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Abstract. This paper examines canal and tube surfaces generated by unit timelike split
quaternions by means of g-frames in 3-dimensional Minkowski space. Moreover, these
surfaces are derived under homothetic motion by utilizing orthogonal matrices corresponding
to the unit split quaternions. Subsequently, the geometric characterizations of the obtained
surfaces are analyzed.
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1. INTRODUCTION

Canal surfaces were first studied by Monge in 1850. A canal surface is the envelope of
a family of moving spheres with variable radii, lying along the central spin curve. The curve,
which represents the trajectory of the centers of the moving spheres, is referred to as the
central (spin) curve of the canal surface. Canal surfaces are commonly used in the geometric
modeling of objects such as pipes, rods, and cables, and are widely studied in engineering and
medical research.

If the radius function is constant, the canal surface is referred to as a tube or pipe
surface [1-8]. Recently, canal and tube surfaces have been studied and characterised by some
researchers by using different frames in 3-dimensional Euclidean space. For instance, the
canal and tube surfaces have been analyzed with the help of the Serret-Frenet, Bishop,
Darboux, and g-frames, and their geometric properties have been provided [3-11].

Additionally, geometric characterizations of curves and surfaces in Minkowski 3-
space have been presented, and a tube surface surrounding a timelike or spacelike curve has
been constructed [12-14]. On the other hand, an alternative frame to the Frenet frame has been
defined by using a projection vector, and directed curves in 3-dimensional Minkowski space
have been analyzed. The characterizations of directed timelike tube surfaces have been
analyzed. Then, the different characterizations of quasi-canal and quasi-tube surfaces obtained
through the quasi-orthonormal frame have been presented [15-17].

Moreover, some properties of one-parameter homothetic motion in Minkowski 3-
space have been analyzed [18]. Quaternions and some applications of quaternions have also
been provided [19-23]. The geometric modeling and applications of canal surfaces have also
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been obtained by using split quaternions in 3-dimensional Minkowski space [24,25]. The
canal and tube surfaces parametrized according to the g-frame were previously derived with
the help of unit quaternions [26].

In this study, canal and tube surfaces will be obtained in Minkowski 3-space according
to the g-frame, using unit timelike split quaternions associated with the central curve.

2. MATERIALS AND METHODS

A canal surface is the envelope of a family of moving spheres with variable radii,
defined by the radius r(s) and orbit of whose centers lie on the spin curve Q:(a,b)— R°®.

Let the curvature Q(s) be the unit-speed center curve of a canal surface with non-zero
curvature. Then, the canal surface is parametrically defined as

K(s,0)=Q(s)—r(s)r'(s)t(s)r(s)1-r"(s)(cospn(s)+sinpb(s)).

If the radius function r(s)=s is constant, the canal surface is referred to as a tube
surface or pipe surface, and it is expressed parametrically by the equation

T(s.0)=Q(s)+r(cosgn(s)+singb(s)), 0<¢p<2r.

Here, t(s), n(s).,b(s) represent the tangent, principal normal, and binormal of the
center curve Q at the point Q('s), respectively [1-5]. Now, let's introduce the g-frame as an

alternative to the Serret-Frenet frame. The g-frame has two significant advantages over the
Serret-Frenet frame. The first is that while the Serret-Frenet frame cannot be defined in cases
where the second derivative is not present, the g-frame can still be defined. The second
advantage is that the g-frame prevents unnecessary torsion that arises around the tangent
vector of the curve. Let k, =(0,0,1) and D=(d,e, f). Since D Ak, =(e,—d,0) the vector
D is projected onto the xy-plane. Here, the symbol A denotes the cross product.
Accordingly, the projection vector k is taken as a unit vector along the axes. The projection
vectors are k, =(0,0,1), k, =(0,1,0) , k, =(1,0,0), respectively, and the g-frame is denoted

in three types as {t n.,b Kk } {t n,, b,k } {t n,,b,, K } The g-frame is defined by the

g Mg y g Mg Ny y g Mg Mx
following equations along a space curve Q(s):

