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Abstract. In this study, the Randi¢ index of the power graph of a finite cyclic group
was redefined by considering its identity and generators. Then, bounds were obtained for the
Randi¢ index of the power graph in question by using the concepts of maximum degree,
minimum degree, graph energy, and vertex energy.
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1. INTRODUCTION

A power graph is a simple, connected graph defined on a finite group, which accepts
the elements of the group as vertices and defines the adjacency relationship between two
vertices as “if one vertex is a power of the other”. The concept of power graph was first
introduced to the mathematical literature by Kelarev and Quinn in 2000 [1]. Later, with the
article of Chakrabarty et al. in 2009, studies in the field of power graphs gained momentum
[2]. Another important study that shapes the power graph field is the one conducted by
Chattopadhyay et al. in 2018 [3]. In their study, the adjacency matrix of the power graph was
redefined by considering the block matrix structure.

On the other hand, the concept of the Randi¢ index was introduced by Milan Randi¢ in
1975 [4]. In his study, the Randi¢ index concept was used to determine the degree of
branching of the carbon atomic skeleton. Later, with the studies carried out 1990’s the
concept of Randi¢ index entered the mathematical literature and began to be used frequently
in this field. In this study, bounds were obtained for the Randi¢ index of power graphs by
considering the concepts of maximum degree, minimum degree, and vertex energy.

2. PRELIMINARIES

The power graph P(C,,) of a finite cyclic group C,, with nth order, is the graph whose
vertices are represented by the elements of C,,, and with adjacency relation between different
two vertices i and j is defined as i~j iff i = j* orj = i*, k € Z*. Let Vy, V, be the set of the
identity and generators and the set of remaining elements of C,,, respectively. Due to the
structure of V3, |V;]| = 1 + @(n) = s (say), where @ (n) is Euler’s ¢ function. Also, adjacency
matrix of the power graph P(C,,) is a block matrix and is defined as
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where | and J, are the identity matrix and the matrix with all elements
being 1, respectively. Also A(P(V,)) is the adjacency matrix characterized by the elements of
V,. Based on the concept of adjacency matrix, the energy of the power graph P(C,,) is denoted
by and defined as

E(P(C)) = ) WP
i=1

where A,(P(Cy)),A,(P(C,)), ..., A, (P(Cy)) are the eigenvalues of the adjacency matrix. In
addition, the energy of any vertex i of the power graph P(C,,) is defined as

Epccy(D) = [A(P(CY)]

1
where |[A(P(Cp))| = [A(P(C,))A*(P(Cy))]?. Depending on the concept of vertex energy, the
energy of the power graph P(C,,) is given by

E(P(Cy)) = Xy Ep(c,y (D), for 1,2, ...,n € C.

On the other hand, the Randi¢ index of any simple graph G is defined as R(G) =
Yi~j ﬁ, where d;, is the degree of a vertex i. This structure can be adapted for the power
i)

graph P(C,) by using the V; and V, sets. Accordingly, the Randi¢ index of the power graph
P(C,) is defined as

s(s—1)+ s z 1 +Z 1

2(71—1) Vn_leVz\/Fj =7 1,didj

i,j€V,

R(P(CY) =

The following theorems will help to obtain some results for the Randi¢ index of the
power graph P(C,,). These theorems clearly reveal the relationship between any vertex energy
and its degree.

Theorem 2.1. [5] For a graph G and a vertex i, E; (i) < \/d;. The equality holds iff G = K ,,.

Theorem 2.2. [5] Let G be a connected graph with at least one edge. Then forall i € VV
E; (i) = %, where A is the maximum degree of G. Equality holds iff G = K, 4.

In the next section, upper bounds for the Randi¢ index of the power graph P(C,) were
found. Then, results were obtained for Randi¢ index using the relationship between the
completeness of the power graph and the order of the group.
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3. MAIN RESULTS

In this section, bounds for the Randi¢ index R(P(C,)) were obtained. First, the bound
obtained by using the smallest degree of P(C,,) is given.
Theorem 3.1. Let R(P(C,)) be the Randi¢ index of P(C,) and n > 3. Then

s(s — 1) s(n—ys) (n—s— D(n—-s)

2(n— 1/6(71— 26 ’

where § is the minimum degree of the power graph P(C,,).

