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Abstract. In this study, we examine the k-Edouard, k-Edouard-Lucas, and Modified
k-Edouard sequences, and some terms of these sequences, are given. Then, we give the
generating functions, summation formulas, etc. Also, we obtain the Binet formulas in three
different ways. The first is in the known classical way, the second is with the help of the
sequence's generating functions, and the third is with the help of the matrices. In addition, we
examine the relations among the terms of the k-Edouard, k-Edouard-Lucas, Modified k-
Edouard, Edouard, Edouard-Lucas, Modified Edouard, Balancing, Balancing-Lucas, and
Modified Balancing sequences. Finally, we associate the terms of these sequences with
matrices.

Keywords: Edouard sequences; Lucas number; Binet formula; generating function;
balancing numbers.

1. INTRODUCTION

The Fibonacci and Lucas sequences are famous sequences of numbers. These
sequences have intrigued scientists for a long time. Fibonacci sequences have been applied in
various fields such as Engineering [1], Chemistry [2], Biomathematics [3], Economy [4],
Liberal Arts [5], etc. Many generalizations of the Fibonacci sequence have been given. The
known examples of such sequences are the k-Fibonacci [6], Balancing [7], Narayana [8],
Copper Fibonacci [9], k-Jacobsthal-Lucas [10], Padovan [11], k-Oresme [12], Fibonacci link
[13], Jacobsthal hybrid [14], Lacunary [15], Bronze Fibonacci [16], Copper Lucas [17], k-
Mersenne [18], k-Pell [19], Olivier [20], Bronze Leonardo [21], Dickson k-Fibonacci [22], k-
Chebyshev [23] and so on.

For n € N, Fibonacci numbers F,, Lucas numbers L,, Balancing numbers B,,
Balancing-Lucas numbers C,, and Modified Balancing numbers H,, are defined by the
recurrence relations, respectively,

Fpiz = Fpyq1 + Ey,With Fp = 0and F; = 1,
Lpyp =Lpyq + Ly, With Ly =2and L; =1,
Bn+2 = 6B,.1 — B, With By = 0 and B; = 1,
Cpyz = 6Cpiq — Cp, With €y = 1 and C; = 3,
H,., = 6H,,., — H,, with H, = 2 and H, = 6.

For F,, L,, B,, C,, and H, the Binet formulas are given by the following relations,
respectively,
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where ¢ = 1+2\/§, w = %ﬁ a = 3+ 2v/2,and f = 3 — 2+/2 are the roots of the characteristic

equation 7> —r — 1 =0 and r2 — 67 + 1 = 0, respectively. Here the number ¢ is the golden
ratio and the number « is the square of the silver ratio.

For n € N, the Edouard numbers E,, Edouard-Lucas numbers K,, and Modified
Edouard numbers G,, are defined by the recurrence relations, respectively,

ETl+2 = 6En+1 - En + 1, Wlth EO = 0 and E1 = 1,
Kn+2 = 6Kn+1 - KTl - 4‘, Wlth KO = 3 and Kl = 7,
Gn+2 = 6Gn+1 - Gn + 1, Wlth Go =2 al'ld Gl = 6.

For E,, K,, and G, the Binet formulas are given by the following relations,
respectively,

Ep=—t 4 P 1k —gnipnid
T (@-Ba-1)  B-a)(B-1) 4T '
and
__(41-48)  pia (41-4a) gy 1
" (a-B)(a-1) (B-a)(B-1) (a-1)(B-1)

Hence, @ = 3+ 2v2 and B = 3 — 2v/2 are the roots of the characteristic equation
x? —6x + 1 =0. In [24-28], Soykan generalized these sequences and found many features
about these sequences.

With the help of the recurrence relation of the Fibonacci sequence, k-Fibonacci and k-
Lucas sequences have been revealed, and these sequences have an important place in number
theory. In [29], Falcon and Plaza introduced the k-Fibonacci sequence and obtained many
properties related to this sequence. In addition, Falcon defined the k-Lucas sequences [30].
Moreover, Falcon applied the Hankel transform to the k-Fibonacci sequence and obtained the
terms of the Fibonacci sequence differently [31].

