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Abstract. This work considers a Leray-Lions problem in nonstandard Sobolev spaces.
We assume some assertions about the functions k and f to establish the existence and
multiplicity of solutions for the problem

{A(k(x, Aw)) + b(X)|w[PX 2w = Af(x,w), inQ
w=Aw =0, on dQ
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1. INTRODUCTION

In recent years, there has been a lot of research about variational problems related to
non-standard growth conditions. This is a consequence of their appearance in different fields
of applied mathematics and physics. Readers can refer to the works [1-4] to fully understand
the interest in this kind of problem. The fourth-order operator with nonstandard growth,
Af,(x)w: = A(|Aw|p(")‘2Aw), where p is a continuous function depending on the variable
space is an extension of the classical p-biharmonic operator AZw:= A(|Aw|P~%Aw).
However, the use of the p(x)-biharmonic operator is more difficult due to the non-
homogeneity. Many authors have investigated this type of problem [5-20].

This manuscript focuses on a class of general operators introduced by Leray and
Lions, which we refer to as the Leray-Lions type operators [23]. More precisely, we
investigate the weak solvability of the problems using the operator A(k(x, Aw)) under some
additional conditions on the Carathéodory function k.

In this paper Q@ will be a regular, bounded domain in R¥(N > 2),0Q denotes the

boundary and b € C(Q) where inf,eob(x) > 0. We study the solvability and the multiplicity
of solutions for the problem

{A(k(x, Aw)) + b(X)|w[PX@ 2w = Af(x,w), inQ "

1.1
w=Aw =0, on 0Q (3.1)
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where 4 > 0,k, f are functions with some suitable conditions introduced later, and the
continuous function p is log-Hoélder satisfying

1
lp(x) —p(W)| < vmyEQﬁ<ﬂx—ﬂS§,

C
—log|x — y|

where c is a positive constant.
In the sequel, let us recall some studies related to the general operator in divergence
form. In that context, Afrouzi et al. [22] studied the problem

—div(k(x,Aw)) = Ag(x)f(w), inQ
{ w =0, on 0Q

g and f are two continuous functions. Using a critical point theorem, the authors proved that
their problems have at least two distinct nonnegative weak solutions in WOI"’(Q) for any
A €]0,27[.

Moreover, Yiicedag [20] treated the following problem and established a result of
existence and multiplicity.

—div(k(x,Aw)) = f(x,w), inQ
{ w =0, on 0Q

In fact, by the Mountain Pass theorem and the Fountain theorem, the author

established the existence and multiplicity of a solution in Wol’p(x) (Q), with p is a continuous
function. Furthermore, in [10], the authors proved that there are at least two nontrivial
solutions for problem (1.1) for every A > A,, under some hypotheses on the carathéodory
function f.

Motivated by the above papers, we deal with problem (1.1) in different cases, and the
function k is assumed to verify the same conditions as the paper [6].

(H,) k:Q x R = R is a Carathéodory function verifying k(x, 0) = 0, for a.e. x € Q.
p(x)
(H,) There exist ¢c; > 0 and a nonnegative function d € Lr®-1(Q), such that for any t € R,

one has
lk(x,0)| < ¢ (d(x) + [t|P@71),  forae.x €Q
(H3) Forany s, t € R, we have
(k(x,t) —k(x,5))(t —s) =0, forae.x € Q
(H,) There exist ¢, > 1 with
G [tIP® < k(x,t)t < p(x)K(x,t), forae.x € Q,andalls, t € R,

where K: Q X R — R is defined as
t

K(x,t) =f k(x,s)ds

0

(Hg) The mapping K is p(x)-uniformly convex and there exists a constant k, > 0 such that
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I((x,f ; ¢) < %K(x,f) + %K(x,v,b) —kol& —|P®,  forallx € Qand &, € RV

(Hs) K(x,—{) = K(x,{), forallx € Qand{ € R".
Our results are summarized as follows:

Theorem 1.1. Suppose that the conditions (H,;) — (Hs) hold, moreover suppose that:
(fo)f: 9 X R — R such that f(x, 0) # 0 and

If(x,9)] < a(x)+ als|™®~1, (x,5) €QXR

q(x) —
with a(x) =2 0,a € L1®-1(Q),a 20,9 € C,(Q),0(x) <p3(x) and 1<o0o<p~. Then
problem (1.1) has at least one solution (in the weak sense).