R(P(CY) <

Proof: Since § < d;, forall i € V(P(Cp)),

PRI S @)

]EVZ ]EV
On the other hand
1 (n—s—l)(n—s)
Z i~j ,——Z i~j < - < 3.2
i,jEV, % i,jEV, 6 26 ( )

From (3.1), (3.2) and the definition of the Randi¢ index of the power graph P(C,,), we
get

1) s(n—ys) (n—s—l)(n—s)

\/MT 26

R(P(CY) < Z(n

This completes the proof.
Theorem 3.2. Let R(P(C,)) be the Randi¢ index of P(C,) and n > 3. Then

1)+ s +6—s
D \/_ Vn—=1 257

where § is the minimum degree of the power graph P(C,,).

R(P(Cy) < 2(

Proof: Using the AM-GM inequality, we have

1 1 1
> ez (ara)
l]EVz LjEV, (33)
1 di—s
2 d;

lEVZ
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From (3.1) in Theorem 3.1, (3.3) and the concept of the Randi¢ index of P(C,,), we get

s( -5 6—s
R(P@) < 30 —5+ 7 (=5 2va )

Theorem 3.3. Let R(P(C,)) be the Randi¢ index of P(C,) and n > 3. Then

R(P(Cy) < 2( 11)) + ( y ) Z Ep(cn)(])

where Ep,(j), is the energy of the vertex j.

Proof: Since d; > 1 for every vertex i,

> 7w % )

i,jEVz lJEVz

=3 o (F+75)

i,jJEV,

From Theorem 2.1, we have

1 1
<2 GOk

e, 1 (3.4)
- Z] V2 E:(cs)(J)
On the other hand, using Theorem 2.1, we get
Yjev, \/% < Yjen, E;(]) (3.5)
j P(Cn)

From (3.4), (3.5) and the definition of the Randi¢ index of the power graph P(C,,), we
have

R(P(CY) < 11)) (\/S—l tnos- 1) 2 Ep(Cn)(])

JEV,

Theorem 3.4. Let R(P(C,)) and E(P(C,)) be the Randi¢ index and energy of P(C,),
respectively and n > 3. Then
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R(P(CY) < @ (n—t - DE(P(Cn)),

where A and & be the maximum degree and minimum degree of the power graph P(C,),
respectively.

Proof: Since d; > 1 for every vertex i,

Z\/W z(f \/_>

1,JEV, l]€V2

From Theorem 2.2 and the fact § < d, for all i € V(P(C,)), we get

3 Z /\/AEP;Cn)(i)+\/AEP;Cn)(j)>
ijEv;

= %Z Z}: (JEp(cn)(i) +JEp(cn)U)>

LjEV,

VA
< ?(n -s—1) z EP(Cn)(j)

JEV2

A
< g(n —s—1E(P(Cy).
Corollary 3.5. Let R(P(Cn)) be the Randi¢ index of P(C,) and n = at > 3. Then

s(s 1)
— 1)'

where a, t are a prime number and a positive integer, respectively.

R(P(CY) =

Proof: Since a is a prime number and ¢ is a positive integer, P(C,) is a complete graph. In
this case V; = V(P(C,)) and V, = @. From the definition of the Randi¢ index of the power
graph P(C,,), we get

B 1) 1 s(s—-1)
R(P(Cn))— FZ\/— Zm_Z(n—l)'

leVZ
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4. CONCLUSIONS

In this study, the concept of the Randi¢ index for a power graph is introduced. Then,
by considering the concepts of vertex energy, degree, maximum degree, and minimum
degree, bounds for the Randic index are obtained. In the following studies, other types of
indices on a power graph will be examined, and boundary studies will be conducted for these
concepts.
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