Q'(s) t(s)Ak

||Qr ”’ N (s)= ||t )~ k” by (s)=t(s)An,(s)

t(s)=

k, t, n,, b, are the projection vector, tangent, quasi-normal, and quasi-binormal of the curve
Q(s) [9]- Thus, the derivative formula of the g-frame is given by:

t'=kn, +k,b,, N, =—kt+kh,, b =—k,t—k;n,

[9-11]. Considering the g-frame given by Equation (3), the canal and tube surfaces are
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K(s,0)=Q(s)-r(s)r'(s)t(s)=r(s)1-r?(s)(cosen, (s)+singb, (s)),
T (s,0) =Q(s)+r(cosen, (s)+singb, (s)),

respectively [9-11].

The space E’ = (R?’,(,>L) defined by the metric (v,w), =v,w, +V,W, —v,w, for the
vectors v=(V,,V,,V;), W=(w,w,,w,)eR® in R® is called Minkowski 3-space. Here if
(v,v) >0 or v=0, the vector v is called spacelike, if (v,v) <0 it is called time like, and if
(v,v)=0 andv =0, it is referred to as null vector. The Minkowski cross product of the
vectors v,we E’ is VAL W= (V,W, —V,W,, VaW, — VW, VW, —V,w, ) and the norm of the vector

v is|v], = ‘(v,v)L‘ . If |v||_ =1, then v is a unit vector. If the tangent vector of the curve is

spacelike, timelike, or null, the curve itself is referred to as spacelike, timelike, or null,
respectively.

The K Gauss and the H mean curvature of the surface X(s,go) in the space E are
referred to, respectively, as follows:
_ 2
K =g LN M2
EG-F

1 (GL—ZMF+EN)

H=-¢ >
2 EG-F

Here, the unit normal of the surface X (u,v) is

XA X
RS

The coefficients of the first and the second fundamental forms are

E:<XS’XS>L' FZ(XS’X(/?>L' G:<X(/”Xf/’>|-
L=(Xg,Me, M =(Xy,, My, N=(X_,n,

where & =(n,n), ==1 [12].
The principal curvatures of the regular surface X (u,v)

p,=H+vH>—K, p,=H-vH?-K

respectively [1]. Second Gauss curvature K, is
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1 1 1 1 1 1
~=L,+M_-=N_ =L M,-=L 0 =L =N
D v e 9 s o 27 27 9
K”:; MW—ENS L M —EL(/, L M |{[6]
(LN—M ) 2 2
N M N ENS M N
2 2

The center curve Q(s) is a unit-speed spacelike curve, with a timelike principal

normal and non-zero curvature in the space E}. Thus, the parametrization of the canal and
tube surfaces are

K (s,0)=Q(s)—r(s)r'(s)t(s)£r(s)y1-r?(s)(sinhgn(s)+coshgb(s)),
T, (5,¢) =Q(s)+r(sinhpn(s)+cosh b (s))

respectively. Similarly, if the center curve Q(s) is a timelike curve with non-zero curvature,
the parametric expressions of the canal and tube surfaces are

K (5,0)=Q(s)+r(s)r'(s)t(s)=r(s)y1+r?(s) (cosepn(s)+singb(s)), o
1
T, (s,¢) =Q(s)+r(cosen(s)+singb(s))

respectively. Then, t(s), n(s), b(s) are the tangent, principal normal, and binormal vector
fields at the point Q(s) on the center curve Q in Minkowski 3-space, respectively [13,14].

Let’s represent the canal and tube surfaces formed with the help of the q-frame in
Minkowski space E;. The center curve Q(s) is a regular spacelike curve, the projection

vectork =(0,1,0) is spacelike, the quasi-principal normal n_(s) is a timelike curve, and the

curvature is non-zero. Therefore, the parametrization of the canal and tube surfaces is given
by

K. (s:0)=Q(s)—r(s)r'(s)t(s)=r(s)y1-r?(s)(sinhn, (s)+coshpb, (s)),
T, (5,0) =Q(s)+r(sinhgn, (s)+cosh gb, (s))

Here ¢ [0,27] and the derivative formulas of the g-frame are
t'=—kn, +k,b,, N =—kt+kb,, b =—kt+kn,