Theorem 1.2. Suppose that the conditions (H;)-(Hs) hold, f:Q xR — R satisfy
q(x)
(f) If(ot)] < ax) + a|t]9®-1  for all x€Q, whith a € La®-1(Q),a =0 and

p(x) < q(x) < pz(x).

(f,) Suppose that there is a function 6(x) > p(x) and a positive constant M > 0 satisfying
the following inequality

0<O0x)F(x,t) <tf(x,t), foreacht € Rand |t| = M

So, one has a A* > 0 such that for any A €]0,A*[, problem (1.1) has at least two
distinct weak solutions.
Theorem 1.3. Assume that the conditions (H;) — (Hg) hold and that f satisfies (f,) and

(f)) lim T&H o forxeQ uniformly, where a € Lpgj?l(g)
1 t—-0 a(x)|t|p+1 - Y y; .

(f3) lim;_e lt’lcsz;)tzl =0, for x € Q uniformly. If g~ >p™*, problem (1.1) admits a

nontrivial weak solution.

Theorem 1.4. Assume that conditions (H,), (Hs), (f,) are satisfied and g~ > p*. Moreover,
assume
that

(f5) f(x,—t) = —f(x, ), for (x,t) €QXR.

Then, problem (1.1) admits infinite pairs of solutions. Finally, by using the critical
point theory in the calculus of variations, a result of existence and multiplicity is developed,
and precisely for the case when (p() — 1.) — sublinearatinfinity.

Theorem 1.5. Assume that conditions (H,) to (H,) are satisfied. Also, assume the following

(fy) feL®(@x[-ty,t;]), foranyt; € R,.

(fs)  limjgoe Iflg’% =0, uniformlyfor x € Q.

(f¢) There exists a constant t, > 0 and a ball B such that B ¢ Q and 0 < fBF(x, to)dx.
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Then there is A, > 0 such that problem (1.1) admits at least one nontrivial weak

solution for any A > A,. In addition, if (f,) limj_, l%ﬂl =0, uniformly for x € Q, with

pt < pi(x), forall x € Q.
The problem (1.1) has at least two nontrivial weak solutions for every 1 > A,.

2. PRELIMINARIES

In what follows, we recall some properties and definitions of variable-exponent
Sobolev spaces. The reader can refer to the works in [23-26] for more understanding.
Let

C.(9):= {rir e C(Q),r(x) >1,forall x € @}
Letp € C,(Q), with
1<p:= r;leigp(x) <p(x)<ph:= r;lggp(x) <+, (2.1)
We define the Lebesgue space with non-standard exponents as
LPX(Q) = {W: w:Q = R, measurable :fQ [w(x)[PPdx < 00}.

We equip this space with the Luxembourg norm

IWlp(x) = inf{r > Of
Q

Note that the Lebesgue spaces with variable exponent are Banach spaces and reflexive
if and only if 1 < g~ < q* < 0. Besides, if g4, q, verify q;(x) < q,(x) a.e. x € Q, then the
injection

’W(x) p(x)
T

del}

L2(X)(Q) & [11)(Q)
is compact and continuous.
Besides, for w € LP®(Q) and w, € LP'®(Q), one has

f wwydx
9

where p'(x) is the conjugate function of p(x).
Next, we define on the space LP™)(Q) the so-called modular which is the function
Ppey: LPP)(Q) — R defined as follows

1 1
< (p__-l-}F) |W|p(x)|WO|p’(x): (22)

Pocow)i= [ WP
Q

and satisfying some interesting properties needed later.
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Proposition 2.1. ([24]) For all w € LP®)(Q), one has
L Wiy < 1(resp. =1,>1) & pp(w) < 1(resp.=1,> 1).
2. If W]y > 1, then we have

p” p*
|W|p(x) S pp(x)(w) S |W|p(x)