As seen above, many generalizations of Fibonacci and Lucas sequences have been
given so far. In this study, we give new generalizations inspired by the k-Fibonacci and
Edouard sequences. We call these sequences the k-Edouard, k-Edouard-Lucas, and Modified
k-Edouard sequences and denote them as &, ,, Sk, and Gy, ,,, respectively.

In section 2, we define the k-Edouard, k-Edouard-Lucas, and Modified k-Edouard
sequences. Then, we give the characteristic equation, Binet formulas, the summation
formulas, generating functions, and some properties for these sequences. In addition, we
obtain Binet formulas with the help of generating functions of these sequences.

In section 3, we examine the relations among the terms of the k-Edouard, k-Edouard-
Lucas, Modified k-Edouard, Edouard, Edouard-Lucas, and Modified Edouard sequences.
Then, we associate the k-Edouard, k-Edouard-Lucas, and Modified k-Edouard sequences
with B,, C,, and H, sequences. Finally, we associate the terms of these sequences with
matrices.
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2.  k-EDOUARD, k-EDOUARD-LUCAS, AND MODIFIED k-EDOUARD
SEQUENCES

In this section, a new generalization of Edouard sequences is studied. Then, we obtain
many properties of this generalization, such as special summation formulas and generating
functions.

Definition 2.1. For k € R* and n € N, the k-Edouard & ,, k-Edouard-Lucas S, ,, and
modified k-Edouard G, ,, sequences are defined by, respectively,

8k,n+2 = 6Ek,n+1 - gk,n + k, Wlth gk,O = 0 and gk,l = 1,
'Sk,TL+2 = 6'5k,n+1 - Sk,n — 4k, with 'Sk,O = 3 and ‘Sk,l =7,
Gkn+z = 6Gkn+1 — G + K, With G o = 2 and Gy, = 6.

Also, the third-order recurrence relations of the sequences & ,,, Sk, and Gy ,, are as
follows,

gk,n+3 = 78k,n+2 - 78k,n+1 + 8k,n' W|th gk,O = 0, gk,l = 1, and gk,Z = k + 6,
'Sk,n+3 = 75k,1‘£+2 - 7Sk,n+1 + 'Sk,n’ with 'Sk,O = 3, Sk,l = 2, and ‘Sk,Z =39 — 4k,
Gkne3z = 7Gkns2 — 7Gkn+1 + G With Gr o = 2, Gi 1 = 6,and Gy, = k + 34,

respectively.

Then, let’s give some information about the equations of these sequences. The
characteristic equation of the k-Edouard, k-Edouard-Lucas, and Modified k-Edouard
sequences is

t3—7t2+7t—-1=(t>—-6t+1)(t—-1)=0. (1)

The roots of this equation are
a=3+2V2,=3-2V2,and§ = 1. (2)
The relationship among these roots is given below
a+pf=6af=1la+p+6=7,af+ad+L6=7,and affd = 1.

The & », Sk.n, and Gy, ,, values for the first eight n natural numbers are given below
* Eko=038k0=3Gko =2,
* &1 =181 =7Gk1 =6,
o Exo2=k+68k; =394k Gy, =k + 34,
o &3 =T7k+ 3583 =227 —28kGy3 =7k + 198,
o Epa=42k +204 8,4 = 1323 — 168k Gy, = 42k + 1154,
o s =246k + 1189 Sy s = 7711 — 984k G, 5 = 246k + 6726,

In the following theorem, the Binet formulas of the k-Edouard &, ,,, k-Edouard-Lucas
Sk.n» and modified k-Edouard Gy ,, sequences are expressed.

