'s!
F (o, 3,87, 7;ht,s) = ‘ , [t +]s| <1, (21)
i Z(J:JZ(; M), ity +}s
© o (7). (1) iali
Fs(a'a"ﬁ’ﬂ';y; ht,S)IZZ(a)I(a)J(ﬂ)I(ﬂ)J (I‘Tt).s ' max(|t|,|s|)<1 (22)
i=0 j=0 (7)i+j iyt
and
a i+ i+ ht
F,(a By, :ht,s) = z ()'(ﬁ)’()s,\m+\/ﬂ<1 (23)

i=0 j=0 (7/)|(7/)J IIJ'

are called Appell functions and are denoted by the symbols mentioned above (see Appell [4]).
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The double power series defined as
pqr(al,az,...,a :b,by,...b ;bbb ]
Foa P d XY
cl,cz,...,cs:dl,dz,...,dt,dl,d2,...,du
:ii (ai)i+j(aZ)Hj"'(ap)Hj(bl)i(bz)i"'(bq)i(bll)j(b'Z)j"'(blr)j Xiyj
79 (€)1 (C)i (€)1, (A1) (A5 ()i (d ) 5(d ) (d ) ;i j

(24)

Is known as the generalized Kampe de Ferit function, according to Pandey [16].
3. RESULTS AND DISCUSSION

3.1. RESULTS

Using some Algebraic functions alongside Appell functions, we evaluate the
following integrals in this section:
1) Let

1
A = [t71-t)" F(a: B, B y:ht,s)dt.
0
Then, using (20), we get

A= It_"(l £)°" w—l;g(d).+é;,)3) (8), (hItI)JlSJ t

oG (@ BB NS T, s
:;J:JZ—:; (M- I'J'J‘t Ly

Applying (4), (12), (8), and (24); it follows that

xB(i—o+1,0-w)

_ S (a)iﬂ(ﬁ)i(ﬂl)j h's
A&_;;JZ—(; (7)i+j itj!
_N (a)i+j(ﬂ)i(ﬂ‘)j h's’ XF(i—O‘+l)F(o'—m)

_%:JZ—;; (i inj! I'i—-@+1)

(@),,;(B)(B); @-0), h's]
=B(l-o0,0-@)x Z;‘,Z;‘ ) (=) ilj!

=B(l—0',0'—w)><Fffol(a Al G’B,h,sj.

yl-o;—

2) Consider the integral
1
A = [t 1-t)" F(a. B, B it s)t.
0

Then, using (20), we get
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o-1 a-1 (a)H—](ﬂ)i(ﬂl)j (ht)iSj
o (-t dt
~ I -0 Ry Dy !
= & (@) (B)(B), hsih i o
:Zza N I U

Applying (4), (12), (8), and (24), it follows that

xB(i+o,@)

(@, (BWB), s
A= ZJZ—; (i i!j!

. < @B, 1S T+ (@)

ZZ O ! Ti+oro)

i @, (OB), (o) s
=Ble )ZZ O (o) 1!

=B(o,@)x Fl.ll:;z(;l(a pof 'h, S}.

y.o+w;,—

3) Consider the integral
i —-o a1 . h
A= [0 (-D R B 7 s)dt
1

Then, using (20), we get

hY g
T -0 -1 (a)H—](ﬁ) (ﬁ) ( j

(a),ﬂw) (), s fro@-neia

j=0 (7/)|+J I'JI

Let u=t—1. Then u:0—> o as t:1—o. Then, using (4), (12), (8) and (24), we
obtain

(a)H—j(ﬂ) (ﬂ) hS 7-1 —(i+0)
A Zojzc; i I'J'I (ruy ™t

=& (@) (B)(B); his!
Z):,Z.: (i itj!

_< i(a)iﬂ(ﬂ)i(ﬁ') i h's’ D(i+o-a) (@)
i=0 j=0 (7)i+j ilj! ['(i+o)

xB(@,i+0—-m)
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_B(ZU o—-w ) Zz(a)lﬂ(ﬂ) (ﬂ) (O- ZU) hSJ

i=0 j=0 (7)|+] (O-) IIJI
=B(w,0'—w)xFlllzol(a pro-ap. hSJ
y o=

4) Consider the integral
A = j(l—t)”(t +1)”F (e B, B 7:h(L-1)", s)dt.