3. If Wy <1, then we have

WID0y < Py (W) < W[,
For any positive integer m, we define the Sobolev space with variable exponents as:
wmPe(Q) = {w € LPM(Q), Dw € LPM(Q); |a| < m},
alalw

0%1x,...0%Nxy
wm™PX)(Q) is a separable and reflexive Banach space equipped with the norm

where a = (aq, ay, ..., ay) is a multi-index, |a| =3N,a; and D%w =

Wlnp = . 1D Wy

|a|sm

The space W,™?)(Q) is the closure of CZ°(Q) in W™P®(Q). Now since W2P®(Q)

and Wol'p(x)(Q) are reflexive, separable Banach spaces, then X = W2P®(Q) n Wol'p(x) (D),
satisfy the same characteristic, equipped with the norm

Wil = Wil 2rcog) + Wl 10 o,

we also mention due to the fact (b) b € L*(Q) and there exists b, > 0 such that b(x) = b,

fora.e. x € Q, then
Aw p(x)
wll, = inf{,u > o:J <|— )dx < 1}
0 u

IS an equivalent norm to || - ||x on X, (see Remark 2.1 in [14]). So, in the rest of the paper, we
will consider (X, || -l,). We also define on X the function p,):X = R which is called
modular and defined by

Pg(x)(W):J (|Aw|P® + b(x)|w[P*))dx.
9

p(x)

w
+ b(x) |;

and one has (see [13]).

Lemma 2.1. For w,w,, € X we have
L lwll, < 1(resp.=1,> 1) & ppy(w) < 1(resp.=1,> 1).

. - + - +
2. min (Wl IWllE") < pBe W) < max (Wil Iwll}").

3. [lwpllp = 0(resp. = o) & po .y (w;,) = 0( resp. — ).
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In what follows, we remind the definition of the critical Sobolev exponent:

Np(x)
N —2p(x)’

+ o0, p(x) =

pz(x) =

Theorem 2.1. (See Theorem 3.2 in [5]) Let p € C,.(Q) verifying
N —
p(x) < > for all x € Q. (2.3)
Let s:Q — (1, ) be a continuous function such that
) ~ —
()>s(x)25 >1,x€Q. (2.4)

If (2.3) and (2.4) hold, there exists a constant C = C(N, q,r, Q) such that

i) = b

19ls¢) = Cllgllp, forall g € X

So, for any s € (1,p*), the injection X & L¥*)(Q) is compact and continuous.
Proposition 2.2. (See [12]) Let p be a measurable function in L*(Q) and g be a measurable
function such that 1 < p(x)q(x) < oo, for ae. x € Q. If w is a nontrivial function in

LI*)(Q), then

In the following, we shall designate by c,c;,i = 1,2, ..., a positive constant that may
vary from line to line.

3 PREREQUISITE RESULTS

Definition 3.1. w € X \ {0} is a weak solution of (1.1) if Aw = 0 on dQ and

f (k(x, Aw)Av + b(x) |w|P@~2wv)dx — Af fx,w)vdx =0, VveX
Q Q
First, let us denote by

_ b)) o _
](w)—J (K(x dw) + S it )>dxand¢(w) JQF(x,W)dx

with F(x,t) = fotf(x, s)ds. The energy of problem (1.1) is defined by ¥;: X - R, where

Y,(w) =J(w) — 1¢p(w),Vw € X.
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In what follows, we recall an important result.

Theorem 3.1. (See [8]) The energy functional J: X — R is sequentially weakly lower semi-
continuous and of class C1. Moreover, the mapping J': X — X* is a strictly monotone bounded
homeomorphism and is of type (S,), that is,

if w, = wand limsupJ'(w,)(w, —w) <0, thenw,, > w € X

n—-oo

Due to Theorem 3.1, we see that /] € C1(X, R). Besides, under assertions (H;) and
Proposition 2 in [7], one has ¢ € C1(X,R). Thus, ¥, € C*(X, R), moreover

<d¥,(w),v >= f (k(x, Aw)Av + b(x)|w[PP)2wv)dx — Af f(x, w)vdx
Q Q

for every w,v € X. Therefore, the critical points of ¥, are exactly the weak solutions of the
problem (1.1).

