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Abstract. In this study, bicomplex Oresme numbers are defined, and based on this
definition, a bicomplex Oresme sequence is generated. Fundamental equations of the
sequence, such as the Binet formula, generating function, and Cassini identity, are derived.
Subsequently, complex Oresme numbers are introduced, and matrices of bicomplex Oresme
numbers are constructed using this definition.
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1. INTRODUCTION

In 1892, Corrado Segre, drawing inspiration from the works of Hamilton and Clifford,
developed a novel algebraic structure, which he termed bicomplex numbers. He introduced
the concept of multicomplex numbers and described an infinite family of algebras [1].
Bicomplex numbers are generally expressed as a + bi + cj + dij, where a,b,c,d are real
numbers and i2 = j2 = —1. Thus, bicomplex numbers constitute a system with two distinct
roots of -1 . In recent years, bicomplex algebra has become a prevalent research subject in
physics and mathematics. Researchers have begun examining the algebraic, geometric,
topological and dynamic properties of bicomplex numbers [2-4].

On the other hand, numerous sequences of numbers exist in the literature with various
properties, among which the most prominent are the Fibonacci and Lucas number sequences.
Studies regarding various applications of these number sequences are available [5-7]. Among
these studies, Nurkan and Guven defined bicomplex Fibonacci and Lucas numbers in 2015
[8]. Furthermore, Halici1 defined bicomplex Horadam numbers and she examined various
properties in 2019 [9].

The Oresme sequence, defined by Nicole Oresme in the 14th century, has the
recurrence relation as follows:

Ony2 = Opyq —iOn, 0o =0,0, =%,forn > 0.

123 4 5 6 n

A few terms of this sequence are 0,-,-,->,—,—,—, ...,— . Over time, studies have
2°4°8°16 32" 64 2n

been conducted on Oresme numbers, and various properties have been obtained [7].
This study explores the concept of bicomplex Oresme numbers by utilizing the
recurrence relation and certain properties of the Oresme number sequence. Additionally, a
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bicomplex Oresme sequence is defined using these numbers. Subsequently, some
fundamental equations of the bicomplex Oresme sequence, such as the Binet formula and

generating function are obtained.
Definition 1.1. Bicomplex numbers, being a subalgebra of quaternions, form a non-

commutative structure. Let C, be the set of bicomplex numbers. Then, C, is defined as
follows:
(CZ = {X = X1 + Xzi + X3j +X4_l] | xl,xZ,X3,X4 € R},
where 1, i, j, ij are units of bicomplex numbers and these units satisfy the following equations.
i2=j2=-1,ij=ji,(i)?>=1.
Table 1 shows the multiplication of the units of bicomplex numbers is as follows.

Table 1. Multiplication of the units of bicomplex numbers.

1 i j ij
1 1 i j ij
i i -1 ij —j
j j ij -1 —i
ij ij —j —i 1

The sum of two bicomplex numbers z; = a; + byi + ¢;j + dyij and z, = a, + b,i +
c,j + d,ij is as follows:

Zl + Zz = (al + az) + (bl + bz)l + (Cl + Cz)j + (dl + dz)l] .
Furthermore, the multiplication of z; and z, is defined by
Z1-Zy =(a1 + bll + Clj + dlij)(az + bzl + Czj + dzl])
=(aia; — bib, — ¢1¢; + didy) + i(arby + bya; — ¢1d; — cpdq)
+j(a1C2 - b1d2 + Claz - bZdl) + ij(aldz + b1C2 + Cle + azdl) .
Any bicomplex number x has involutions in three different forms.
X = X1 + X0 + X3] + x410],

Xi = X1 — Xol + X3] — X41],
f] =xq+ xzi - x3j - x4ij,
fij = x1 - xZi - X3j + X4ij.
Norms are obtained from the definitions of involutions as follows:

N;(x) = xx; = (g + x50 + x3] + x40) (g — x50 + x3] — x41f),

N;(x) = xxX; = (x1 + X0 + x3] + x40) (1 + X0 — X3] — x41j),
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N;ij(x) = xx;; = (1 + X0 + x3] + x407) (1 — X0 — X3] + X41f).