Then, using (20), we get

A = j (1-1)7(t+1)” Zz( ).+E(f)i(ﬂ),- (h(li_ltj);«).sjdt

& (@), () (B) hsJ
X,

j (1—t)"*° (t+1)7 dt.
Using (13), (12), (8) and (24); we conclude that

A =iz(a)i+j(ﬂ)i(ﬂ)j hisfj x 2" 1B (i + o +1, @ +1)

i=0 j=0 (7).+J irj!
ZUWHZZ (@), ;(B); (ﬁ) (2°h)'s’ F(IK+G+1)F(ZU +1)
i=0 j=0 (7/)|+1 IIJ| F(IK+G+ZU+2) .

Particularly at « =1, we have

A - 2ngz(ox).ﬂ(ﬂ) (B); (2h)'s! L(i+o+)l(@+1)

i=0 j=0 (7)|+J IlJI F(|+O'+ZD'+2)

— o+l B((T-i—l ZU+1) Zz(a)lﬂ(ﬂ) (ﬁ) (O'+l)i (Zh)iSj

i=0 j=0 (7/)|+1 (O-+w+2)i IIJ'

1
:2"“”*1><B(a+1,w+1)xFlllzol(a ProtLh o ]
y ctm+2—

Similarly, for x =1; we can evaluate the following integral results:

jt" A=) F, (a0, B, B 7.7t 5)dt = B(L— 0, 0 — @) x F;;.;l(“ Ploaif sj, (25)
5 “\-yl-ay

(26)

jt"l(l—t)”’1F2(a,ﬁ,ﬂ';%7';ht,s)dt=B(a,w)xFol;f;f[ a:p.of .;h,SJ,

—.y,otw;y

WWW.josa.ro Mathematics Section



On a Class of Integrals ... Sadia Kousar et al. 109
It‘“(t—1)”‘1F2(a,,8,,8';y,y';?,s)dt:B(w,a—w)xFolzzll[a o= wﬁ 'h SJ (27)
1 —7,007

1
[@-t7@+D"F (@ 8. 8577 hL-1)", s)dt
-1
:2"“”1><B(0'+l,w+l)><Foffll( a:potlp ,;2h,sj, 28)
\-iy,o+aT+ 2y
1
j 7 1-t)" " F(a,a, B, B ;ht,s)dt
0
:B(l—a,a—w)x':ﬁ?éz( :a’ﬂ’l_a;a’ﬂ;h,SJ, (29)
y:l-m,—
1 . - !
It“‘l(l—tV‘lFs(a,a',ﬂ,ﬂ';y;ht,s)dt=B(a,w)xﬁ‘iiz( whel ;h,Sj, (30)
0 y.otw,—
JE7 -0 e f. i et
1
:B(w,a—w)xFﬁ%z[ :“’ﬁ"j_w;“’ﬁ;h,s], (31)
y.o,—
1
I(1—t)"(t+1)‘”Fg(a,a';ﬁ,ﬂ';;/;h(1—t)’“,s)dt
-1
=27""" % B(oc+1,@ +1)x Fﬁiﬁz(_;a’ﬂ’aJrra’ﬂ ;2h,sj, (32)
’ y.o+w+2;—
o o-w-1 21,0 0!,3'1—0;—_
jt A1) F,(a, B; 7,7 :ht,8)dt =B(l—o,0 @) x FA°| " ihs |, (33)
—rl-ay
F . I a,p.o,—
It"‘l(l—t)w‘l F.(a, By, 7 ht,s)dt = B(o, @) x Fo?él_f{ ;h, s), (34)
° "\—y,o+wy

T -0 -1 . h 21,0 a,p.o-w,-

[to@-D""F,(@ Biy.7i7 5)dt = B(@,0 -@) x F 3 " :hs (35)
1 t - -y, o0y

and

1
j A—-t)° (t+2)7 F, (e, B; 7,7 ;h(L—1)*, s)dlt
-1
" P 1-
=27"""xB(oc+L @ +1)x Fofj;'f[ aprox .;2h,s]. (36)