The cross-product of the vectors t,n_,b,_ is

B !

tA N, =-b,, n, A b, =-t,b, A t=n,
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The center curve Q(s) is a regular timelike curve, the projection vector k =(0,1,0) is

spacelike, and the curvature is non-zero, where the parametric expressions of the canal and
tube surfaces are

K. (5,0)=Q(s)+r(s)r'(s)t(s)£r(s)L+r?(s)(cosen, (s)+singb, (s)),

T, (5.0) =Q(s)+r(cosen, (s)+singh, (s))

)

respectively. Here ¢ e[0,27], the derivative formulas of the g-frame along a timelike curve
are given by

t'=kn, +k,b,, N, =kt +kb,, b =kt —k;n,

The cross-product of the vectors t,n,,b, is

tA N, =-b, n A _b,=t, b A t=-n,

[15-17]. The one-parameter homothetic motion in the 3-dimensional Minkowski space is

given by the transformation
Y 3 hA C | X 3
1] 10 11 @)

Here, AeSO,(3), A =¢A'e, ¢=diag (1,1,-1), h and C represent the homothetic

scaling and translation vectors, respectively, where A, h and C are continuously differentiable
functions dependent on the parameter t. Additionally, here, Y and X are the position vectors of
a point in the fixed R " and the moving space R, respectively [18].

Quaternions were introduced in 1843 by the Irish mathematician Sir William Rowan
Hamilton as a generalization of complex numbers and have since been studied by many
researchers. Unit quaternions, since they enable rotational motion in three-dimensional
Euclidean space, have been widely used in mechanical engineering for spherical mechanisms,
in robotics, and in game simulations. The term "split quaternion” was defined by James
Cockle in 1849 [19-23].

2 2 2
e =-1¢6 =¢ =1
€€, =65, 66, =—€,6€ =€,

Thus, the quaternion q=0q,.1+q,e, +0d,&, +0,€, is referred to as a split quaternion. The
set formed by split quaternions is denoted by

H = {0y 1+ 08, + 0,8, + 08, 18] =—1 € =€ =eee, =1, G,,,,0,,0 € IR}
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A

The set of split quaternions H is expressed as q=S,+V, for each qeH. Let
q=0,-1+qe€ +0,e,+0.e, and p=p,.1+ pe + p,e, + p,&; be two split quaternions. In this
case, the sum, conjugate, quaternion multiplication, norm, and inverse of split quaternions are
respectively:

q+p=(%+SJ+OQ+VJ,

g%, P=S,S, +{V,,\V )L +SV, +SV, +V, ALV,

lal = [1e] = laé — a7 —a2 +d],

B q
q'=—>,
ol

(4)

gqg=0.

Here, (,), and A, represent the Lorentzian inner product and the Lorentzian cross
product, respectively. I, =qx, §=0x, q=0; ¢/ —q;+0;, then, I, <0, I, >0 and 1,=0
represent the spacelike, timelike, and null split quaternions, respectively. If |g|| =1, then q is

referred to as a unit split quaternion. The vector part of any spacelike quaternion is a spacelike
vector. However, the vector part of any timelike quaternion can either be a timelike vector or
a spacelike vector.

(i) Let v be a unit spacelike vector, then every unit spacelike quaternion can be written in
the form p=sinhg+vcoshe.

(i) Let v be a unit spacelike vector, then each unit timelike split quaternion, whose vector
part is a spacelike vector, can be written as p =coshg+vsinhg.

(iii) Let v be a unit timelike vector, and each unit timelike split quaternion, whose vector part
is a timelike vector, can be written as P =C0S@+VSin@. Here, the unit vector V is the axis
of rotation, and ¢ is the angle of rotation [20-24].