The two idempotent elements found in C, are as follows. These elements satisfy given
equations:

1+ij 1—ij
a2 T,

eie, :0, el+ez :1, ey — ey :ij
Furthermore, any x element in C, can be expressed in terms of e; and e,:
x =21+ 2] = frey + fae; = (21 —izz)e + (21 + iz;5)e;

where z,,z, are complex numbers, 5, and S, are idempotent coefficients and this equation is
called the idempotent representation of element x. Also, for the elements x;, x, are written as

x1 = Pre1 + Baez, x; = 0161 + Oz,
and the algebraic operations are defined as follows:
x1+x; = (By+ 0)er + (B2 + 62)ey,
x1x; = (B101)ey + (B20;)e;,
x1 = Bie1 + Bzey,
where B, = z; — iz, and B, = z; + iz,.

2. OBTAINING THE BICOMPLEX ORESME SEQUENCE VIA BICOMPLEX
ORESME NUMBERS

This section defines bicomplex Oresme numbers and the bicomplex Oresme sequence
and examines some properties. Let C be the set of complex numbers. It is defined as follows:
C={z=x+yilx,y€ER}.

For any complex number z, its real and imaginary parts are denoted as Re(z) =
x,Im(z) = y, respectively. The matrix representation of elements in set C is

which is isomorphic to the set of 2 x 2 real matrices. In other words, the transformation

(p(C:(C — M(C
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x —
is a field isomorphism between C and M¢ = {M = [y xy] (X, Y € ]R}.
More detailed information about complex numbers can be found in [10].

Definition 2.1. The Oresme complex number CO,, is defined as
CO, = 0, + 0,441

where 0,, is nth Oresme number, n > 0.
For example, CO, = %i, Co, = %+ %i, Co, = %+§i. The set of matrix
representations of Oresme complex numbers is

e PR
where O, 0,1 are Oresme numbers.
Definition 2.2. The set of bicomplex Oresme numbers is defined as
BCO, = {CO, + COp,»j | CO, = Oy + i0,44,j% = —1}
where 0,, is nth Oresme number for n > 0. The few terms of this set are 0, 04, 05, ..., Where
BCO, = COy + CO,j = 0y + i0; + jO, + ijO3,
BCO, = CO; + CO3j = 0, 4+ i0, + jO5 + ijO,,
BCO, = CO, 4+ CO,j = 0, + i05 + jO, + ijos,
BCO, = COp + COpyzj = O + Oy +jOnsz + §0nss
Bicomplex Oresme numbers can be expressed in another way as follows.
BCO, = {0y,01,05, ..., 0p .. | 0y = O — jOp 2}
On = Oney + ynez,
where
Op = Op + 1042,

Yn=0p —i0py;.

Using the & matrix transformation, we can express the matrix representation of
bicomplex Oresme numbers as follows.

§:BCO, — Mpc,
where this transformation forms a ring isomorphism, and the set of resulting matrices

Co, —COn+2

Mpgc,, = { o o ]:ccon,ccon+2 € 133((:0,,}.
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Corollary 2.3. Bicomplex Oresme numbers can be represented as 4 X 4 real matrices as
follows:

On _0n+1 _0n+2 0n+3
M — 0n+1 On _0n+3 _0n+2
Bln 0n+2 _0n+3 On _0n+1 l

On+zs  Oniz Onia On
Example 2.4. The matrix representation of the Onth bicomplex Oresme number

0_1_+2_+3___1_+<2+3_>_
0=t T gy =t T 3 gl

is obtained using complex matrix representation as follows:

r 1 2 3 7
0 i i -
2 4 8
1 3
2 0 75 73
MB(Co 2 3 1
= I O J—
4 8 2
3 2 1
= 2 -0
-8 4 2 -