-y, o+aT+2y

In this section, we evaluate some integral formulae involving the Appell functions

with the Jacobi function:
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5) Consider the integral
1
- j t*(L—t)7 (t+2)7 P (t)F,(e; B, B 7; h(t +1)", s)dt.
-1

Then, using (20), we get

A S (@), (B)(B); (hL+1)* )sJ
jt (1-t)7 (t+1)7 R’ “”2; N Tl
L& (@) (B)(B); s
_§§ (7)i+j I'J'

j t* (1—1)7 (t+1)" PV (t)dlt.

Using (16), (7), (8), (12) and (24); it follows that

A\S =Zw:i(a)i+j(ﬂ)i(ﬁ)j hisj X(_l)izil(+a+w+l F(ZU'+|K'+1)F(| +G+1)F(ZU+iK‘+V+l)

o 0 M. ij! IMN(@+ik+v+i+)[(@+iKk+o+i+2)
“Ao+ik+v+1l,o0+1
x;F, . . . . 1
o+ik+V+Hi+tlo+ik+o+i+2

S (@),.;(B)i(B);(c+1); (=2°h)'s’
-2 ;):JZ:; (7)i+j inj!
INo+)I'(ixk+@ +YI'(@ +ix+Vv+1)
><1"(i1<+z/7+v+i+1)1"(i1<+i+a+w+2)
E ( A, w+ik+V+1lo+1 _1J

Y mrik+vri+lorik+o+i+2,1

Particularly for « =1, we get

2mmlzz(w).ﬂ(ﬂ) (8);(c+1); (-2h)'s’
i~0 j=0 (i i!j!
XF(0+1)F(i+w+1)F(w+v+i+1)X E -lLa+i+v+lo+l
IRi+a+v+D)(c+a+2i+2) ° *\@a+v+2i+la+o+2i+21

oral ( )I+J(ﬂ) (ﬂ) (O-+1) ( 2h) Sj
“2 e ZZ ) i1
(@+1),I(@+)(@+Vv+1),[(@+V+1)

(w+2v+1) (w+;/+2j F(w+v+1)(o-+zzv+2) (o+z2zf+3j Fo+@+2)

—A,g+i+v+lo+1
X, F, . . 1
o+V+2+lo+o+21+2,1
=27"""xB(oc+1, @ +1)

X
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a:fo+lag+la+v+LF
*Flag T+V+l m+V+2 c+@+2 oc+w+3 —2hs
2 2 2 2
-Ao+i+v+lo+l
. 3[07+V+2i+l,w+o*+2i+2,l’l}

6) Consider the integral
A= f(l—t)“(t +D'RE ()R (e B, By h(L-1)", s)dt.

Using (20), we obtain

A= j(l )7 (t+1)" P‘”)(t)ZZ( )Hé(f) (ﬂ) (h(1||tj)|) S'

5 @ (BN, 1
D

A—1)7* (t+1)" P9 (t)dt.
T

Using (15), (14), (13), (12), (7), (8) and (24); it follows that

& (@) (B (B); hist e (z'+l) =1+ r v 1-t
A‘S‘i_opzo Dy 11! I(l v ZF{ r+l 2 ]dt
& (@) (8)(8), (T+1)ihs‘x°° —l)p(1+‘r+V+i)p 1
_ZZ ). T @, 7

1

XJ. (1_ t)a+i:<+ p+1-1 (t + l)v+1—l dt

R (a)i+j(ﬂ)i(5")j (z+1), h's! R, (i), W+7+v+i), 1
—E,._O ()i TR pZ(; L+7), 2° p!
X2V 2P B(l+ 0 + ik + p,V+1)

