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Abstract. In this article, the differential equation characterizations for D, -Darboux

slant helices given with the help of three new orthogonal frames are introduced for the curves
lying on a surface. These moving frames, obtained based on the Darboux frame, are called
“Osculating Darboux Frame”, “Normal Darboux Frame”, and “Rectifying Darboux
Frame?”, respectively.
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1. INTRODUCTION

The concept of frame is important in the differential geometry of curves. One of the
most important tools for analyzing a curve is a moving frame. The relationship of the vector
fields forming the frame at the opposite points of two different curves reveals the special
curve pairs [1,2]. Curvature functions are defined on the curve using moving frames [3,4].
These curvature functions are known as the differential invariants of the curve. Curves
become special thanks to the relationships between the differential invariants of the curve [5-
9]. Many different frames have been defined in different spaces [10-12]. The most commonly
used moving frames are the Frenet frame and Bishop frame for the space curves, and the
Darboux frame for the surface curves. The Darboux frame is known as the frame of the curve-
surface pair [13-16]. Hananoi et al. describe three new vector fields associated with the
Darboux frame along the curve on the surface [14]. In addition, Onder defines three new
special curves on the surface, taking these three new vectors into account. In this definition,
he names these curves as D, -Darboux slant helices, where the indices i e {o,n, r} represent
the osculating, normal, and rectifying planes of the curve on the surface, respectively [17,18].
Three new moving frames for surface curves are created by Akin et al., with the help of these
vector fields and three special curves. These moving frames, obtained based on the Darboux
frame, are called Osculating Darboux Frame (OD-Frame), Normal Darboux Frame (ND-
Frame), and Rectifying Darboux Frame (RD-Frame), respectively [19,20].

In this study, the differential equation characterizations for D, -Darboux slant helices

are given with the help of the OD, ND, and RD frames. The relevant theorems are presented
along with their proofs.
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1.1. PRELIMINARIES

Let M be an oriented surface in E°, and a:1 IR — M be a unit speed curve on
surface M . The Darboux frame {T,V,U}is well-defined along the curve ¢ on M and

derivative formulas of the Darboux frame are given by;

™Y (0 Kk, k(T
Vil=| -k, 0 7|V )
u’ -k, -7, U

where T is the unit tangent of «, U is the unit normal of M along the curve and V =U xT .
k,, k, and z are the geodesic curvature, the normal curvature, and the geodesic torsion of

the curve «a , respectively.

Definition 1. Let «¢:1 — M be a unit speed curve on oriented surface M and {T,V,U} be
the Darboux frame along « . The vector fields

D, (s) =74 ()T (s) -k, (s)V (s)
D, (s) ==k, (s)V () + k4 (s)U (5) )
D, (s) =17,(S)T(s) +k, (s)U(s)

are called the osculating Darboux vector field, the normal Darboux vector field, and the
rectifying Darboux vector field along the curve ¢ on M, respectively [14].

Definition 2. Let « be a unit speed curve on an oriented surface M with Darboux vector
fields D,(s), D,(s), D,(s). Then,

a) If the osculating Darboux vector field D, (or equivalently, unit osculating Darboux vector
field D, =D, /||D,||) of & always makes a constant angle with a constant direction, then o is
called a D,-Darboux Slant helixon M .

b) If a normal Darboux vector field D, (or equivalently, unit normal Darboux vector field
D, =D,/|D,||) of & always makes a constant angle with a constant direction, then o is
called a D, -Darboux Slant helixon M .

c) If rectifying Darboux vector D, field (or equivalently, unit rectifying Darboux vector field
D, =D, /|D,|) of « always makes a constant angle with a constant direction, then « is

called a D, -Darboux Slant helix on M [17,18].
If we denote the osculating Darboux frame (OD-frame) along the curve « on M by
{f)o U ,Yo} , derivative formulas of the OD-frame are given by;
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I:~)0 :_50Y_;)
U’ =puY, (3)
Y:)' _50 ~o _luoU’

= D, . . ~
where D, = ||D0|| , U is the unit normal vector of M and Y, =D, xU . g =,/k’+z,”and
o]

' 2
0, = [E—QJ (k an 2]+ k, are curvatures of « according to the OD-frame [19].
. W+,