Theorem 3.2. (Critical point theorem,[3]) Let X be a real Banach space and let /, ¢: X — R be
two continuously Gateaux differentiable functions such that J is bounded from below and
J(0) = ¢(0) = 0. Fix r > 0 such that sup;,)<r$(w) < +oo and assume that, for each

1€]0, ——— [, the functional ¥;: = | — A¢ satisfies (PS)-condition and it is unbounded
sup jwy<rp(w)

from below. Then, for each 1 €]0,——————[ , the functional ¥, admits two distinct
SuP](w)<r¢(W)

critical points.

Theorem 3.3. (Mountain-pass theorem) Let X be a Banach space and let ¥; € C1(Q,R)
which fulfills the Palais-Smale condition. Suppose that ¥, (0) = 0 and

1. There exist two positive real numbers n and r such that ¥, (w) = r with ||w|| = n,

2. There exists w; € X such that ||w, || > p and ¥;(w;) < 0.

Let
I'={g €C([01],X):9(0) =0,9(1) = wy}

B = inf{max¥,(g([0,1])): g € T}

and

Then g > r and g is a critical value of ¥;. Now, let X be a reflexive and separable
Banach space, then there are {e;} € X and {e/} € X* such that

X =spanfe; | j=123..}, X" =spanfe,j=123..}

and
‘ L i=j
S€E 20, i)
- - k [o0)
For convenience, we write X; = span{e;}, Y, = ®f_,X;,Z, = @75 X;. So we have

Theorem 3.4. (See Lemma 4.9 [18]) If g(x) € C,(Q), q(x) < p;(x) forany x € Q, denote

Bie = sup{Wlag: IWll = 1w € 7},
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Then limk_mﬁk = 0.

Theorem 3.5. (Fountain theorem [3]) Assume that X is a Banach space, ¥; € C1(X,R) is an
even function and X;, Y, and Z, are defined as above. If there exists p;, > y;, > 0 for each
k = 1,2, ... such that:

1. ianEZk,||W||=VkLpl(W) —»>oask — 0,

2. maXWeyk,||W||=pklp/1(W) < 0,

3. ¥, fulfill the condition (PS) for any ¢ > 0, then ¥, admits a sequence of critical values
tending to +co.

4. PROOF OF THEOREMS

Proof of Theorem 1.1. Since |f(x,s)| < a(x) + a|s|°™~1 then

a
|F(x,s)| < a(x)[s| + ) ]9 < B(x) + ¢q]s]7®
where g > 0 and B € L*(Q), it follows
_ D) ) e
¥, (w) = jg (A(k(x, aw)) + s Il >) dx ALF(x, w)dox

Using the fact that A(k(x,Aw)) = c|Aw|P®), one has for ||w|l, > 1 and since
X & L°®(Q)

C -
W) = IwllZ™ = 18] — cullw]| 0

So ¥, = 4o as ||w]|p, = +oo. Since ¥, is weakly lower semi-continuous, then ¥,
admits a minimum point w € X, so w is a weak solution of problem (1.1). The fact that
f(x,0) # 0, ends the proof.

Proof of Theorem 1.2. Our objective is to apply Theorem 3.2 to problem (1.1).
First, we show that W, fulfill (PS)-condition for any A > 0. For that, we will prove that any
sequence {w,} c X such that

Ya(w )l <c, and W (w,) >0, as n— oco# (4.1)

has a convergent subsequence. We assume that ||w, ||, > 1, by using (H,) and ( f; ) we can
write
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1 !
c+ ”Wn”b2 lP/’l(Wn) - 5 < LPA(Wn) Wy >

fg (K(x Awy) + %x; Iwn|P(x)) dx — /Ifg F(x,w,)dx

0

[Aw, %) b) (x)> )
ZJQ<CZ () p(x)l wy,|P dx /1] F(x,w,)dx

1 (f (k(x, Awp) Awr, + b(x) |y, [P dx — AJ. f(x, Wn)Wndx>
0

1
_5<f (czlAWn|P(x) + b(x)lwnp?(x))dx — Af f(x, Wn)Wndx>
Q 0

1 1
> e (57-5) | (4w + bGolwnP)ax
9

+1 <J.Q <%f(x, wy)w,, — F(x, Wn)> dx

> (o= ) Il
> c, e wully,

Since p~ > 1, we obtain a contradiction. So {w,,} is bounded in X. Thus, up to a
subsequence w,, — w in X and due to the compact embedding X — LI®)(Q), we have