Definition 2.5. The involutions of bicomplex Oresme number are as follows:
BCO,, = O — Opy1l + Ony2j — Ony3i),
Con] = On + 0p1110p42] — Ony3lj,

l Con” = On = Opy1l — Opyzj + 0ny3l.

oY)

Considering that the set of bicomplex Oresme numbers is defined in two ways,
conjugate forms can also be expressed as follows:

(I) (an)i = e_nel + fnez ’
(") (an)j = 9n€1 + Vnez )
(iii) (én)ij = Ope, + Vpey.

Definition 2.6. Norms can be obtained with the help of involutions as follows.
N;(BCO,) = 0,0n, = (On + Ony1i + Opyaj + Opy3ij)(On = Onygi + Opyaj — Opysif),
Nj(B(COn) = Ono_n] = (Op + Opy1l + Ongaj + 0ny38))(On + Onyql — Opypj — Onysi)),
Ni;(BCOy,) = 0n0y,; = (On + Opyyi + Ongaj + Oni3i)(On — Oyl — Ongaf + Onosif).

When necessary operations are made, we obtain the following result.
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Corollary 2.7. Norms of the bicomplex Oresme number O,, are as follows:
N;(BCO,) = 0F + 0741 — 0745 — Oft 3 + 20,0p42) + 20041 043),
]Vj((con) = 07% - 0721+1 + 0721+2 - 0721+3 + 20, 0p410 + 201420n431,
Nij((con) = 01% + 0721+1 + 0721+2 + 0721+3 +20,0n431) .

Considering the recurrence relation of the Oresme number sequence, the following
bicomplex Oresme sequence can be obtained.

Definition 2.8. The bicomplex Oresme sequence is defined by the recurrence relation

1
0a4=cm—10;1
with initial conditions

06 = (COO + (COzj = 00 + Oll + 02] + Ogij,
OI = (COl + 603] = 01 + Ozl + 03] + 04,ij,

forn > 1.
A few terms of this sequence are

2 1 N 3 2 N 4
R T
Theorem 2.9. The Binet formula for the bicomplex Oresme sequence is as follows:

n n+l1l n+2 n+3
2_n+ n+1 L+ 2n+2J + n+3 Y-

O, =

Proof: It can be easily obtained from the Oresme number's Binet formula.

Theorem 2.10. The generating function for the bicomplex Oresme sequence is defined as

follows:
1

4—4x—x2

GO (x) = (Z+j2-20).

Proof: The generating function for the bicomplex Oresme sequence is GO;,(x) and this
function can be written as

GO;(x) = Z 0, x™.
n=0
Then,

(o] (o] 1 [ee]

N o _ * N ¥ N
Z Onz X ‘Z Ons1 X _ZZ On %,
n=0 n=0 n=0
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(o] (o] (o]
¥ Mm=2 _ *n—1 * .M
n=0

NN

it can be written. Then, we get,

[oe)

Y I 1 . ) L :
x_2<_00 - 01 + z OTl xn> = ; <_00 + Z On xn> - ZZ OTI. xn .
n=0

n=0 n=0

Finally, we obtain

1 7
GOn(x) = R v—— (E +j(2 - 2x)>
with the help of necessary operations.

Theorem 2.11. The Cassini identity for the bicomplex Oresme number is as follows:

i . . 2 15 5 1
On Onyz —Opyq” =3 (22n+6 + 22n+4 + 22n+2> y

Proof: It can be seen by induction on n.
3. CONCLUSION

In this study, the bicomplex Oresme numbers are defined, and a numerical example is
given. Thus, various topics such as algebra, number theory and geometry, which have
significant importance in mathematics, are evaluated together, including bicomplex numbers,
number sequences and matrix properties. For future studies, other applications of bicomplex
numbers and matrices can be evaluated based on the results obtained here.
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