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Abstract. The notion of nano A,-closed sets is introduced in an ideal nanotopological
space. Characterizations and properties of A,-nl-closed sets and /A,-n/-open sets are given.
A characterization of normal spaces is given in terms of Aj-nl-open sets. Also, it is
established that an Ag,-ni-closed subset of a nano J-compact space is nano J-compact
compact.
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1. INTRODUCTION AND PRELIMINARIES

In 2017, Rajasekaran et al. [1] introduced the notion of nano A-sets in nanotopological
spaces. A nano A-set is a set H that is equal to its kernel (= saturated set), i.e., the intersection
of all open supersets of H. Further, they have introduced and investigated the notion of nano
A-closed sets by involving nano A-sets and closed sets. Rajasekaran et al [2] have introduced
and investigated the notion of Ag-closed sets in nanotopological spaces and established
several properties of such sets. An ideal I [3] on a topological space (X, t) is a nhon-empty
collection of subsets of X which satisfies the following conditions.

1. Aeland B < Aimply B € I and
2.A€landBelimplyAuB €.

Given a topological space (X, t) with an ideal I on X. If go(X) is the family of all
subsets of X, a set operator (.)*: (X) — (X)), called a local function of A with respect to ©
and I is defined as follows: for Ac X, A*(I,t) ={x e X:UN A &1 for every U € 7(x)}
where 7(x) = {U € t:x € U} [4]. The closure operator defined by cl*(A) = AU A*(I,7) [5]
is a Kuratowski closure operator which generates a topology t*(/, t) called the =-topology
finer than 7. The topological space together with an ideal on X is called an ideal topological
space or an ideal space, denoted by (X, t,I). We will simply write A* for A*(I,t) and t* for
(I, 7).

Some new notions in the concept of ideal nano topological spaces were introduced by
Parimala et al. [6].

Definition 1.1. [7] Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Elements belonging to the
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same equivalence class are said to be indiscernible with one another. The pair (U, R) is said to
be the approximation space. Let X € U.

1. The lower approximation of X with respect to R is the set of all objects that can be for
certain classified as X with respect to R and it is denoted by Lp(X). That is, Lg(X) =
Uyxer {R(x): R(x) € X}, where R(x) denotes the equivalence class determined by x.

2. The upper approximation of X with respect to R is the set of all objects that can be possibly
classified as X with respect to R and it is denoted by Ug(X). That Iis,
Ur(X) = Uxey {R(x):R(x) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects that can be classified
neither as X nor as not —X with respect to R and it is denoted by Bg(X). That is, Bx(X) =
Ur(X) — Lr(X).

Definition 1.2. [8] Let U be the universe, R be an equivalence relation on U and 7z(X) =
{U, ¢, Lr(X),Ur(X),Br(X)} where X € U. Then tx(X) satisfies the following axioms:

1. U and ¢ € 1x(X),

2. The union of the elements of any sub-collection of 7z (X) is in Tz (X),

3. The intersection of the elements of any finite subcollection of Tz (X) isin Tz (X).

Thus tx(X) is a topology on U called the nanotopology with respect to X and
(U, tr(X)) is called the nanotopological space. The elements of t;(X) are called nano-open
sets (briefly n-open sets). The complement of a n-open set is called n-closed.

Throughout the paper, we denote a nanotopological space by (U,N'), where V' =
Tz (X). The nano-interior and nano-closure of a subset A of U are denoted by n-int(A) and n-
cl(A), respectively.

Definition 1.3. A subset A of a space (U, V) is called
1. nano semi-open [8] if A € n-cl(n-int(A)),
2. nano pre-open [8] if A € n-int(n-cl(A)).

The complements of the above-mentioned sets are called their respective closed sets.

Definition 1.4. A subset A of a space (U, V) is called a nano generalized closed set (briefly
ng-closed) [9] if n-cl(A) < B, whenever A € B and B is n-open.The complement of ng-
closed is called ng-open.

A space (U, V") with an ideal I on U is called [6] an ideal nano topological space and
is denoted by (U, WV, I). G,,(x) = {G, |x € G,, G,, € N}, denotes [6] the family of n-open sets
containing x.