w, = win LI®) (Q)# (4.2)
From (4.1), we have

<Y (wp),w, —w >-0

S0,
<Yi(wp),wy, —w >= fQ (k(x, Aw,) (Aw,, — Aw) + b(x)|w, [P®) (w,, — W)) dx —
Afo(x, w,)(w, —w)dx — 0.
By (f1), we get
Ug f G, wn)(wy, —w)dx| < Ia(x)lq(%;c_)llwn —Wlgeo + OfIIWnlq(x)_1|%|Wn — Wlge)-
By using (4.2), we obtain
J f (e, wy)(w,, —w)dx — 0.
Then, we have °
fg (ke Ct, Aw) (Awy, — Aw) + b () Wy [P~ (wy, — ) ) dx = 0
S0,
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limsup/'(w,)(w,, —w) <0

n—-oo

According to Theorem 3.1, one has w, » w in X and so ¥; meets (PS)-condition.
From ( f, ), we have

F(x,t) > C|t|?, forall |t| =M, ae x € Q# (4.3)

So, for any fixed w, € X \ {0}, t > 1 and assertion (H,), we have

LP,l(two)zf K(x, tAWO)+%Itw0|p(")) dx — AfQF(x,tWO)dx

+

< 2tP"

/1Ct‘9f |wo|?dx
+

P
< 2tP" csldly oyl Awg ey + —— — ||W0||p —ACtO.f |wo | dx.

Since 6 > p*, the functional ¥, is unbounded from below. Fix A € (0,1*), using
condition (H,), one has

1 ot 1

for every w € X such that w € J=1(] — oo, 1]). It follows that

1
Iwlly, < (*r)r?

Moreover, the compact imbedding X < LI™)(Q), imply that for all w € J=1(] —
1[), one has

a qt at rq- q-
W)= Clal_gco Iwlly +—max (CT Wi, ¢ Iwlf)

q(x)-1

1« a* ‘1_
< Cla| g (p*r)r* + p= maX<Cq (p* 7’)”+ CcT (p*r) +>

q(x)-1

choosing r = 1, one has

1 ¢ [ 1 1
sup ®(w) < Cla| g (p*)P" + —max (Cq+(P+)”+,Cq (P+)p+> =5 <s# (4.4)
J(w)<1 q(0-1 q A A

From (4.4), one has

*c - -
2 €]0, 2*[€]0, T
Jw)<1
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So all assertions of Theorem (1.2) hold, then for each A €]0, 1*[W; admits two distinct
critical points which represent the weak solutions of problem (1.1).

Proof of Theorem 1.3. Since p* < ¢~ < q(x) < p;(x) and by Theorem 2.1, the embeddings
X o LPT(Q) and X & LI®(Q) are continuous, there exist c,, cs > 0 with

Wlge) < callwllp |W|p+ < cs||w|lp, forallw e X.# (4.5)

+

1)and (f',), we get

+ a
+——1t]9%  forall (x,t) € Q X R# 4.6
q(x)ll (x, t) (4.6)

Let p € (0,1) and w € X be such that ||w]|| = p. By considering Proposition (2.1) and
relations (4.5)-(4.6), we deduce that

a(ic) .
p

Cy ot € N a .
Yow)z—=|wll, —1—=[ a@)wlP dx—21— | alw|T™dx
p P Jg a Jg

pt

Cz p+
2 —+|IW|Ib -

p* @ q- a”
+ wlly, —A—c, lIwll,
pF-1 q

Z o AWy = Acsllwllf

S +
2 (55— Acalwlly ") 1wy
Let hy(s) = 2%— Acgs? 7PT t > 0. It is not difficult to see that h,(s) > 0 for all

1
s € (0,sy), fors; = (2;—366)‘1_"#. So, for all 1 > 0 we can choose 1,7 > 0 such that