Theorem 2.1. Let k € R* and n € N. We obtain

. 5+k—f S+k—a k

i & — _>Tk7P  n n ’
k= apan® T Ewoe0" T @nED
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. 32—4k—48 32-4k—4a 4k

.S, =———a" n_ ,
ko (az—g)gca;};) “ (/32—;1)561311) B (a—S)ECﬁ—l)

+k— +k—-4a

1. =———q" n .
Gk (a=pB)(a-1) ® (ﬁ—a)(ﬁ—l)ﬁ + (a-1)(-1)

Proof: i. The Binet form of a sequence is as follows
Exn = xa™ +yp" + z6™. (3)
For these n values, we obtain

Eko=x+y+z,
Ex1 =xa+yp + z6,
Exz = xa? + yB? + 2562

We find
_ _5+k=B __Stkma 4o k
@B B-aB-1 @-DB-1
Thus, we obtain
S5+k—p S+k—a k
£ = kB _ony Sthkoa pn K
kn = apan® TEwoe0? T @nEn

The proofs of the others are shown similarly. o

In the following theorems, we give the generating functions of the k-Edouard & ,,, k-
Edouard-Lucas Sy ,, and modified k-Edouard G, ,, sequences. In addition, we obtain the Binet
formulas of & ,, Sk », and Gy, , sequences with the help of generating functions.

Theorem 2.2. The generating functions for k-Edouard & ,, k-Edouard-Lucas S ,, and
modified k-Edouard Gy, ,, sequences are given as follows, respectively,

- —y» n D
I e(t) - ZTL:O gk,TLt T t347t2—7t+1"
il s(t) = Xnmo Sknt”™ =

3—14t+(11-4k)t?
il g(6) = Xnzo Grnt™ =

—t34+7t2-7t+1
2—-8t+(k+6)t>
—t347t2-7t+1

Proof: i. For the k-Edouard sequence, we have
e(t) = Zsknt" =t+ (k+ 6)t? +Z Exnt™

—t+(k+6)t2+7zgkn 1t —7Z£kn Ht" +Z£kn St

=t+ (k+6)t*+ 71:§]n=2 Exnt™ — 7t22n 1Epnt™ + t Zn 0 Exnt™
Thus, we obtain

e(®)(—t3+7t2 =7t +1) =t + (k + 6)t? — 7t2.
So,
t+(k-1)t?
—t3+47t2-7t+1’

e(t) = Xnzo Exnt"™ =
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The proofs of the others are shown similarly. m|

Theorem 2.3. For &, Sk, and G, sequences, the Binet formulas can be obtained with the
help of the generating functions.

Proof: With the help of the roots of the characteristic equation of these sequences, the roots of
the —t3 + 7t? — 7t + 1 equation become % % and %. For &, we have

t+ (k—1)t?
—t3+7t2-7t+1
_ 5+k-p 1 N 5+k—a 1 N k 1

) k(og—ﬁ)(a—l)l—ogtk (ﬁ—a)(ﬁ—l)l—ﬁlf (a-1(BE-D1-6t

— _2tk— © _nin th-a © pngn © enin

@D 2n=0 @ U ¥ Gy Zm=o BT F gy 2in=0 67T

= ZZ;O Sk,ntn-

Similarly, the Binet formulas of the sequences Sy, ,, and Gy, , are found. m|

Next, we give special sum formulas of the k-Edouard & ,,, k-Edouard-Lucas Sy ,,, and
modified k-Edouard gy ,, sequences.

Theorem 2.4. Let k € R* and n € N. We obtain
L Xe=0&ks = Sgk'"_sk-”-;_(”—l)k—l,

il Y7 Sk = 55k,n—5k.n—1+(n—1)4k+8,

. Bl G = eSO

Proof: ii. From the definition of the k-Edouard-Lucas sequence, we obtain

Sk2 = 68k1—Sk0 — 4k,
Sk,3 == 65,{,2 - Sk,l - 4k,

Skn = 6Skn—1 = Skn-2 — 4k.
So, we have

—10 + X7 Si,s = 6 D21 Sks — 2bsg Sk,s — (n — 14k,
—10 + Y¢-oSks = 6(—5k,n — Sko + Xs=0 Sk,s)—fsk,n = Skn—1t Xi=0Sks — (n — 1)4k.