Now, let's consider the unit timelike split quaternions that induce rotation in
Minkowski 3-space. Given q=d,.1+0,e +0,e, + 0.6, as a unit timelike split quaternion, the
matrix corresponding to the transformation

(ax vy a?) =R, (vq)j
IS given by

G +07 +0; +0; 20,0, —20,0,  —20,0, — 20,0,
Ry=| 20,0,+20,0, 0;—0;—0 +0; —20,0,—20,0, | [21-25].
20,0, -20,0, 20,0, 20,0, G5 —C; +0; —d;
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3. RESULTS AND DISCUSSION

In this section, the equations of the canal and tube surfaces K, (s,¢) and T, (s,¢) are

derived using timelike split quaternions with the help of the g-frame in Minkowski 3-space,
and some examples are provided.

Theorem 3.1. Let Q(s) be a regular spacelike curve with a timelike quasi normal, and the
projection vector k =(0,1,0) be a spacelike. Let Q(s) be the center curve of the canal
surface IZL(s,ga) and the unit timelike split quaternion with a spacelike vector part be
Q,(s,¢)=coshp—sinhgt(s). Considering the split quaternion Q,(s,¢)x, b, (s), the
parametric equation of the canal surface is given by

K. (s,0)=Q(s)—r(s)r'(s)t(s)£r(s)y1-r?(s) Q. (s.@)x_b,(s) (5)
where {t(s),n,(s).b,(s)} is the g-frame of the curve «(s) in the 3-dimensional
Minkowski space. Moreover, the expression of the canal surface K(s,¢) under homothetic

motion, using the rotation matrix R, corresponding to the unit timelike split quaternion
Q, (s,¢) with a spacelike vector part, is given by

R (5.0)=7(s) + o(5)Ry b, () ©)

where y(s)=Q(s)-r(s)r'(s)t(s), o(s)==r(s)y1-r*(s) and b,(s) are the quasi-

binormal of the curve Q(s).

Proof: Let unit timelike split quaternions with a spacelike vector part
Q. (s,¢)=coshp—sinhgt(s) and b, (s) be the pure quasi binormal vector of the regular

spacelike curve Q(s). Then, the split quaternion product of the quaternions Q,(s,¢) and
b, (s) Yields (4), from which Q,(s,¢)x b, (s)=sinhn,(s)+cosheb,(s) is obtained.
Considering equation (1), the canal surface (5) and equation (3) lead to the derivation of (6).

Corollary 3.2. Let T (s,¢) be a tube surface and ©(s) be the regular spacelike center curve
of this tube surface. Then, the unit timelike split quaternion with spacelike vector part
Q. (s,9) =coshp—sinhgt(s) and {t(s),nq(s),bq(s)} be the g-frame of the curvature
Q(s)in Minkowski 3-space. Thus, the parametric equation of the tube surface and its
representation under homothetic motion using the split quaternion product Q, (s,¢)x, b, (s)
are given by

T (5,0)=Q(s)+r(Q, (5.9) %, b, (5))

T, (5.0) =Q(s)+ 1R, b, (s)
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Here, Q(s) is the translation vector of the homothetic motion, the denotation r is the
homothetic scale, and R, is the orthogonal matrix. To calculate the Gaussian and mean
curvatures of the canal and tube surfaces given above, we state the following lemma.

b

g

Lemma 3.3. Let {t(s) n, (s)

N, (S)} be the g-frame of the regular spacelike curve Q(s)
considered in the space E;. Let Q(s) be the central curve of the tube surface 'fL(s,go) and

Q (s,(p) =cosh @ —sinh got(s) is a unit timelike split quaternion with a spacelike vector part.

Then, the first- and the second-order partial derivatives of the split quaternion product
Q,(s,¢)x_b,(s) for the parameters s and ¢ are given as

i %(Ql(s,(p)xL b, (5)) = Qs (5:0) . b, (5)+Q, (5,)x, by (5) = (cosh gb{ (5) +sinh o (5))
i %(Ql(w)& b, (5))=(Q,, (s:#)x, by (s)) = (coshn, (s)+sinh ¢, (s))

