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Abstract. In this study, we examine the  -Edouard,  -Edouard-Lucas, and Modified 

 -Edouard sequences, and some terms of these sequences, are given. Then, we give the 

generating functions, summation formulas, etc. Also, we obtain the Binet formulas in three 

different ways. The first is in the known classical way, the second is with the help of the 

sequence's generating functions, and the third is with the help of the matrices. In addition, we 

examine the relations among the terms of the  -Edouard,  -Edouard-Lucas, Modified  -

Edouard, Edouard, Edouard-Lucas, Modified Edouard, Balancing, Balancing-Lucas, and 

Modified Balancing sequences. Finally, we associate the terms of these sequences with 

matrices. 

Keywords: Edouard sequences; Lucas number; Binet formula; generating function; 

balancing numbers. 
 

 

1. INTRODUCTION 
 

 

The Fibonacci and Lucas sequences are famous sequences of numbers. These 

sequences have intrigued scientists for a long time. Fibonacci sequences have been applied in 

various fields such as Engineering [1], Chemistry [2], Biomathematics [3], Economy [4], 

Liberal Arts [5], etc. Many generalizations of the Fibonacci sequence have been given. The 

known examples of such sequences are the  -Fibonacci [6], Balancing [7], Narayana [8], 

Copper Fibonacci [9],  -Jacobsthal-Lucas [10], Padovan [11],  -Oresme [12], Fibonacci link 

[13], Jacobsthal hybrid [14], Lacunary [15], Bronze Fibonacci [16], Copper Lucas [17],  -

Mersenne [18],  -Pell [19], Olivier [20], Bronze Leonardo [21], Dickson  -Fibonacci [22],  -

Chebyshev [23] and so on.  

For    , Fibonacci numbers   , Lucas numbers   , Balancing numbers   , 

Balancing-Lucas numbers   , and Modified Balancing numbers    are defined by the 

recurrence relations, respectively, 
 

            , with      and     , 

            , with      and     , 

             , with      and     , 

             , with      and     , 

             , with      and     . 
 

For   ,   ,   ,   , and    the Binet formulas are given by the following relations, 

respectively, 
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,         ,    

     

   
,    

     

 
, and          

 

where   
  √ 

 
,   

  √ 

 
,      √ , and      √  are the roots of the characteristic 

equation          and          , respectively. Here the number   is the golden 

ratio and the number   is the square of the silver ratio. 

For    , the Edouard numbers   , Edouard-Lucas numbers   , and Modified 

Edouard numbers    are defined by the recurrence relations, respectively, 
 

               , with      and     , 

               , with      and     , 

               , with      and     . 
 

For   ,   , and    the Binet formulas are given by the following relations, 

respectively, 

   
    

          
 

    

          
 

 

 
,           , 

and 

    
       

          
     

       

          
     

 

          
. 

 

Hence,      √  and      √  are the roots of the characteristic equation 

         . In [24-28], Soykan generalized these sequences and found many features 

about these sequences. 

With the help of the recurrence relation of the Fibonacci sequence,  -Fibonacci and  -

Lucas sequences have been revealed, and these sequences have an important place in number 

theory. In [29], Falcon and Plaza introduced the  -Fibonacci sequence and obtained many 

properties related to this sequence. In addition, Falcon defined the  -Lucas sequences [30]. 

Moreover, Falcon applied the Hankel transform to the  -Fibonacci sequence and obtained the 

terms of the Fibonacci sequence differently [31]. 

As seen above, many generalizations of Fibonacci and Lucas sequences have been 

given so far. In this study, we give new generalizations inspired by the  -Fibonacci and 

Edouard sequences. We call these sequences the  -Edouard,  -Edouard-Lucas, and Modified 

 -Edouard sequences and denote them as     ,      and     , respectively. 

In section 2, we define the  -Edouard,  -Edouard-Lucas, and Modified  -Edouard 

sequences. Then, we give the characteristic equation, Binet formulas, the summation 

formulas, generating functions, and some properties for these sequences. In addition, we 

obtain Binet formulas with the help of generating functions of these sequences. 

In section 3, we examine the relations among the terms of the  -Edouard,  -Edouard-

Lucas, Modified  -Edouard, Edouard, Edouard-Lucas, and Modified Edouard sequences. 

Then, we associate the  -Edouard,  -Edouard-Lucas, and Modified  -Edouard sequences 

with   ,   , and    sequences. Finally, we associate the terms of these sequences with 

matrices. 
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2.  -EDOUARD,  -EDOUARD-LUCAS, AND MODIFIED  -EDOUARD 

SEQUENCES 
 

 

In this section, a new generalization of Edouard sequences is studied. Then, we obtain 

many properties of this generalization, such as special summation formulas and generating 

functions.  
 