2(7+v+11—~(v+1) ZZ( )H—](ﬁ) (ﬂ) (T+1) (2Kh) SJ

i=0 j=0 ()i+j I! IIJ'
><i(—i)p(1+'r+V+i)p 1 T@+o+ix+p(v+)
b0 A+7), p! TQ@+o+ik+p+V)
25+v+lr(v+l) ZZ( )Hé(f) (ﬁ) (T':"l) (2’::’]J)|SJ
i(_i)P(l+T+V+i)P(1+O-+iK)Pix Cd+o+ix)
oo (+7),2+o+ix+V), p! T(2+o+ixk+V)

e B+l B —1,1+7+Vv+i, 1+ o+i
:20-+v+11—~(v+1)x Fllozol a 'B ot ﬁ 2°h,s Xq F2 ‘ . ’ K’l
; yi—i— l+7,2+o0+ix+V
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I'l+o+ix)
F+o+ik+V)

Particularly at « =1, we get

1,6 —1,1+7+Vv+il+o+i
— oA (y +1) x E122 a. ,B T+ '2h.s 1
% (v+1)> 100[ R 1+7,2+0+i+V

I'l+o+i)
Ir2+o+i+v)

a:p,t+l1l+0;,p8 :2%h. 5
y.24+0+V;—

=2""xB(1+V,1+0)x Flllso{

—i,l+7+Vv+il+o+i
. F ) 1.
1+7,2+0+i+Vv

7) Consider the integral
1
A = [@-0)7(t+D)" R OF (. B B3 7:20-1) A+1)", s)dt.
-1
Then, using (20), we get

A7 J.(]_ t) (t+1)fUP(TV)(t)ZZ( )H—é()ﬁ) (ﬁ) (Z(l t)ll(:::-t) )SJ

& @) (B)(8), 7S
_;):J_o ()i il

j AL—1)7* (t+2)” " P (t)dlt.

Using (15), (14), (13), (12), (7), (8), and (24); we have

& (@) (B)(B); 2's
A7 i—OjZ—(; (7/)|+J IIJI

1 : : . L1+ 7+V+i
xj L—t)7H* (t+ 1)+ (LD ;1), X, Fl( ’ 1 tjdt

e} T+1 2
& @, (B)(B); (r+1), 'S .5 (i), A+z+v+i), 1
‘ZZ )i it Z (+7),  2"p!

I(l t)o-+|1(+p+l 1(t+1)a)+|h+l ldt

2 & (@) (B); (,3) (r+1), 2's’ & (), A+z+v+i), 1
gjz;‘ ()i @; it pZ? d+7), 2° p!
x20 i 2P« B(l+ o +ix + p,@+ih+1)

_< (@) (B)(B); (r+1), 7's]

ZZ O RTIT
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xi (=), A+ +V+i), ixzmimﬂx F(1+a+i1<_+ p)['(v+1)
P (L+17), p! I'2+o+ix+p+V)

=20-+v+ll—~(v+1)x|:121[a ﬂ T+1ﬂ 2Kh Sj

11,0

—i,1+r+v+i,1+a+i/<1 I'l+o+ix)
e .
P2 1+7,240+ik+V [(2+0+iK+V)

Particularly for « =1, we get

A =20—+v+1r(v+1)><|:111201(05 B T"'lﬂ 2h.s ]

“L1+7+Vv+il+o+i L IFl+o+i)
) X
2 140,240 +i+v IFQ2+o+i+v)

y:1,2+0+V;—
—i,1+r+v+i,1+a+i_1
P 147,240 +i+v '

afa: 11+0;8
:20+V+1XB(1+V!1+G)XF]}2?§((Z ﬁ!T+ y +U1ﬂ2h’5]

8) Consider the integral

A= j(l—t)f(lﬁ)'” PEY ()R (a, B, B 7 2(L+1) ™, s)dt.