1) 2 (0,(5.0)% b, (5)) =(Qus (5:0)%, b, (5) 29, (5,0}, b (5) + @ (5,0}, b (5)) =sinh o () + cosh o (5)

iv) %(%(Ql (s.@)x. b, (s))j =(Qus, (5:0)x, by (5))+(Q, (3.0)x, b} (s)) =sinh b (s)+cosh on; (s)
v) ;—(;Z(Q1 (5:0)%, by (3)) =(Qu (5:0) %, by (5)) = (coshp—sinh gt (s))x, b, (s)=coshgb, (s)+sinhgn, (s)

Proof: i) Let the unit timelike split quaternion Q, (s,¢)=coshg—sinhet(s) and b, (s) with
a spacelike vector part be pure quasi binormal vector. Then, when the split quaternion product
of the quaternions Q. (s, ), b,(s) and Q. (s,9), b; (s) is used by considering equation (4),
it is observed that

(le(s,go)xl_ bq(s))z—kzsinh @ —k, sinh gt (s) ©)
(Q.(s.9) %, by (s)) =k, sinh @+ cosh gy (s) +k;sinh b, (s) (8)
By adding the corresponding sides of equations (7) and (8),
(Qu (5:0) %, by (5)+Q (5,90)x, b} (5))=coshgb; (s)+sinhen; (s)
is obtained. The others are similarly obtained.

Lemma 3.4. Let the regular spacelike curve Q(s) considered in the space E; be the central
curve of the tube surface T_(s,¢). Then let the g-frame of the unit timelike split quaternion

with spacelike vector part Q,(s,¢)=coshp-sinhgt(s) and the curve Q(s) be
{t(s), N, (5).b, (s)} . Thus, the normal of the tube surface T, (s, ) is

1, (5:0) =~(Quu (5.9). b, (5)) =(~cosh b, (5) ~sinh pn, (5))
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The coefficients of the first fundamental form are
E, = (1—rk, cosh @ —rk; sinh (0)2 —r’k;, F,=-r’k,;, G, =-r?
and the coefficients of the second form are as
=—(k,sinhp+k, cosh o) (1-r (k, sinh p+k, cosh ) ) —rkZ, M, =—rk;, N, =—r 9)

Similarly, the normal of the canal surface, the coefficients of the first and second basic
forms can be calculated by taking into account Lemma 3.3.

Theorem 3.5. Let the regular spacelike curve Q(s) considered in the space E be the central
curve of the tube surface T, (s,¢). Then, let the g-frame of the unit timelike split quaternion

with spacelike vector part Q,(s,¢)=coshg—sinhgt(s) and the curve Q(s) be

{t(s), n, (s).b, (S)} . The Gaussian and mean curvatures of the tube surface T, (s,¢) are

Q 2P -1
a P Y 2rP

respectively, where P =(1-r(k, coshp+k;sinh¢)) and Q = (k, coshp+k,sinhg).

Theorem 3.6. The surface T, (s,¢) has the relation

H :E(LL Krj
2\r

between its Gaussian curvature K, and the mean curvature H, . Additionally, the principal
curvatures p, and p, are

p=H-vH?*-K =Kr

:H+\/HT=%

The second Gauss curvature K, of the tube surface T, (s,¢) can be represented as
- 3 .
K, Zv s)cosh' @+ > w, (s)cosh! psinh ¢
T r?pQ? Q =0

Here, the coefficients v, (i =0,1,2,3,4) and w, (j =0,1,2,3) are given by
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V, =’k +2r°k2k? —%rkf,

o)

—12r°k’k? — 2r°k; + ;rk§+%rkfj,

we(-
( g k3——r kszj
= ('

rPkA +r k4+10rkk)

(2
( ~4r’k’k, + = rklkzj,

W2=( rekk; — 3 2k‘"*—lrkj
2 2

w; = (4r°k’k, +4r°k k3 ).

W, =| Sr2k? - r’kk? + ; kzj,

The equation

rZPZQZ

4 3
D m;(s)cosh' @+ > n;(s)cosh’ psinhe
i=0

j=0
is obtained from equation (9). Here,

m, =—r’k’ +r'k!, m =6r°k’k,, m, =r’k> +r’k’ —6r'k’kZ - 2r'k;, m, =-2r%; —6r’k’k,
m, =r'k; +6r'k’k: +r'k}, n, =2r’k?, n =2r’kk, —4r'k’k,, n, =—6r’k k2 —2r°k?, n, = 4r'k ks +4r'k’k,.