Definition 1.5. [6] Let (U,V,I) be a space with an ideal I on U. Let (.);, be a set operator
from g (U) to o(U) ($(U) is the set of all subsets of U). For a subset A € U, A5, (I, V') =
{xeU:G,NnA¢&I, for every G, € G,(x)} is called the nano local function (briefly n-local
function) of A with respect to I and V. We will simply write A;, for Ay (I, NV).

Here, an ideal nanotopological space (U, NV, I) is mentioned as a space.

Theorem 1.6. [6] Let (U, V', 1) be a space and A and B be subsets of U. Then
1.AS B = A C B,

2. Ay, = n-cl(4;) < n-cl(A)(4;, is a n-closed subset of n-cl(A)),

3. (A7)n € An,
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4. (AU B); = Ay UB;,
BVEN=VNAL=VNWNA, SV NAL,
6.JElI=(AU);=4,=(A—-].

Theorem 1.7. [6] Let (U, V', ) be a space with an ideal I and A € A}, then A3, = n-cl(4}) =
n-cl(4).

Definition 1.8. [6] Let (U, NV, I) be a space. The set operator n-cl* called a nano =-closure is
defined by n-cl*(A) = AU Ay, forAc U.

It can be easily observed that n-cl*(A4) S n-cl(A).

Theorem 1.9. [6] In a space (U, NV, 1), if A and B are subsets of U, then the following results
are true for the set operator n-cl*.

1. A € n-cl*(A),

2.n-cl*(¢p) = ¢ and n-cl*(U) = U,

3. If A € B, then n-cl*(A) € n-cl*(B),

4. n-cl*(A) Un-cl*(B) = n-cl*(AU B),

5. n-cl*(n-cl*(A)) = n-cl*(A).

Definition 1.10. [6] A subset A of a space (U, NV, I) is said to be nano-I-open (briefly ni-
open) if A € n-int(4y,).

Definition 1.11. [10] A subset A of a space (U, NV, 1) is n x-dense in itself (resp. n x-closed)
if A € A;, (resp. 4;, € A).

Definition 1.12. A subset A of a space (U,NV,I) is called a nano I,-closed (briefly nl,-
closed) [10] if A7, < B whenever A € B and B is n-open. The complement of a n,-closed set
is said to be nl,-open.

Definition 1.13 An ideal I in a space (U, XV, 1) is said to be

1. V-codense ideal [6] if V' N1 = {¢}.

2. completely V' -codense ideal [11] if n-PO(U) NI = {¢}, where n-PO(U) is the family of
all np-open sets in (U, V).

2. ON A,-CLOSED SETS

Definition 2.1. A subset H of U in an ideal nanotopological space (U, IV, I) is said to be
1. Ag-nl-closed if H; € K whenever H € K and K is nA-open.

2. Ag-nI-open if its complement is A,-nI-closed.

Proposition 2.2. In an ideal nanotopological space (U,N,I), for a subset H of U the
following statements are hold;
1. If Ag-nI-closed set then nl,-closed,

2. If nA4-closed set ([2], Definition 3.3) then nl,-closed.

ISSN: 1844 — 9581 Mathematics Section



292 Nano Ag-Closed Sets in an Ideal Nanotopological Space Erulan Veeramalai et al.

Proof:
1. It follows from the fact that every n-open set is ni-open.
2. It follows from the Definitions of nAg-cIosed and nlg-closed.

Remark 2.3. The converse of Proposition 2.2 need not be true, as seen from the following
Example.

Example 2.4. Let U = {ry, 15,13} with U/R = {{r3},{r;,»}} and X = {ry,r}. Then NV =
{¢,{r1, >}, U}. Let be an ideal I = {¢}. In the ideal nanotopological space (U, V,I), then the
subset {ry, 73} is nly-closed but not A,-nI-closed and nA,-closed.

The following Theorem gives characterizations of A ,-nl-closed sets.