Y,(w) =r >0, forall w € X with [|[w|| =n € (0,1).
In view of ( f, ) we have for all |t| = M
F(x,t) = C|t|? ae. x€Q# (4.7
Letu € X\ {0}and t > 1. By (4.7) one has

W, (tu)= f K(x, Atu)+p§ ;|t |p(x)>dx— LF(x,tu)dx

< tP J (K(x Au)+p£ ;|u|p(X>) dx — ACtQJ ju|® dx
Q

Since 8 > p*, we have ¥, (tu) » —oo(t - +0). So, for t > 1 and large enough, we
can choose u; = tu such that ||u,|| > p and ¥;(u,) < 0.
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5. CONCLUSIONS

Since ¥, (0) = 0 and ¥, satisfy the Palais-Smale condition, all conditions of Theorem
(3.3) are fulfilled. Consequently, ¥, has at least one nontrivial critical point which is a
nontrivial weak solution.

In what follows, using the Fountain theorem, we will establish the existence of
infinitely many pairs of weak solutions for (1.1).

Proof of Theorem 1.4. According to (Hg) and (f3), ¥, is even and satisfy (PS) condition. We
shall prove that if k is large enough, then there exist p, >y, >0 such that
(A) b= inf{l¥y(w):w € Z,|lw|| =y} 2 © as k> o, (B) ay:=max{¥(w):weE
Y, Iwll = pr} < 0.

The assertion of Theorem 1.4 can be obtained from Fountain Theorem (see Theorem
3.5).
(A) Forany w € Z,, with ||w|| = yx > 1, we have

W)= 2 wl?” -2 f'w'qmd Af @lwld
w)= — ||W — A X — al(x)|wlax
A p* b o q(x) )
c - A
> 2w - Lg f WT® dx — [|All 2
p q o)
> 2wl - e [ wtdx -,
A e

If [W]qe) < 1 then [, [w]|?@dx < jw|?,, < 1. S0

Cy -
Ya(w) 2 o+ Iwlly — (cs + c7)#(4.8)

However, if [w|q) > 1 then [, |w|?®dx < |W|sz) < (Bellwllp)?* and

C -
Wy (w) > p—z Iwllh, = cgBellwllp)* — c;# (4.9)
From (4.8) and (4.9), we deduce that

W > & b _ )a+ —
W(w) = - Iwll, — co(Bellwllp C10

1

+ T
Cq ﬁ,er)p q+. Then y, — o since p~ < g*and B, = 0 as k — oo,
2

Hence, if w € Z; and ||w||;, = V&, we deduce that

Co

Choose y;, = (

1 1 -
¥, (w) 2c2<p—+—q—+)y,f —c19o—0ask > o

which implies (A).
To show (B), let w € Y, with ||w|[, > 1 and from ( f, ), we write
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1 o
LPA(W)SF”WHD —AJ F(x,w)dx
Q

C
< 2w —Acf (w|®dx
b
p 0

Since dimY, < oo (which implies all norms are equivalent) and 8 > p™, we get that
2 p* 9
Yi(w) < p—_IIWIIb — ACl[w|lp — —oo as [lw]|, — oo

Thus, we can choose p;, > y;, > 0 such that

max WY;(w) <0
WEY, [Wllp=pk

Apply Theorem 3.5 to ¥; € C1(X,R), so there is a sequence of critical values of ¥,
converging to +oo. As a consequence, there is a sequence (+w,,),ey Of critical points for ¥,
such that W, (+w,,) = +oc0 asn — oo. This ends the proof.