If we denote the normal Darboux frame (ND-frame) along the curve « on M by
{ D, ,T,Yn} , derivative formulas of the ND-frame are given by;

D, 0 0 -5,)\(D,
T |=| 0 0 U, T |, (4)
! 5n iy 0 Yn
. D .
where D.=—" T is unit tangent vector of « and Y =D xT. :,/k2+k2 and
n ||Dn|| g n n ILII’} n g

! k 2 -
0, :Eﬁ] ( — j+rg are curvatures of « according to the ND-frame [19].
ky ) LKk, +K,

If we denote the rectifying Darboux frame (RD-frame) along the curve « on M by
{D,.V.Y,}, derivative formulas of the RD-frame are given by;

D,/ 0 0 -5\ D,
V' |=|0 0 uo ||V,
Y ' 5r —H 0 Yr

r

~ D ~ T ' k2
where D, =—— V=UxT and Y, =D, xV . gx =./k?+72 and &, =| -2 |-k
Y SRR U A U5

are curvatures of o according to the RD-frame [19].

Theorem 3.
a) Let « be a unit speed curve with OD-frame on an oriented surface M . Then « isa D,-

Darboux slant helix if and only if % is a constant function.

0
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b) Let a be a unit speed curve with an ND-frame on an oriented surface M . Then « is a

D, -Darboux slant helix if and only if £ s a constant function.

n

c) Let a be a unit speed curve with RD-frame on an oriented surface M . Then « isa D, -

Darboux slant helix if and only if % is a constant function [18].

r

2. DIFFERENTIAL EQUATION CHARACTERIZATIONS FOR D, -DARBOUX
SLANT HELICES

2.1. DIFFERENTIAL EQUATION CHARACTERIZATIONS FOR D,-DARBOUX SLANT
HELICES

In this section, we give differential equation characterizations of curves and D, -
Darboux slant helices on an oriented surface M according to the OD-frame.

Theorem 4. Let o be a unit speed curve on an oriented surface M and {f)O,U,YO} be the

osculating Darboux frame along « . The vector field D, satisfies the following differential
equation

B0+ 6| - |+ 8| 2 | B4 | | 2| | #4262 1B+ 8| % | B, =0, (%)
/,1050 50 Ho 50 Ho
where u, #0 and 5, #0.

Proof: From the third equation of (3), we have

U =§|50—AY0'. (6)

My My
From the first equation in (3), we get

Y =-—D. (7)
Writing (7) in the second equation of (3), we obtain

U'=-£2p;, (8)

%
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Differentiating (7), we have

Y, = ‘(ij 5, -~ b, 9)

and writing this equation in (6), we obtain U =

1 |5;’+i[iJ [3;+§ D, . Differentiating
Mo, o \ S, Ho
last equality and considering (8), we get (5) differential equation.

In Theorem 5, we give the differential equation of a curve « with respect to a vector
field U .

Theorem 5. Let o be a unit speed curve on an oriented surface M and {f)o,U,Yo} be the

osculating Darboux frame along « . The vector field U satisfies the following differential
equation

’

1Y 1) 1(1) P
U”+| w0, ru| = U+ o, | =—| — | | + 2 +82 U + .5, =2 | U =0, 10
{ﬂoo[%d)) uo(%j] uooLo(%j] Hq + 6 ﬂoo[éoj (10)

where u, #0 and 5, #0 .

Proof: From the second equation of (3), we can write Y, =i0'. Differentiating Y, =i0', we

Hy Hy
get
v :(ij N (11)
My Hy
Writing (11) in the third equation of (3), we obtain
B, =~ L |u+—turstey (12)
8o \ Mo H,9, %,
Differentiating (12), we get
Ij(;:LU”# R S DI VLS | Y B =R YT P Y (13)
HoS, HoSy ) Oy \ ko G \ s % %
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Moreover, if Y, is left alone in the second equation of (3) and written in the first

equation of (3), we have D] =—iU'. Writing last equation in (13), we obtain the differantial
equation (10).
Theorem 6. Let « be a unit speed curve on an oriented surface M and {DO,U,YO} be the

OD-frame along « . The vector field Y, satisfies the following differential equation