Thus, we obtain

_ SSk_n—Sk_n_1+(n—1)4k+8

Z?:O ‘Sk,s - 4
The proofs of the others are shown similarly. O

Theorem 2.5. Let k € R* and n € N. We obtain
_ 3&k2n+1—Ek2n—4Nnk—3

1 n
I 25:0 gk,ZS - 16 '
.. 17& -3& —4nk-1
n _ k,2n+1 k2n
. X0 Ekzse1 = 5 )
3S =) +16nk+30
n _ k2n+1 k2n
i, £ S0 = ,

16
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. 178 -3§ +16nk+2
n _ k2n+1 k2n
IV. Xe=0Sk,2541 = 16

3Gk 2 —Gr2n—4nk+16
n _ ,2n+1 2N
V. Zs—o gk,Zs -

9
17Gk,2n+1—3Gk2n—4Nk

Vi. X520 G 2s+1 = 5

Proof: The proofs are shown similarly to Theorem 2.4. o
3. RELATIONS AMONG SPECIAL SEQUENCES

In this chapter, we examine the relationships among the k-Edouard, k-Edouard-Lucas,
Modified k-Edouard, Edouard, Edouard-Lucas, Modified Edouard, Balancing, Balancing-
Lucas, and Modified Balancing sequences. Finally, we associate the terms of these sequences
with matrices.

In the following theorems, we examine the relations among the k-Edouard &, ,,, k-
Edouard-Lucas Sy ,, Modified k-Edouard Gy, Edouard E,, Edouard-Lucas K,, and
Modified Edouard G,, sequences.

Theorem 3.1. Let k € R*, and n € N. The following equations are true:

£, = —-3k+13 n 5k—33 —4k?+33k—15
"Ckn T ek2—160k+272 “KMt2 T gr2_gok+136 “ Mt T 16k2—160k+272 T KT
i €. = 2k+36 G 9k+224 G k2+25k—60 G
"k T k24 30k+128 9Nt 2 T g2 3ok 128 IR MAL T g2 30k 128 TR
ii. £ = (k — 1)Epys + (—7k + 7)Enss + (7k — 6)E,,
) 7k—2 —11k+4 21k—4
V. Exn =~ Kniz t ——Kns + —— Kn,

34k+4 200k+33 5k+29
V. gk,n = - 161 Gnyz 161 Gny1 — 161 Gp.

Proof: i. The following relation is used for proofs
Ekn = A X Spnys T b X S npa + € X S nya 4)
For these n values, we obtain

gk,O =a X Sk,S + b X Sk,‘l- +c X 5’(,3!
gkl = aXSk,6+b XcS'k,S +CX5k’4,
(.c:k,z =a X Sk,7 + b X 5k,6 +c X 5](,5'
We find
—3k+13 5k—33 —4k%433k—-15
agq=————b=——"andc=——.
16k2—-160k+272 8k2-80k+136 16k2—-160k+272

Thus, we have

_ —-3k+13 " 5k-33 n —4k2+33k—15
kn = 16k2—160k+272 “FMt2Z T gr2_gok+136 “KMt1 T 16x2—160Kk+272 KM

The proofs of the others are shown similarly. O

Theorem 3.2. Let k € R*, and n € N. The following equations are true:

. 3k+4 10k+36 —4k?-9k+48
I. Sk,n ==

et — JEEE T s
k2+ak—4 “KMF2 g2y gp 4 Ckntl k2+ak—4 < fon

g _11k+184 G 46k+1120 G —4k2—93k+424g

"CkM T k24304128 IKMA2 T g2y 3ok 128 TR ML T p2 30128 TR
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iii. S = (11 — 4k)E 4, + (28k — 74)Ey 1 +(—28k + 63)E,,
. —7k+7 11k-11 —21k+37
IV. S = 16 Kniz + TKn+1+TKn’
136k+59 800k+366 20k+307
V. Sk,n = " 1e1 Gniz — 1ol Gpy1t 1ol G
Proof: iii. If Binet formulas are used for proofs, we get
(11 — 4k)E, 1, + (28k — 74)E, .1 +(—28k + 63)E,
an+3 ﬁn+3 1
= (11 — 4k) < + - —)
(@a=P)a-1) B-xo)(B-1) 4
an+2 lgn+2 1
+ (28k — 74) < + — _>
(@=p)a-1) B-a)B-1) 4
an+1 Bn+1 1
+(—28k + 63) < + - —>
(@a=p)a—-1) B-o)(p-1) 4
— 32—-4k—-4fp an 32—-4k—-4a ﬁn _ 4k -5
(@-B)(a-1) (B-a)(B-1) (@-1)(p-1) ~ TP
The proofs of the others are shown similarly. O
Theorem 3.3. Let k € R*, and n € N. The following equations are true:
. __ 2k+5 € _9k+38 n k2+11k+29
L Glen = tarara Skt T karar_a Skt ¥ Saipey Cen
i _ —11k+57 23k—163 —4k2+5k+201
Ykn = Torr—reonrzrz Skn+2 ¥ 5rzgorsase Okn+1 T Torz_teorazrz SOk
iil. Ggn = (k+6)E 7 — (7k +40)E, 1 +(7k + 34)E,,,
. 7k+16 11k+24 21k+80
V. Gin = 7 Knsz == Kn1+t—— K.
—34k+34 200k-200 —5k+166
V. gk,n = T 161 Gniz + 161 Gnir 161 G
Proof: v. If Binet formulas are used for proofs, we get
7k + 16 11k + 24 21k + 80 7k+16 a2
64 Knyo — 16 Knit+ 64 K, = 64 (a + B +1)
11k + 24 L 1 21k + 80
—1—6(a"+ + ™+ 1) +6—4(a” + "+ 1)
_ 28+k-4B 28+k—4a k _
=@ TEoenf Tanen - Jkn
The proofs of the others are shown similarly. O

Theorem 3.4. Let k € R*, and n € N. The following equations are true:

i G = —-8k2+37k+17 n 16k2—105k—515 n —-28k%+213k+17
"M T 16k3-160k2+272k “KMt2 T gr3_gor2+136k “KMtL T 16K3_160k2+272k T KT
_ 2k%Z+4k+1 8k2+33k+6 7k2+33k+1
N T p3igg2ogk CRMEF2 T psigp2 g CkMAL T g g2 gy Ckno
_ 2k?+430k-32 G +—8k2—184k+19zg 7k?+186k—32 G
N T k3132k2+128k IRMH2 T g3y 3ok2 108k IR T 3y 3ok2 108k TN
i K = —-3k%+20k—17 n 7k?-58k+51 n —-7k?+56k—17
"N T 4k3_a0k2+68k M2 T op3_ook2+434k TRMAL T op3_q3p2400k TKM
_ 3k%Z+8k-4 +—14k2—56k+24 +7k2+32k—4
N T g3igp2_gk Ckmt2 k3+4ak2—ak M+l T ops a2 g Ckno
_ 3k?+64k+128 G 14k2+384k+768g 7k2+192k+128g
n T k3432k2+128k JRME2 k3+32k2+128k kn+1 T p3i3ok24128K TN
—k+1 k2+5k—6 1
m. k£, =—— + —-— +—E
N T pBiag2ogk CRMF2 T psigpe g CkMAL T sy g2 g kO
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_ —7k+17 n —2k?+25k—51 n —-3k+17

N7 6k3-160k2+272k N2 T 16k3-_160k2+272k TRMtL T 16k3_160Kk2+272K TN
_ 6k+32 G k?+40k+192 G 2k+32 G

T k3432k2+128k IRONT2 T k34 30k2 4128k IRONTL T k34 30k2 4 128K TR

Proof: i. The following relation is used for proofs
Gn =K XSkni2+ M XSgpi1+NXSq. (5)
For these n values, we obtain

GO =Kxgk’2+MX5k‘1+NX5k,0,
Gl :KXSRI3+MXSk,2+NX5k'1,
Gz =KXSk’4+MX5k_3+N><5k’2.
We find
—-8k2+37k+17 __ 16k?-105k-51 _ —28k*+213k+17

= =—— — and N = .
16k3-160k2+4272K’ 8k3-80k2+136k’ 16k3-160k2+272k

Thus, we have

G = —-8k2+37k+17 n 16k%-105k-51 n —-28k%+213k+17
™ 16k3-160k2+272k “ K2 T g3 _gok2+136k ~ KL T 16k3-160k2+272k <R
The proofs of the others are shown similarly. O

In the following theorem, we examine the relationships among the k-Edouard, k-
Edouard-Lucas, Modified k-Edouard sequences, and special number sequences.