Then, using (20), we get

A= j(l t)‘f(t-l-l)”P(fv)(t)ZZ( )'*é(f) (ﬁ) (Z(1T:i| ) SJ

& (@),(B)(B), s
B R T

ja_tfa+DW”P“Wamt

Using (15), (14), (13), (12), (7), (8) and (24); we get

& (@), (B)(B); £ : i (r+1) L1+7+v+i 1-t
&—;JZO O i ,j(l t)° (t+1) X, ( A jdt

< (a)iﬂ'(,g)i(ﬁ)j (r+1), z's]
_ZZ i) it il
—i) A+z+v+i), 1

S ( p P i —i
x x [ @=t)5*° (t+1)” "dt
?; 1+1), 2° p! L

< (a)iJrj(ﬂ)i(ﬂl)j (r+1), z's]
_;:JZ—;‘ (7)i+j ittt
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y (), A+ +v+i), 1

pz;‘ (1+7), 2° p!
=2¢+w+1ii(a)i+j(ﬂ)i(ﬂ')  (141), (27 2)'s]

X257 ) 2P B(L+ &£+ p, o —ir +1)

i=0 j=0 (7)i+j @) it
Xi(—i)p(1+r+V+i)pixr(1+§+ P (w—ir +1)
Py A+7), p! T'(2+<&+p+w-—ir)

S (@), ; (B (B); (z+1), (2" 2) sJ [(w—ir+1)
=2 5)2,20 (. O, ilj! F(2+§+w—ir)
(), A+z+v+i), 1 1+,

Z(; AL+7), '(2+§+a)—ir)p

_ 2§+w+11-(1+§)|:1i201 [0‘ B, Z;L‘”- ﬂ v rZ’SJ
4

—i,l+7+Vv+i,1+¢& L INw—ir+1)
L [x -
P 141,24 E+o—ir TQ2+&+w—ir)

Particularly at r =—1, we get

A= 2§+w+1r(1+§)|:111201 (Of B, 7:'1+1 ,B 22,8]
4

1+7,2+E+o+i ) TR+E+w+10)

oc:,B,r+l,a)+l;,b";zz’S E —i,l+r+v+i,1+:/§;1 |
y:12+&+w;— 1+7,2+¢+w+1

(—i,l+r+v+i,1+§] C(o+i+1)
.F 1 [x

=2"""B(l+ &, 0+ )Fyy (
9) Consider the integral
1
A = [ Q-1 W+ RV O)F (e, B, B57:2(L-1) (L+1) 7, s)dt.
-1
Then, using (20), we obtain

A = j(l )¢ (t+1)° R v>(t)zz( )'+2(f) (B); (21 t)I(|1J+It) Vs

& & (@), (B8)(B) sz
B Tt

j A—t)¥" (t+1)° TPV (t)olt.

Using (15), (14), (13), (12), (7), (8) and (24); we have

_ S (a)iJrj(ﬁ)i(ﬂ')j 7's)
Aa—;; (7)i+j ij!
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. . .
el o-ir (T +1), —L1+7+v+l 1-t
xj(l )5 (t +1) R o dt

 aa @ BB, (41, 2
‘ZZ ()i ititj!
(), @+z+v+i), 1 7

<3 « [ A=t)# 1P (t +2)” " dlt
; i+7),  2°p! Il

IR SAS (a)iJrj(:B)i(ﬂl)j (r+1), z's’
_Zo,zo ., TR

& (H), A+ +v+i), 1
<2, i+7),  2°p!

=2¢+w+1ii(a)i+j(ﬂ)i(ﬁ') i (z+1), (2""2)'s]

oéHlro-ird  op B(1_|_§+ il + p, w—ir +1)

i=0 j=0 (7)i+j @) it
Xi(—i)p(lJFTJFV”)piXF(l+§+il+p)F(a)—ir+1)
P L+7), p! TQ@+<&+il+p+w—ir)
B+l
:meﬂFrli;zdl(a Bit+Lp v Z,S]
y:1—

—i,1+r+v+i,1+§+il_1 ><1“(1+§+i|)1“(a)—ir+l)
P2 14,24 E+il +o—ir FQR+&+il+w—ir)

Particularly for 1 =1 and r =—1; we get

o pr+L B
A§:2¢+”+1Flfo'l[a prt ﬂ;4z,s]
' y:1-
—i,l+z-+v+i,1+§_1 ><1“(1+§+i)1"(a)+i+1)
P2 14,248 +0+20] FQ2+&+w+2i)
a:fr+ll+E L1+ B
= 2B+ &1+ w) Pl 2+&+w 3+&E+w. 1AL
Ty , '
2 2
(—i,l+r+v+i,1+§ ]
%, F, 1