Theorem 2.5. Let H be a Ag-nl-closed subset of U in an ideal nanotopological space
(U, V', I). Then the following results are equivalent;

1. H is Ag-nI-closed,

2.n-cl*(H) € 0 whenever H € 0 and O is nA-open in U,

3. n-cl*(H) — H contains no nonempty nA-closed set,

4. H;, — H contains no nonempty nA-closed set.

Proof: (1) = (2) Let H S O where 0 is nA-open in U. Since H is Ag-nI-closed, H, < 0 and
son-cl*(H)=HUH,; € 0.

(2) = (3) Let K be a naA-closed subset such that K € n-cl*(H) — H. Then K € n-cl*(H).
Also K € cl*(H)—H S U —H and hence H € U — K where U — K is nAd-open. By (2) n-
cl*(H) < U—-KandsoK € U —n-cl*(H). Thus K € n-cl*(H) N U — n-cl*(H) = ¢.

(3) = (4) H; — H = HU H;; — H = n-cl*(H) — H which has no nonempty ni-closed subset
by (3).

(4) = (1) Let H < O where O is nA-open. Then U= 0 S U —H and so H; N (U—0) <
H, N (U—H) =H;, —H. Since H,, is always a n-closed subset and U — O is nA-closed,
H;, n (U — 0) is a nA-closed set contained in H;, — H and hence H, n (U — 0) = ¢. by (4).
Thus Hy; € 0 and H is Ag-nI-closed.

Proposition 2.6. For a subset H of U in an ideal nanotopological space (U, V, 1), each n x-
closed set is A,-nI-closed.

Proof: Let H be a n x-closed. To prove H is A -nl-closed, let G be any nA-open set such that
H € G. Since H isn x-closed, H; € H € G. Thus H is A -nl-closed.

Remark 2.7. The converse of Proposition 2.6 is need not be true as seen from the following
Example.

Example 2.8. Let U = {ry,rp, 13} with U/R = {{ry},{r,,13}} and X = {ry}. Then N =
{¢,{r1}, U}. Let be an ideal I = {¢}. In the ideal nanotopological space (U, V,I), then the
subset {r, } is A4-nlI-closed set but not n x-closed.

Theorem 2.9. In an ideal nanotopological space (U, NV, I), for each H € I, H is A,-nI-closed.

WWW.josa.ro Mathematics Section



Nano A4-Closed Sets in an Ideal Nanotopological Space Erulan Veeramalai et al. 293

Proof: Let H € I and let H € G where G is nA-open. Since H € I, H;, = ¢ < G. It follows
that H is A,-nl-closed.

Theorem 2.10. If (U, V', I) is an ideal nanotopological space, then Hy, is always A,-nI-closed
for each subset H of U.

Proof: Let H;; € G where G is nA-open. Since (Hy)y, S H,,, we have (Hy); € G. Hence H; is
Ag4-nl-closed.

Theorem 2.11. Let (U, V, ) be an ideal nanotopological space. If for a subset H of U then
each A,-nl-closed, nA-open set is n *-closed.

Proof: Let H be Ay-nl-closed and nA-open. We have H € H where H is nA-open. Since H is
Ag-nl-closed, H; € H. This proves that H is n *-closed.

Definition 2.12. An ideal nanotopological space (U,N,I) is said to be a nano T;-space if
every nilg-closed subset of U is a n x-closed set.

Lemma 2.13. If (U,V,I) is a nano T;-space and H is an nl,-closed set, then H is a n x-
closed set.

Corollary 2.14. If (U, V,I) is a nano T,-space and H is a A4-ni-closed set, then H is n *-
closed set.

Proof: By assumption H is Ag-ni-closed in (U, V,I) and so by Proposition 2.2, H is nlg-
closed. Since (U, V,I) is a nano T;-space, by Definition 2.12, H is n *-closed.

Corollary 2.15. Let (U, V, 1) be an ideal nanotopological space and H be a A,-nI-closed set.
Then the following results are equivalent;

1. H is n x-closed,

2.n-cl*(H) — H is a nA-closed set,

3. H; — H is anA-closed set.

Proof: (1) = (2) By (1) H is n *-closed. Hence H;, € H and n-cl*(H) — H = (H U H}) —
H = ¢ which implies that nA-closed.

(2) 7 (3) H; — H = H U H;; — H = n-cl*(H) — H which implies that nA-closed by (2).