Theorem 3.5. Let k € R*, and n € N. The relationships of the k-Edouard &, ,,, k-Edouard-
Lucas H},, and modified k-Edouard G, ,, sequences with the Balancing sequence B,
Balancing-Lucas sequence C,,, and Modified Balancing sequence H,, are as follows:

i. For the k- Edouard sequence

* Ein =3B+ By —§,

R St

o &xn= ?Hn+1 71'171 7

e B, = k2+4k s K€in+1 — (k + B)Ey — k),

e B, = k2+4k o (TEkn+z T (k + 6)Enia — (k + 5)Exn)

o (p= szk L ((2k = DEpnry + 2k + 12)En + k? + 2K),

* &= k2+4k (K + 2)Exni2 — (4k + 16)Ex i + (Bk + 14)E, ),

e Hp= k2+4k ~((4k = 8)Ey i1 + (4k + 24)Ey , + 2K% + 4k),

o Hy= o ((2k + 9)Epnsz — (B + 32)Enas + (6k + 28)E;.).

I. For the k-Edouard-Lucas sequence

Skn = (3 = k)Byyq + (5k — 11)B, + k,
k—1 15-7k

o Sin ="l + 0, +k,
¢ Sim=""Hnyui+ 15- = Hy +k,
1
* By = s (B = K)Skpsr + (k = 7)Spn + 4k),

WWW.josa.ro Mathematics Section
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1

® Bn = 4k2-40k+68 (_‘Sk,n+2 + (_k + 9)Sk,n+1 + (k - 8)‘Sk,n)!
O (1= IS ns1 + (9 = K)Sin + 2k — 10K),
e (= W a0eres ((5 = k)Skniz + (4k — 28)Si ni1 + (—3k + 23)Sy. ),
e Hyp= m(( — k)Sk i1 + (9 — k)Syn + 2k? — 10k),
° Hn = 2k2—20k+34 (( - k)'Sk n+2 T (4‘k - 28)5kn+1 + ( 3k + 23)5kn)
iii. For the Modified k-Edouard sequence
« G _ﬂB _5k+24B _k
P

- +
s gk,n =~ 16 n+1 t Cn — 7

-k 7k+32 k
* Gin = 3_2Hn+1 +——H, — 7

1

* Bn= k2+32k+128 ((k + 8)Gin+1 — (k + 24)Gyen — 4k,

1
© By = e (“4Gknsz + (kK +32)Gi iy — (k + 28)Gyn,

o Cn=rmrs CkGinia + (2k + 64)Gin + k? + 16k),

e G = m ((k +16)Grn+2 — (4k + 96)Gr n+1 + (3k + 80)G ),

e H,= m(4kgk ns1 + (4k + 128)Gy. ,, + 2k% + 32k),

e H,= m((Zk + 32)Gn+2 — (8k + 192)Gy 41 + (6k + 160) Gy ).

Proof: i. If Binet formulas are used for proofs, we get

k 4-5k k_ Ea”*’l—ﬁ”“ 4-5ka"-p" k
4B"+1 T By 4~ 4  a-B T a-p 4
5+k-B g 5+k-a  ,p k _

= 4.
B+ g = Sen

T~ @pa® T E-aE-n

The proofs of the others are shown similarly. o

In the following theorems, we associate the terms of the k-Edouard & ,,, k-Edouard-
Lucas Sy, ,,, and modified k-Edouard Gy ,, sequences with matrices. In addition, we obtain the

Binet formulas of these sequences with the help of the matrices.

Theorem 3.6. Let k € R*, and n € N. The following equations are true:
i. For the k-Edouard sequence,

[Exnz| [7 =7 17"[k + 6]
1 [Ekn+rl=]1 0 0O 1 |,
| Exn [0 ol L o
[ Ekn 0 o1*[ O
2. [€kns1|=10 0 1 1 |,
Exnsz| 7 =7 1l lk+6
gk,n+2 [7 —7 17 gk,n+1
3 (Ekn+1|=[1 0 O|| Ekn
‘gkn L0 1 0. gkn 1

ii. For the k-Edouard-Lucas sequence,

ISSN: 1844 — 9581 Mathematics Section
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Skn+2 (7 —7 171"[39 — 4k]
1. |Skn+1|=[1 0 0 7 |
| Skn 0 1 o0 3
[ Skn 0 1 o1*[ 3
2. |Skn+1|=10 0 1 7 |,
Sensz| 7 =7 11 139 — 4k]
Skn+2 7 =7 11[Skn+1