147,2+E+0+2i°

Similarly, for x=1=1 and r =—1; we can evaluate the following integral results:

jti(l—t)"(t +)7ROF, (. B By, h(t+D", s)dt

a:fBo+la+la+v+L S
=27"""xB(c+L @ +1) L4 B B

1| . @+V+l @+Vv+2 c+w+2 oc+w+3, T

'7/’ ’ 1 1 )

2 2 2 2
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(37)

-A,g+i+v+lo+1
X3 F . . 1,
o+V+2A+lo+o+2i+2,1

j(l—t)"(t +)' RV (OF, (@ B, By, 7 1h(L-1)", s)dt

— 26+V+l F(V+1)F(1+G) F1;3:1(a : ﬂ’r+1!1+0;ﬂ - oK h, Sj

I'2+o+v) S iy 240+vy

(38)

—i,l+r+v+i,1+<y+i_1
2 14,240 +i+v ’

j(1—t)"(t+1)“’R(”V)(t)Fz(a:ﬂ,ﬂ':%f:Z(l—t)K(l+t)h,S)dt

y:1,2+0+V;—
—i,l+7+V+il+o+i
X ; ’
32 1+r,240+i+v

(—ra, B, t+l1+0;,—
=27""x B(1+V,1+0) x Flf;f‘o'o( @ p o ;2Kh,s]
(39)

f(l—t)’f(1+t)“’e<"” (OF (@ B, 87,73 2(A+1) ", s)dt

e Lo+l 8 —i,1+7+V+i,1+
:2§+w+lB(1+é:’w+1)F01:_33;i1[a ,B|T+ , 0+ lﬂ IZZ,SJXS F2£ T él}, (40)

—yl2+&E+@y 1+7,2+E+o+i

1

[@-t @+t RO, (: B B 7.7 s 2(L=1) L+ 1), s)dt

-1
a:fr+L1+E1+vw,

=27"""B(1+ &1+ o) Ryl __y12+§+a) 3+&+w. 478

2 2

-1, 1+7+Vv+i,1+¢
x5 F, 1, (41)

1+7,2+E+0+2i
Jl't””(l—t)"(t +1)7 PO Fy (e, , B, By h(E+1)", s)dt

=27"""xB(oc+1 @ +1)
—a,po+lo+la+v+la,f
xFiag T+V+l m+V+2 o+w+2 o+w+3, —2hs
2 2 2 2

A, og+i+v+lo+1
X5 F 1|, (42)

THV+2i+lo+o+2i+2,1
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1

Q-0 t+) R OF (e e, B, B 7ML, )t

-1
=2°""%B(+V,1+0)x Fﬁﬂsz —aprillroa.p :2h, s
' y:24+0+V;—

-Ll+z+v+il+o+i
32 , (43)

l+7,2+0c+i+V

f(i—t)“(t+1)”Pi‘”) OF(@.a B, Br:20-1)"L+1)", s)dt

Py 11+o.a,8
IZGWHXB(1+V,1+O')XF1%?62( aaﬂaT'F , +O',(Zaﬂ ’Zh’s]

y:124+0+V;—
—1,1+7+Vv+il+o+i
3°2 .l’

) 44
1+7,2+0c+1+V (44)

j(1—t)‘f(1+t)‘”R“‘”(t)a(a,a',ﬂ, Biyiz+) ", s)dt

ao [ = Lo+La,p
:2‘5*”*18(1+§,a)+1)F1%f‘52( wprrlotla,p ;22,5]

y:1,2+¢+w;,—

-1, 1+7+Vv+i,1+¢
x3F, 1 (45)

1+7,2+E+w+i
j(l—t)‘f(lﬂ)“’ RO M)Fy(a,a, B, 87 2(1-1) (1+1) ", s)dt
—a, fir+L1+Elvwia, B

=2""""B(l+ ¢, 1+ o)y’ vl 2+é+w 3+é+w . 42,8
2 2

-1, 1+7+Vv+i,1+¢
x3F, 1, (46)