(3) = (1) Since H is Ag-nI-closed, by Theorem 2.5 H;; — H contains no non-empty nA-closed

set. By assumption (3) H, — H is nA-closed and hence H, — H = ¢. Which proves that
H;, € H and H is n *-closed.

Proposition 2.16. In an ideal nanotopological space (U, V', I), for a subset H of U, each nA,-
closed set is a A,-nl-closed set.

Proof: Let H be a nA -closed set. Let G be any nA-open set such that H € G. Since H is nAg4-
closed, n-cl(H) € G. So, H* € n-cl(H) < G and hence H is A,-nl-closed.
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Remark 2.17. The converse of Proposition 2.16 need not be true, as seen from the following
Example.

Example 2.18. Let U = {ry, 1y, 13} with U/R = {{r1},{ry,13}} and X = {r;}. Then N =
{¢,{r1}, U}. Let be an ideal I = {¢,{r1},{r2}, {r1,m>}}. In the ideal nanotopological space
(U, V, 1), then the subset {r;} is a A,-nl-closed set but not nA,-closed.

Theorem 2.19. If (U, 2V, 1) is an ideal nanotopological space and H is a n x-dense in itself,
Ag-nl-closed subset of U, then H is nA,-closed.

Proof: Let H € G where G is ni-open. Since H is A -ni-closed, H; € G. As H is n x-dense
initself, n-cl(H) = Hy. Thus n-cl(H) € G and hence H is nA4-closed.

Corollary 2.20. If (U, JV,I) is any ideal nanotopological space where I = {¢}, then H is A,-
nl-closed if and only if H is nA4-closed.

Proof: In (U,NV,I), if I ={¢} then H; =n-cl(H) for the subset H. H is A,-nI-closed
& H; € G whenever H € G and G is ni-open & n-cl(H) € G whenever H € G and G is
nA-open & H is nA,-closed.

Corollary 2.21. In an ideal nanotopological space (U, NV, 1) where I is V'-codense, if H is a
ns-open set and A,-nl-closed subset of U, then H is nA -closed.

Proof: H is n x-dense in itself. By Theorem 2.19, H is nA -closed.

Remark 2.22. In an ideal nanotopological space (U, NV, 1), the family of ng-closed sets and
the family of A -ni-closed sets are independent of each other as shown in the following
Example.

Example 2.23.
1. In Example 2.4, the subset {ry, 73} is ng-closed set but not A -ni-closed.

2. In Example 2.18, the subset {ry} is A -nI-closed set but not ng-closed.

Remark 2.24. These relations are shown in the following diagram.

n-closed ~ nAg-closed ~ I -closed
V4T

n *-closed = A,-nl-open “* ng-closed

Theorem 2.25. Let (U, V, I) be an ideal nanotopological space and H < U. Then H is Ag-nl-
closed if and only if H = K — S where K is n x-closed and S contains no nonempty nA-closed
set.

Proof: If H is nA4-closed, then by Theorem 2.5 (4), S = Hy — H contains no nonempty nA-
closed set. If K = n-cl*(H), then K is n x-closed such that K — S = (HUH;;) — (H, — H) =
(HUH) N (H,NnH)=(HUH)N((H)UH)=(HUH;)N(HU (H))) =HU

(Hp 0 (Hp)) = H.
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Conversely, suppose H = K — S where K is n x-closed and S contains no nonempty
nA-closed set. Let G be a nA-open set such that H € G. Then K —S € G which implies that
KNn(U—-G)<SS. Now H<S K and K, € K then H, € K;; and so H, N (U—-G) S K; N
(U-G)SKn((U—-G)<S. Since H, n (U —G) is nA-closed, by hypothesis H;, n (U —
G) = ¢ and so Hy € G. Thus H is Ay-nl-closed.

Theorem 2.26. Let (U, V,I) be an ideal nanotopological space and H € U. If H € K € H;,,
then H;; = K;; and K is n x-dense in itself.

Proof: Since H € K, then H;, € K,, and since K € H;, then K, < (H;); € H,,. Therefore
H;, =K;and K € H; € K.

Theorem 2.27. Let (U, V, 1) be an ideal nanotopological space. If H and K are subsets of U
such that H € K € n-cl*(H) and H is A,-nl-closed, then K is A -nl-closed.