3 'Sk,n+1 =11 0 0 CS\k,n

| ‘Sk,n ] L0 1 0. CS\k,n—l
iii. For the Modified k-Edouard sequence,

Grn+2 7 =7 11"[k + 34]

1 |Gkns1|=11 0 0 6 |
| gk,n L0 ol L 2
[ Gin 0 o[ 2

2. |1Gkn+1l=10 0 1 6 |,
Gint2 17 -7 11 lk+ 34l
Gkn+2 7 =7 11|9xn+1

3. |Gkn+s1|=[1 0 O|| Gkn |
| gk,n L0 1 01 gk,n—l

Proof: i. 1. Let show the proof by induction over n. For n = 1, the equality is true. For n — 1,
assume the equality is true. We obtain

7 =7 11"[k+6 7 =7 1117 -7 11" '1k+6
[1 0 0 1 =[1 0 0”1 0 o] 1
0 1 0 0 o0 1 ollo 1 o 0
7 =7 11|€kn+1
=[1 0 0] Ekn
0 1 0l|&ns
gk,n+2
= 8k,n+1-
8k,n

From the last equation, for n, it can be seen that the equality is true.

The proofs of the others may be found similarly. m|

In the following theorem, we calculate the Simson formulas of these sequences. The
Simson formula is the most general form of the Cassini identity.

Theorem 3.7. (Simson Formulas) Let k € Rt and t € N. The following equations are
satisfied.

8k,t+2 8k,t+1 gk,t
i.det |Extr1  Exe  Eie-1| = k(4 — 4k —k?),
Ert  Ekt-1 Epe-2
5k,t+2 Sk,t+1 Sk,t
ii. det 5k,t+1 Sk,t "Sk,t—l = 64k(17 — 10k + kz),
Skt Ske-1 Ske-2
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gk,t+2 gk,t-l—l gk,t
iii. det |Gre+1 Gre  Gre-1| = —k(128 + 32k + kz).
gk,t gk,t—l gk,t—z

Proof: The proofs are shown by the induction method using the definition and determinant
properties. O

Theorem 3.8. For & ,,, Sk, and G, ,, sequences, the Binet formulas can be obtained with the
help of the matrices.

Proof: The following relation is used for proof (see for details Corollary 3.1 in [32]).

1

th, = M ] 1" m+1- ]det(A) (6)
Thus,
gk,n det(A)Zl 1gkm+1 jdet(A)
Letm =i = 3,
a? a 1 a1l a1 a? a1t 1 a? a a™t
— ’82 ’8 11, 'Bn 1 ,B 1 ’AZ — ﬁZ ﬁn—l 1 ’and A3 — ,82 ﬂ Bn—l .
1 1 1 1 1 1 1 1 1 1 1 1
So, we obtain
3
1
Exn = ZS _idet(A;
kn det(A) '=1 k,4—j e( j)
d t(A) ((.c:k 3 det(Al) + (.c:k 2 det(Az) + Sk 1 det(A3))
_ 5+k—B  _n 5+k—a  ,n k
(a—ﬁ)(a—l)a + (B—a)(ﬁ—l)ﬁ + (a-D(B-1)
Similarly, the Binet formulas of the Sy ,,, and Gy, , sequences are found. O

4. CONCLUSIONS

In this study, we defined the k-Edouard, k-Edouard-Lucas, and Modified k-Edouard
sequences. Then, we found the features of these sequences, such as generating function and
special summation formulas. In addition, we examined the relationships among the terms of
these sequences. Moreover, we associated k-Edouard, k-Edouard-Lucas, and Modified k-
Edouard sequences with Balancing, Balancing-Lucas, and Modified Balancing numbers.
Ultimately, we linked the elements of these sequences to matrices and calculated the Simson
formulas of these sequences. If this study is examined, such features can be found in other
sequences, such as the Fermat and Mersenne sequences. Also, research can be conducted on
the application area of the sequences defined in these articles [33-34].
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