Al(ﬂl %)Y”Ul( A+ 2)Y, +ﬂl( =6, +43)Y, (14)

1
h =t 4 ==(1+ d =4 (u2+52).
where 4, PR YR 5O(+ vA) and 4, =4, (4l +67)

Proof: From the third equation of (3), we can write

~ 1 Y7
B, ==Y +*y
s o, (15)

Differentiating (15) and using OD-frame derivative formulas, we get

’ 2 /
Ly L)y tetdy [H]y g (16)
5, ° |, 5 5

o 0o

From the last equation, it follows

/ S, (12 + 67
U= %y %y % (1 +2: )Yo. (17)
/u(')é‘o - luoé‘(; ﬂ(’)é‘o _/uoé‘(; /Llc;5o —/,105'
Writing (17) in (15), we have
Ijo = _ﬂ’lYo”_'_ ﬂ‘ZYo, - j‘3Yo (18)
where 4 =—"™0  } = (1+5 4) and A, =4 (4l +57). Differentiating (18) and
/,l(; 0 —/,105(; 50

using OD-frame derivative formulas, we obtain the differential equation (14).

Theorem 7. Let o be a unit speed curve on an oriented surface M and {DO,U,YO} be the

OD-frame along « . Then « is a D,-Darboux slant helix if and only if the vector field Y,
satisfies the following differential equation

YO"—(;—"’YO#( 12 +6,2)Y, =0, (19)

0
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where 5, #0.

Proof: Considering « is a D,-Darboux slant helix in (16), we obtain the differential equation
(19).

2.2. DIFFERENTIAL EQUATION CHARACTERIZATIONS FOR D,-DARBOUX SLANT
HELICES

In this section, we give differential equation characterizations of curves and D, -

Darboux slant helices on an oriented surface M according to the ND-frame. Since the
theorems in this section will be proven in a similar way to the theorems in section 2.1, they
will be presented without proof.

Theorem 8. Let o be a unit speed curve on an oriented surface M and {15n,T,Yn} be the

ND-frame along ¢ . The vector field D, satisfies the following differential equation

DY+ | 1,6, L +3, =3 Dy +4 44,5, =SS + iy + 85 D)+ 6, ul D, =0,
/ungn 5” Hn 5” Hr
where 4, #0 and 6, #0.

Theorem 9. Let o be a unit speed curve on an oriented surface M and {f)n,T,Yn} be the
ND-frame along « . The vector field T satisfies the following differential equation

T" + ,Un5 1 + 4, i T"+ /un5n l i +lu§+5nz T’+:un5n & T:O,,
:ungn Hy 5” H, 5”

where g, #0 and 6, #0.

Theorem 10. Let « be a unit speed curve on an oriented surface M and {f)n,T,Yn} be the

ND-frame along « . The vector field Y, satisfies the following differential equation

m 1 1 1
Y, +—(a —a,)Y. +—(-a,+a)Y, +—(-o,+a;)Y,=0
o (E )Y (2 (0,42)

&= (1+3a,) and 8, =a (12 +37).

where =—,
a1 :urzé‘n - /uné‘r: 5n
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Theorem 11. Let « be a unit speed curve on an oriented surface M and {f)n,T,Yn} be the

ND- frame along o . Then « is a D, -Darboux slant helix if and only if the vector field Y,
satisfies the following differential equation

Yn"—%ivn'+(ﬂ§ +57)Y, =0

where 6, #0.

2.3. DIFFERENTIAL EQUATION CHARACTERIZATIONS FOR D,-DARBOUX SLANT
HELICES

In this section, we give differential equation characterizations of curves and D, -

Darboux slant helices on an oriented surface M according to the RD-frame. Since the
theorems in this section will be proven in a similar way to the theorems in section 2.1, they
will be presented without proof.

Theorem 12. Let « be a unit speed curve on an oriented surface M and {f)r,V,Yr} be the

RD-frame along « . The vector field D, satisfies the following differential equation

O] 18, == | +6, = | By i, | | 2| | #2407 (B4 s, 2| B, =0,
/Llrér 5[' #r 5[" /Llr

where x4, #0 and &, #0.

Theorem 13. Let « be a unit speed curve on an oriented surface M and {If)r,V,Yr} be the
RD-frame along « . The vector field V satisfies the following differential equation

!