Proof: Since H is Ag-nl-closed, then by Theorem 2.5(3), n-cl*(H) —H contains no
nonempty nA-closed set. But n-cl*(K) — K € n-cl*(H) — H and so n-cl*(K) — K contains
no nonempty nA-closed set. This proves that K is A,-n/-closed.

Corollary 2.28. Let (U, V,I) be an ideal nanotopological space. If H and K are subsets of U
suchthat H € K € Hy and H is Ag-nl-closed, then H and K are nA,-closed sets.

Proof: Let H and K be subsets of U such that H € K € H;;. Then H € K € H,; S n-cl*(H).
Since H is Ay -nl-closed, by Theorem 2.27, K is A,-ni-closed. Since H € K € Hj;, we have
H;, = K,,. Hence H € H;, and K € K;;. Thus H is n x-dense in itself and H is n x-dense in
itself and by Theorem 2.19, H and K are nA,-closed.

The characterization of A,-nl-open sets are given in the following Theorem.

Theorem 2.29. Let (U, V', I) be an ideal nanotopological space and H € U. Then H is A -nl-
open if and only if K < n-int*(H) whenever K is nA-closed and K € H.

Proof: Suppose H is Ag-nl-open. If K is nA-closed and K € H, then U — H € U — K and so
n-cl*(U — H) € U — K by Theorem 2.5(2). Therefore K € U — n-cl*(U — H) = n-int*(H).
Hence K € n-int*(H).

Conversely, suppose the condition holds. Let G be a nA-open set such that U — H ©
G. ThenU -G € H and so U — G € n-int*(H). Therefore n-cl*(U — H) € G. By Theorem
2.5(2), U — H is Ag-nl-closed. Which proves that H is A,-nlI-open.

Corollary 2.30. Let (U, V, 1) be an ideal nanotopological space and H < U. If H is Ag-nl-
open, then K < int*(H) whenever K is n-closed and K € H.

The properties of A,-nI-closed sets are given in the following Theorem.

Theorem 2.31. Let (U, V,I) be an ideal nanotopological space and H € U. If H is Ag-nl-
open and int*(H) € K <€ H, then K is A -nl-open.
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Proof: Since int*(H) €S K S H, we have U—H S U —-K c U —int*(H) = n-cl*(U — H).
By assumption H is Ag-nl-open and so U — H is Ag-nl-closed. Hence, by Theorem 2.27,
U — H is Ag-nl-closed and K is Ag-nI-open.

The following Theorem gives a characterization of A,-nI-closed sets in terms of A -
nl-open sets.

Theorem 2.32. Let (U,V,I) be an ideal nanotopological space and H € U. Then the
following results are equivalent.

1. H is Ag-nI-closed,

2. HU (U — Hp) is Ag-nI-closed,

3. Hy — H is Ag-nl-open.

Proof: (1)7(2) Let G be any nA-open set such that HU (U — H}) € G. Then G € [AU (U —
H)]¢=[H VU (Hy)]°=H,nH® = Hy —H where G° is nA-closed. Since H is Agj-nl-
closed, by Theorem 2.5(4), G¢ = ¢ and U = G. Thus U is the only ni-open set containing
H U (U — Hy) and hence H U (U — Hy) is Ag-nl-closed.

(2)7(3) (Hy —H)° = (Hy N H)° = HU (Hy)° = H U (U — Hy,) which is Ag-nI-closed by
(2). This proves that Hy — H is A -nl-open.

(3) = (1) Since H;, — H is Ag-nl-open, (H, — H)¢ = H U (Hy)¢ is Ag-nI-closed. Hence by
Theorem 2.5(4) (H U (H;))y, — (H U (H,)¢) contains no nonempty nA-closed subset. But
(HU (Hp))n— (HU (Hp)) = (HU (Hp) ) N (HU (Hp)) = (HU (Hp) ) N (Hp U
H¢) = (Hy U ((Hp))n) N (Hy,NHS) = Hy N H® = H, — H. Thus H,, — H has no nonempty
nA-closed subset. Hence by Theorem 2.5(4), H is A -nl-closed.