Proof of Theorem 1.5. By using (f5), we can write that for each € > 0, there exists t, =
t,(€) > 0 verifying

|f (x,t)] < €|t|P 1, fora.e.x € Q and any |t| > t,

If we consider this relation and (f,), we obtain

|f(x,t)] < C(e) +€|t|P 1, forae. x € Qand any t € R# (4.10)
where C(€) = esssup |f(x, t)|. Moreover, one has
x€Q,|t|st,
€ —
|F(x,t)| < C(e)|t| +F|t|p ,fora.c.x €Qandallt € R. # (4.11)

The continuous embedding X & LP (Q) and X & L1(Q) assures, the existence of
C,, Cg > 0 verifying

wlp- < Gllwlly, Wl < CGgllwlly, forallw e X

Then, by (H,) and relation (4.11), for w € X, we have
Cy - € -
Yiw)z = |lwll, —AC(e) | Iwldx —A—| |w|? dx
p 0 b Jg

cy AeCt -
= (ZF_P—_7> Iwlly, —AC(e)Cgllw].
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AeC

Thus, choosing € > 0 such that ;—fr ——Z—> 0, since p~ > 1 we obtain that ¥, is

coercive, and since ¥, is sequentially weakly lower semicontinuous. Therefore, ¥, admits a
global minimizer w; on X.

In what follows, and in order to end our proof, let us show the existence w, € X such
that ¥;(w.) < 0. For any € > 0, put B, = {x € Q,dist(x, B) < €} where B is defined in

assertion ( fs ). Get € > 0 small enough such that B, € Q. So there is w, € C2(Q) such that

~_(to, x€B,
We(x)"{o, X €0\ B,

and 0 < w.(x) < t,, Vx € Q, where t, is given in (fy). Thus, w, € X and for a.e. x € Q,

We(x)

|F(x, we)| < f |f (x,s)|ds < |f|L°°(Q><[—to,t0])We(x) < t0|f|L°°(Q><[—to,t0])
0

Thus, we estimate

¥ (w)= f K(x,Aw,) + pEx; IWEIT’(")) dx — Af F(x,w.)dx
Q

b 1) g — _
fQ(K(xA 6)+p( )I w,|P )dx ALF(x,to)dx A F(x,we.(x))dx

Bc\B

b(x)
< | (o ) + 2 E P ) dx = 2( | G to)dx = ol lumoei-corap Be \ B ).
Q B
Let e > 0 small enough to assure

1
tolflie(axt-toaonlBe \ B £ 5 | P to)d
SO

Yi(we) < f

b(x) » A
, (K(x Aw,) +rx)| w, |PC )) dx _ELF(X’ to)dx.

Then ¥, (w,) < 0 forany A > A,, with

2, (K awe) + 22 |we[P®) dx
fB F(x, to)dx

A=

Therefore, for each 1 > A,, one has W;(w;) < 0 = ¥;(0). So, foreach A > 4,,w; isa
weak solution of problem (1.1). Now, suppose that the condition (f>) is fulfilled. We recall
also that the fact that W, is coercive and ¥; of type (S,) assures that W, fulfill the (PS)

properties. So ¥, has a mountain pass geometry. Now, the fact that p* < p3(x) for all x € Q,
assures the existence of g such that p* < q < p3(x) for all x € 9. Consequently X & L7 &
LP", then there exists Cp+, Cq > 0 such that

Wi+ < Cprllwllp, IWlg < Gyllwll,  forallw € X
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From (fs) and (f;) we have that for u = ﬁthere exist yy >0 and p, >0
2AC° . p
pt
verifying
If (x, )| < ult|P ~! <u|t]972, fora.e. x € Q and all |t] > py
and

If (x, )| < p*ult|P™ 1, fora.e. x € Qand all |t| < p,
these inequalities together with (f,) assert that
|F(x,t)] < Colt]? + u|t|p+, fora.e.x € Qandall t € R.

So, for each w € X with ||w||, < 1, one has

C2 p+ p+ q
Yow)=z—Ilwll, —Au| [w|? dx—2ACy | |w|9dx
p Q Q

Cy + + +

> LWl = AuC Wy = A6sC] wl
CZ +

=2FIIWII’Z — 2CoC4 Wl -

1

. ¢ \ap* : — 2 .p* _
We choose 0<r<mln{l,llwlll,(—zpmcgcg) } and letting p=gT

ACoCJr?, we deduce that
Y, (w) = p,Vw € X with ||w||, =1

Consequently, w,, is a critical point of ¥, has the second critical point w,, so it will
also be a weak solution to (1.1). moreover, one has ¥;(w,) = p > 0 = ¥,(0), so w, # w;
and w, # 0.
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