V" +| 16, L + 1, ER Vi 1.0, L 42+ W+ .| v =0,
14,9, H S\ 1 )

r-r r r r

where ¢ #0 and 6, #0.

Theorem 14. Let o be a unit speed curve on an oriented surface M and {f)r,V,Yr} be the

RD-frame along « . The vector field Y, satisfies the following differential equation
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m 1 ’ " 1 ' ! 1 '
Y. +E(bl—b2)Yr+E(—b2+b3)Yr+E(—§r+b3)Yr:O,
1
here b =—*% b ==(1+5b) and b, = 24 62).
w bl ﬂ;é\r —IL[r(S; 2 5r( + I’bl) 3 bl(lLlr + I‘)

Theorem 15. Let o be a unit speed curve on an oriented surface M and {f)r,V,Yr} be the

RD-frame along « . Then « is a D, -Darboux slant helix if and only if the vector field V
satisfies the following differential equation

Y;'—%Yr#(yf + 5r2)Yr =0,

r

where &, #0.
3. RESULTS

Corollary 16. Let o be a unit speed curve on an oriented surface M and {Iio,U ,YO} be the
osculating Darboux frame along « . Then « is a D, -Darboux slant helix if and only if the
vector field D, satisfies the following differential equation

!

Ijé”_'_ 1u050 L +5o i Ijg+ /’1050 i i +:uoz+502 Ij(’):O’
5 5 A

0~0 0o (o]

where y, #0 and 6, #0.
Proof: The proof is clear from Theorem 3 and Theoem 4.

Corollary 17. Let o be a unit speed curve on an oriented surface M and {f)o,U ,YO} be the

OD-frame along « . Then « is a D, -Darboux slant helix if and only if the vector field U
satisfies the following differential equation

!

U”+ %@(Lj +y0(i] U"+1 1,6, i(i] + i +6 U =
HoOs Ho S, \ Ho

where u, #0 and 6, #0 .

!

Proof: The proof is clear from Theorem 3 and Theorem 5.
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Corollary 18. Let o be a unit speed curve on an oriented surface M and {f)n,T,Yn} be the

ND- frame along o . Then « is a D, -Darboux slant helix if and only if the vector field D,
satisfies the following differential equation

D." +| 1.0, 1 +5, 1 D" +| 12 +57+u0, ) D, =0,
n5n 5n ﬂn 5
where g, #0 and 6, #0.

Proof: The proof is clear from Theorem 3 and Theorem 8.

Corollary 19. Let o be a unit speed curve on an oriented surface M and {Ijn,T,Yn} be the

ND- frame along « . Then « is a D, -Darboux slant helix if and only if the vector field D,
satisfies the following differential equation

T"+ ynén[i] +u”(iJ T"+ 10, i[ij + il +6° T =0,
HnO, H Gy \ Hy

where g, #0 and 6, #0.
Proof: The proof is clear from Theorem 3 and Theorem 9.

Corollary 20. Let o be a unit speed curve on an oriented surface M and {f)r,V,Y,} be the

RD-frame along « . Then « is a D, -Darboux slant helix if and only if the vector field D,
satisfies the following differential equation

!
! ! !

D." +| 1.6, 1 +0, 1 D" +| 1>+, + 1.6, il D, =0,
05 5 5

r r r

where x4, #0 and &, #0.
Proof: The proof is clear from Theorem 3 and Theorem 12.

Corollary 21. Let « be a unit speed curve on an oriented surface M and {f)r,V,Y,} be the

RD-frame along « . Then « is a D, -Darboux slant helix if and only if the vector field V
satisfies the following differential equation
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!

! !

V" + yr&[ij +yr(iJ V" +{ 1.5, i[i) +ul+67 V' =0,
He6, H S\t

where x4, #0 and o, #0.

!

Proof: The proof is clear from Theorem 3 and Theorem 13.

4. CONCLUSIONS

In this study, the differential equation characterizations for D, -Darboux slant helices

are given with the help of the OD, ND, and RD frames. The relevant theorems are presented
along with their proofs.

This study has a unique value in terms of both the frames studied and the type of
curves considered, and in this respect, the study contributes to the literature. It can also form
the basis for many new studies.
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