Theorem 2.33. Let (U,V, ) be an ideal nanotopological space. Then every subset of U is
nano A,-ni-closed if and only if every nA-open set is n x-closed.

Proof: Suppose every subset of U is A,-ni-closed. Let G be nA-openin U. Then G € G and G
is Ag-nl-closed by assumption implies G; € G. Hence G is n x-closed.

Conversely, let H € U and G be nA-open such that H € G. Since G is n x-closed by
assumption, we have H; € G, € G. Thus H is A,-nl-closed.

The following Theorem gives a characterization of normal spaces in terms of A,-nl-
open sets.

Theorem 2.34. Let (U,V,I) be an ideal nanotopological space where I is completely V-
codense. Then the following results are equivalent;

1. U is normal,

2. For any disjoint n-closed sets H and K, there exist disjoint A,-n/-open sets E and F such
that HC Eand K C F,

3. For any n-closed set H and n-open set F containing H, there exists an A,-nl-open set E
suchthat H € E € n-cl*(E) S F.

Proof: (1)=(2) The proof follows from the fact that every n-open set is A,-nI-open.
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(2)=(3) Suppose H is n-closed and F is a n-open set containing H. Since H and U — F are
disjoint n-closed sets, there exist disjoint A,-nl-open sets E and S such that H € E' and
U—F < S.Since U — F isnA-closed and S is Ag-nl-open, U — F € n-int*(S). Then U — n-
int*(S) € F. Again F nS = ¢ which implies that E N n-int*(S) = ¢ and so E € U — n-
int*(S). Then n-cl*(E) € U —n-int*(S) € F and thus E is the required A -nI-open sets
with H € E € n-cl*(E) S F.

(3)7(1) Let H and K be two disjoint n-closed subsets of U. Then H is a n-closed set and
U — K an n-open set containing H. By hypothesis, there exists a Ag-nl-open set E such that
HCE Sn-cl*(E) €U —K. Since E is Ag-nl-open and H is ni-closed we have H € n-
int*(E). Since I is completely V'-codense ideal, N* € N* and so n-int*(E) and U — n-
cl*(E) € N% Hence H < n-int*(E) < n-int(n-cl(n-int(n-int*(E)))) =G and K € U —
n-cl*(E) € n-int(n-cl(n-int(U — n-cl*(E)))) = H. O and C are the required disjoint n-
open sets containing H and K respectively, which proves (1).

Definition 2.35. A subset H of an ideal nanotopological space (U,N,I) is called a nano
Agq-closed set if n-cl,(H) € G whenever H € G and G is nA-open. The complement of nano
Agq-closed set is called a nano A,,-open.

If I =T, itis not difficult to see that A,-n/-closed sets coincide with nano A,,-closed
sets and so we have the following Corollary.

Corollary 2.36. Let (U,V,I) be an ideal nanotopological space where I = 7. Then the
following statements are equivalent;

1. U is normal,

2. For any disjoint n-closed sets H and K, there exists a disjoint nano A4,-open sets X and Y
suchthat H € Xand K € Y,

3. For any n-closed set H and n-open set Y containing H, there exists a nano Ag4,-open set X
suchthat H € X € n-cl,(X) €Y.

Definition 2.37. A subset H of an ideal nanotopological space is said to be nI-compact or
compact modulo n/ if for every n-open cover {X,|a € A} of H, there exists a finite subset 4,
of A such that H — U {X,|a € 4,} € nl. The space (U,N,I) is nl-compact if X is nl-
compact as a subset.

Corollary 2.38. Let (U, 2V, I) be an ideal nanotopological space for a subset H of U. If H is a
Ag-nl-closed subset of U, then H is nI-compact.

Proof: The proof follows from the fact that every A,-nI-closed is nl -closed.

4. CONCLUSIONS

This paper introduces a new class of sets in an ideal nanotopological space, called
nano Ag4-closed sets. Suitable examples are provided together with the characterizations and

features of Ay -nl-closed sets and A,-nl-open sets. Normal spaces are characterized in terms
of A,-nl-open sets. Furthermore, it is proven that a nano J-compact space is nano J-compact
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when its subset is Ag-nl- closed.
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