1+7,2+E+0+2i
1
[t @-0)7t+)7 R (OF, (. By, 7 s h(E+D)", s)dt
-1

=27""" % B(oc+1, @ +1)
a,f.o+log+lo+v+]1—
xFii | @+V+l @+V+2 oc+w@+2 o+w+3_ ;-2hs
- 2 2 2 2
~-Aw+i+v+lo+l
33(w+v+m+Lw+a+m+2J’}

- k) ) k) ) 1

(47)

j(1—t)“(t+1)VF’i“”(t)ﬁ(a;ﬂ;y,y'; h(-1)",s)dt

o Pior+ll+o,—
=2 xB(L+V,1+ o) x F23° (a pie o ;2”h,sj
=y 240+Vy
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—1,1+7+V+i,l+o+i
X35 1 (48)

1+7,2+0c+i+Vv
1

[@-1)7(t+1) R OF, (@ Br7. 7 2(L-1)" (L+1)", s)dt
-1
a0l Bit+L1l+0,—
=27V B(1+V,1+0) x F(fs'?l’o(a Pz o .;2h,sj
A\ L24+0+Vvy
-L1+z+v+il+o+i
¥ 1, (49)

l+7,2+0c+i+V
1

[@-0° A+ P OF, (@ 87,7520+ s)dt

-1

ol @B T+, 00+1,—
:25*”*1B(l+§,a)+l)Fo?§l'°( pie ;2 ,sj

— L2+ é+wiy
(—i,l+r+v+i,1+§ ]
%3 F, 1

1+7,2+E+w+i (50)

and
j @) @+ R(O)F, (a, B 7,7 211 A+1) ", s)dt

a,f:1+11+ &1+ w; -
=B S+ O)RLY | 248+ 3+étw, 4TS
_.}/,1, ) ’}/
2 2
(—i,1+r+v+i,1+§ j
%, F, A

147,24+ E+0+2i°

(51)

Multiplied with the Legendre function, here we calculate some integrals involving the
Appell function in this section:

10) Consider the integral
1 z
Ao = [t 1-1')2 P OF (a0, B, B 7285, s)dt
0

Then, using (20), we get

- (a)Hj(ﬁ)i(ﬂ')j (Ztg)isj
N W T

£ & (@i BB 2T e 2
- x [t (L -12)2 Pr (t)dt.
Zo“%‘ N1 ! (L-t)*R7(®)

Ao= [t 0-22 RO

Using (18), (9), (8) and (24); we conclude that
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ZZ (@) (B)(B), 7's] (<)) 2 nl (@ +iE)T L+ 7 +V)
== (s ilj! 1_(1_7+V)1_(1+a)+i§+r—v]r(2+a)+i2§+r+vJ
o I'l+z+v)
=(2” J_F(l T+V)
Xii (@),,;(B)(B), 2¢2)'s’ I(@+i&)
o s ilj! 1_(1+a)+i§+r—v)r(2+a)+i§+r+vj'
2 2

Particularly for & =2, we get
coo rd+z+v
Ay = (1) 2 et V)

rd-z+v)
z\
9 S (a)i+j(ﬁ)i(ﬁl)j (4) ® I'(w+2i)
iy i ilj! F(1+w+22i+r_v]r(2+w+§i+T+VJ
~ (<172l (L+ 7 +V)[ ()
_r(l_r+v)r(1+a)+r—vjr(2+a)+r+vj
2 2
S
=& (@) (8)(B)) 2) 2 )
Zo:,z(; . ilj! [1+w+r—vj (2+a)+r+vj
2 1 2 1

_ (<)) 27 2T 1+ 7 +V)[ ()

F(l—r+v)1“(l+w;r_vjl“(2+w;ﬁLv

10 a)+1
a:p,o =B )
xFizo =S
= v w+7-V+1 co+r+v+2__ 4

2 ' 2

11) Consider the integral
F i
A= [t A-) 2 B (OF (. 8. B 7:2t° s)dt.
0

Then, using (20), we get

$)igl
A=) r RS D @ Sy
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_ < (0!)|+J(7(/f)|(ﬁ)1 iZ!Sj!XJ‘tmig_l(l_tz); P (t)dt.