Definition 2.1. For      and    , the  -Edouard     ,  -Edouard-Lucas     , and 

modified  -Edouard      sequences are defined by, respectively, 
 

                        with        and       , 

                      , with        and       , 

                        with        and       . 

 

 Also, the third-order recurrence relations of the sequences     ,     , and      are as 

follows,  
 

                              with       ,       , and         , 

                           , with       ,       , and           , 

                              with       ,       , and          , 
 

respectively. 

Then, let’s give some information about the equations of these sequences. The 

characteristic equation of the  -Edouard,  -Edouard-Lucas, and Modified  -Edouard 

sequences is 

                              (1) 
  

The roots of this equation are 
 

     √ ,      √ , and    . (2) 
  

The relationship among these roots is given below 
 

     ,     ,        ,           , and      . 
 

The     ,     , and      values for the first eight   natural numbers are given below 

                     ,  

                     , 

                              , 

                                    , 

                                          , 

                                             , 
 

In the following theorem, the Binet formulas of the  -Edouard     ,  -Edouard-Lucas 

    , and modified  -Edouard      sequences are expressed. 
 

Theorem 2.1. Let      and    . We obtain 

i.       
     

          
   

     

          
   

 

          
, 
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ii.      
        

          
   

        

          
   

  

          
, 

iii.      
       

          
   

       

          
   

 

          
. 

 

Proof: i. The Binet form of a sequence is as follows  
 

                . (3) 
 

For these   values, we obtain 
 

          , 

             , 

                . 

We find 

  
     

          
,   

     

          
, and   

 

          
. 

 

Thus, we obtain 
 

      
     

          
   

     

          
   

 

          
. 

 

The proofs of the others are shown similarly.   
 

In the following theorems, we give the generating functions of the  -Edouard     ,  -

Edouard-Lucas     , and modified  -Edouard      sequences. In addition, we obtain the Binet 

formulas of     ,     , and      sequences with the help of generating functions. 
 

Theorem 2.2. The generating functions for  -Edouard     ,  -Edouard-Lucas     , and 

modified  -Edouard      sequences are given as follows, respectively, 

i.      ∑      
   

   
         

            
,  

ii.      ∑      
   

   
               

            
, 

iii.      ∑      
   

   
            

            
. 

 

Proof: i. For the  -Edouard sequence, we have 
 

     ∑     
            ∑      

 

 

   

 

   

 

            ∑       
   

 

   

∑       
 

 

   

 ∑       
 

 

   

 

             ∑      
  

       ∑      
  

      ∑      
  

   . 
 

Thus, we obtain 
 

                                . 

So, 

     ∑      
   

   
         

            
. 
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The proofs of the others are shown similarly.                     
 

Theorem 2.3. For     ,     , and      sequences, the Binet formulas can be obtained with the 

help of the generating functions. 
 

Proof: With the help of the roots of the characteristic equation of these sequences, the roots of 

the —            equation become 
 

 
, 
 

 
, and 

 

 
. For     , we have 

 

         

            

 
     

          

 

    
 

     

          

 

    
 

 

          

 

    
 

 
     

          
∑      

    
     

          
∑      

    
 

          
∑      

   . 

 ∑      
  

   . 
 

Similarly, the Binet formulas of the sequences      and      are found.                         
  

Next, we give special sum formulas of the  -Edouard     ,  -Edouard-Lucas     , and 

modified  -Edouard      sequences. 
 

Theorem 2.4. Let      and    . We obtain 

i. ∑       
   

                     

 
,  

ii. ∑      
                      

 

 
   , 

iii. ∑      
                     

 

 
   . 

 

Proof: ii. From the definition of the  -Edouard-Lucas sequence, we obtain 
 

                  , 

                  , 

  
                      . 

So, we have 
 

    ∑       
    ∑      ∑                

   
   
   , 

    ∑     
 
     (           ∑     

 
   )—            ∑     

 
           . 

 

Thus, we obtain 

∑      
                      

 

 
   . 

 

The proofs of the others are shown similarly.                                                                  
 

Theorem 2.5. Let      and    . We obtain 

i. ∑       
                    

  

 
   ,  

ii. ∑        
 
    

                      

 
, 

iii. ∑      
 
    

                      

  
,  
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iv. ∑        
 
    

                       

  
, 

v. ∑      
 
    

                     

 
,  

vi. ∑         
                    

 

 
   . 

 

Proof: The proofs are shown similarly to Theorem 2.4.   
 

 

3. RELATIONS AMONG SPECIAL SEQUENCES 
 

 

In this chapter, we examine the relationships among the  -Edouard,  -Edouard-Lucas, 

Modified  -Edouard, Edouard, Edouard-Lucas, Modified Edouard, Balancing, Balancing-

Lucas, and Modified Balancing sequences. Finally, we associate the terms of these sequences 

with matrices. 

In the following theorems, we examine the relations among the  -Edouard     ,  -

Edouard-Lucas     , Modified  -Edouard     , Edouard   , Edouard-Lucas   , and 

Modified Edouard    sequences. 
 

Theorem 3.1. Let       and    . The following equations are true: 

i.      
      

             
       

     

           
       

           

             
    , 

ii.       
     

          
       

      

          
       

         

          
    , 

iii.                                    , 

iv.      
    

  
     

      

  
     

     

  
  , 

v.       
     

   
     

       

   
     

     

   
  . 

 

Proof: i. The following relation is used for proofs 
 

                               . (4) 
 

For these   values, we obtain 
 

                         , 

                         , 

                         . 

We find 

  
      

             
,   

     

           
, and   

           

             
. 

 

Thus, we have 
 

     
      

             
       

     

           
       

           

             
    . 

 

The proofs of the others are shown similarly.                                                                   
 

Theorem 3.2. Let       and    . The following equations are true: 

i.      
    

       
       

      

       
       

          

       
    , 

ii.      
       

          
       

        

          
       

            

          
    , 
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iii.                                          , 

iv.      
     

  
     

      

 
     

       

  
  , 

v.      
       

   
     

        

   
     

       

   
  . 

 

Proof: iii. If Binet formulas are used for proofs, we get 
 

                                     

        (
    

          
 

    

          
 

 

 
)

         (
    

          
 

    

          
 

 

 
) 

          (
    

          
 

    

          
 

 

 
) 

 
        

          
   

        

          
   

  

          
     . 

 

The proofs of the others are shown similarly.                                                                  
 

Theorem 3.3. Let       and    . The following equations are true: 

i.      
    

       
       

     

       
       

         

       
    , 

ii.      
       

             
       

       

           
       

           

             
    , 

iii.                                     , 

iv.      
     

  
     

      

  
     

      

  
  . 

v.      
       

   
     

        

   
     

       

   
  . 

 

Proof: v. If Binet formulas are used for proofs, we get 
 

     

  
     

      

  
     

      

  
   

     

  
              

 
      

  
              

      

  
          

 
       

          
   

       

          
   

 

          
     . 

 

The proofs of the others are shown similarly.                                                                  
 

Theorem 3.4. Let       and    . The following equations are true: 

i.    
           

               
       

            

             
       

             

               
    , 

    
        

         
       

         

         
       

         

         
    , 

    
          

            
       

             

            
       

           

            
    . 

ii.    
           

            
       

          

            
       

           

            
    , 

    
        

         
       

            

         
       

         

         
    , 

    
           

            
       

             

            
       

            

            
    . 

iii.    
    

         
       

       

         
       

 

         
    , 
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    , 

     
     

            
       

          

            
       

     

            
    . 

 

Proof: i. The following relation is used for proofs 
 

                           . (5) 
 

For these   values, we obtain 
 

                       , 

                       , 

                       . 

We find 
  

  
           

               
,   

            

             
, and   

             

               
. 

 

Thus, we have 
 

   
           

               
       

            

             
       

             

               
    . 

 

The proofs of the others are shown similarly.                                                                   
  

In the following theorem, we examine the relationships among the  -Edouard,  -

Edouard-Lucas, Modified  -Edouard sequences, and special number sequences. 
 