Using (19), (9), (8), and (24); we conclude that

Zz(a).ﬂ(ﬂ) (ﬂ) z's! 27*“”5\/;1“(0)“5)
i=0 j=0 (7)i+j |!J!1_,(1+CU+if—T—V]F(2+a)+i§—T—V)

2 2

o (@) (B)(B); 2%2)'s! C(w+ié)
=2 \/_;,Z;‘ ()i il r(1+a)+ie§—f—er(2+a)+iéz_z._vj-
2 2

Particularly for & =2, we have

z) i
= & (@), (B):(B); ( j [(w+2i)
J—;; (i ij! 1ﬁ(1+a)+2i—r—vjr(2+a)+2i—r—vj
2 2

~ 27T (w)
a r(1+w—r—v)r(2+a)—r—vj
2 2

- (a),,, (D) (B), (Z) g @ (w;lj

iz0 =0 (i ilj! (1+a)—r—vj (2+a)—r—v)

X

2 2

w a)+1
B 2T_”\/;F(a)) « EL31 ﬂ 2 # .z S
- o o 13,0 o o Y
r(l+a) T er(2+a} T Vj y:l,a) T V+1 wo-T-V+2 4

2 2 2

Similarly, for &=2; we can evaluate the following integral results

j (A0 R OF, (@ 8577 2t s)ct

_ (<1727 a1+ 7 +V)[ ()

F(l_r+v)r(l+w;r—vjr(2+a);r+v)

o o+l

ﬁ——ﬁ

z
) O+7T— v+1 a)+r+v+2 Z
_-7/111 2 ’ 2 17/

131
XFoai

S|, (52)
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1 -7 T—W
[t @-t) 2 BrOF, (@ 8. 87725, s)dt = 27 xl (o)
0 (1+a)—z'—vj (2+G)—T—Vj
T r
2 2
0] a)+1
131 'B_ 'B L2
XF...; - S ] 53
ot . 160 T— V+1a) T-v+2 .4’ (53)
-7/’ ! 2 ’ 2 17/
1 T
[t @t P OF (., B. By 2 s)t
0
~ (1) 2" JrT 1+ 7 +V)[(®)
F(1—2'+V)F(1+aH_T_V)F(Z—'—aH_T—H/)
2 2
o o+l .
0:4;2 IB_ 2 P z
XF 1_15 ’ 54
e a)+r—v+1 o+T+V+2 4 (54)
7/'1’ 2 1 2
1 -7
[t a-0) 2 B OF (e, B, B2t s)t
0
o o+l .
- _—ay
_ 2° \/;F(a)) < E042 b 2 d 2 (55)
l+w—-7-V 2+w—17—V 130 a)—r—v+l w-17-v+2 4|
2 2 2 2
1 T
[t @-)2 P (OF, (. Bs 7y s 2% s)dt
0
~ (<) 27" JxT A+ 7 +V)[(w)
F(l_r+v)r(l+a)+r—v)r(2+a}+r+vj
2 2
10 a)+1
X 220 ﬂ 2 2 - ES (56)
R R iy v+1 o+T+Vv+2 4
_'7111 ’ a}/
2 2
and
1 -7 T—®
[t Q-7 BT OF (@ iy 25, )t = 2 al ()
. F(l+w—r—v)r(2+a)—r—vj
2 2
W a)+1
w220 ﬂ_ 2 - ES (57)
ot . o-7-V+1 o—-7-v+2 4|
_']/!11 2 ! 2 17
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3.2. DISCUSSION

Definite integrals of four Appell using Algebraic functions, Jacobi function, and
Legendre function as products in integrand have been calculated in this paper using
Pochhammer symbols, Factorial function Gamma, Beta, and Hypergeometric functions in the
process. For most of the integrals, special cases have also been discussed.

4. CONCLUSION

Integrals calculated in this work are limited and are analogous to the work of Suther et
al. (2020). We can extend and further investigate integrals containing similar double and
higher power series using these results. The material is original and not previously
published/submitted elsewhere.
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