Theorem 3.5. Let       and    . The relationships of the  -Edouard     ,  -Edouard-

Lucas     , and modified  -Edouard     , sequences with the Balancing sequence   , 

Balancing-Lucas sequence   , and Modified Balancing sequence    are as follows: 

i. For the  -Edouard sequence 

      
 

 
     

    

 
   

 

 
, 

      
    

  
     

    

  
   

 

 
, 

      
    

  
     

    

  
   

 

 
, 

    
 

       
                     , 

    
 

       
                                

    
 

       
                                , 

    
 

       
                                       , 

    
 

       
                                 , 

    
 

       
                                        . 

ii. For the  -Edouard-Lucas sequence 

                           , 

      
   

 
     

     

 
    , 

      
   

 
     

     

 
    , 

    
 

          
                          , 
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    
 

          
                                , 

    
 

          
                               , 

    
 

          
                                        , 

    
 

         
                               , 

    
 

          
                                        . 

iii. For the Modified  -Edouard sequence 

      
   

 
     

     

 
   

 

 
, 

      
  

  
     

     

  
   

 

 
, 

      
  

  
     

     

  
   

 

 
, 

    
 

          
                          , 

    
 

          
                                 , 

    
 

          
                             , 

    
 

          
                                        , 

    
 

          
                               , 

    
 

          
                                           . 

 

Proof: i. If Binet formulas are used for proofs, we get 

 
 

 
     

    

 
   

 

 
  

 

 

         

   
 

    

 

     

   
 

 

 
  

 
     

          
   

     

          
   

 

          
     . 

 

The proofs of the others are shown similarly.   
 

In the following theorems, we associate the terms of the  -Edouard     ,  -Edouard-

Lucas     , and modified  -Edouard      sequences with matrices. In addition, we obtain the 

Binet formulas of these sequences with the help of the matrices. 
 

Theorem 3.6. Let       and    . The following equations are true: 

i. For the  -Edouard sequence, 

1. [

      

      

    

]  [
    
   
   

]

 

[
   

 
 

],  

2. [

    

      

      

]  [
   
   
    

]

 

[
 
 

   
], 

3. [

      

      

    

]  [
    
   
   

] [

      

    

      

]. 

ii. For the  -Edouard-Lucas sequence, 
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1. [

      

      

    

]  [
    
   
   

]

 

[
     

 
 

],  

2. [

    

      

      

]  [
   
   
    

]

 

[
 
 

     
], 

3. [

      

      

    

]  [
    
   
   

] [

      

    

      

]. 

iii. For the Modified  -Edouard sequence, 

1. [

      

      

    

]  [
    
   
   

]

 

[
    

 
 

],  

2. [

    

      

      

]  [
   
   
    

]

 

[
 
 

    
], 

3. [

      

      

    

]  [
    
   
   

] [

      

    

      

]. 

 

Proof: i. 1. Let show the proof by induction over  . For    , the equality is true. For    , 

assume the equality is true. We obtain 

[
    
   
   

]

 

[
   

 
 

]  [
    
   
   

] [
    
   
   

]

   

[
   

 
 

] 

 [
    
   
   

] [

      

    

      

] 

 [

      

      

    

]. 

 

From the last equation, for  , it can be seen that the equality is true.  

 

The proofs of the others may be found similarly.                                                             
 

In the following theorem, we calculate the Simson formulas of these sequences. The 

Simson formula is the most general form of the Cassini identity. 
 

Theorem 3.7. (Simson Formulas) Let      and    . The following equations are 

satisfied. 

i.    [

                

                

                

]            , 

ii.    [

                

                

                

]                , 
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iii.    [

                

                

                

]                . 

 

Proof: The proofs are shown by the induction method using the definition and determinant 

properties.                           
 

Theorem 3.8. For     ,      and      sequences, the Binet formulas can be obtained with the 

help of the matrices. 
 

Proof: The following relation is used for proof (see for details Corollary 3.1 in [32]). 
 

   
 

       
∑                

 
   . (6) 

Thus, 

     
 

       
∑                 

 
   . 

Let      , 
 

  [
    
    
   

],    [
      
      
   

],    [
       
       
   

], and    [
       

       

   

]. 

 

So, we obtain 

     
 

       
∑              

 

   

 

 
 

       
                                      

 
     

          
   

     

          
   

 

          
. 

 

Similarly, the Binet formulas of the     , and      sequences are found.                         
 

 

4. CONCLUSIONS 
 

 

In this study, we defined the  -Edouard,  -Edouard-Lucas, and Modified  -Edouard 

sequences. Then, we found the features of these sequences, such as generating function and 

special summation formulas. In addition, we examined the relationships among the terms of 

these sequences. Moreover, we associated  -Edouard,  -Edouard-Lucas, and Modified  -

Edouard sequences with Balancing, Balancing-Lucas, and Modified Balancing numbers. 

Ultimately, we linked the elements of these sequences to matrices and calculated the Simson 

formulas of these sequences. If this study is examined, such features can be found in other 

sequences, such as the Fermat and Mersenne sequences. Also, research can be conducted on 

the application area of the sequences defined in these articles [33-34]. 
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