Theorem 3.7. Let Q(s) be a regular timelike curve and the projection vector k =(0,1,0) be
spacelike. Then central curve of the canal surface K _(s,¢) is Q(s) and the unit timelike
split quaternion with a timelike vector part is Q,(s,¢)=cosg—singt(s). Considering the
split quaternion Q, (s,@)x_n,(s), the parametric equation of the canal surface and its
expression under homothetic motion is

K. (s,0)=Q(s)+r(s)r'(s)t(s)xr(s)y1+r?(s) Q(s.@)x n,(s). (10)
K (s,0)=7.(s)+0,(s)Ry, N, (5) (11)

Here, 7, (s) , o,(s)==r(s)\1+r"*(s) and n,(s) are the quasi principal normal of
the curve Q(s).
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Proof: Let Q,(s,¢)=cosg—singt(s) be the unit timelike split quaternion with a timelike
vector partand n, (s) be the pure quasi-normal vector of the regular spacelike curve Q(s). If
the split quaternion product of quaternions Q,(s,¢) and n,(s) is substituted into (4), it
follows that Q, (s,¢)xn,(s)=cosen,(s)+singb,(s). Considering Equation (2), the canal
surface given in (10) is obtained. On the other hand, considering the translation vector,
homothetic scale, and orthogonal matrix of the homothetic motion in Equation (3) as y,(s),

o, (s)=r(s)y1+r"*(s) and R, , respectively, Equation (11) is obtained.

Corollary 3.8. Let T, (s,0) be a tube surface and ©(s) be the regular timelike central curve

of this tube surface. Then, let the unit timelike split quaternion with a timelike vector part be
Q,(s,¢)=cosp—singt(s). Using the split quaternion product Q,(s,¢)x, n,(s), the
parametric equation of the tube surface and its expression under homothetic motion are

T (s,0)=0Q(s)+ r(Q2 (s,9)%, 1, (s)) ,
T (s.0)=Q(s)+rR,n,(s)

Here, the denotation Q('s) is the translation vector of the homothetic motion, I is the
homothetic scalar, and R, is the orthogonal matrix.

Lemma 3.9. Let the g-frame of the regular timelike curve Q('s) considered in the space E;

be {t(s), n,(s).b, (s)}. Then, the central curve of the tube surface T, (s, ) is ©(s) and the
unit timelike split quaternion with a timelike vector part is Q, (s,¢)=cosg—singt(s). Thus,
the first-order partial derivatives of the product for the split quaternion Q, (s,¢)x_n,(s) are

i) %(Q2 (5:0)% Ny (5)) = Qu (5,0) %, N (3)+Q, (5,00) %, N (5) =(cosen; (s)+sineb (s))
i) %(QZ(S,(/))XL Ny (5))=Q, (5.0)x, N, (s)=(-singn, (s)+coseb, (s))

iii) 8‘9_:2((;)2 (5,0)%, 1, (5)) = Qs (5.0) %, Ny (8)+2Qu (5,0) %, 1, (5)+Q, (5,00) %, 12 (5) = Cospny (5)+sin by ()
) 2 2(Qu(50)5 1 (5) | =(@un (505 (5) Qa5 7 5)) = ~sing 5) - cosiy 5

S
2

) Ga_goz(Qz(S’q))xL N, (8)) = Qup (5:9) % N, (s)=—cos N, (5)—sin b, (5)

Proof: i) Let Q,(s,¢)=cosp—singt(s) and n,(s) be the unit timelike split quaternion with
a timelike vector part, and the curve Q(s) be the pure quasi-normal vector. In this case, by
considering equation (4),

Qu (s.9)x, N, (s) =k sinp+k,singt(s) (12)
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Q,(s,@)x N, (s)=k,sinp+cosen, (s)—k;sinen,(s) (13)
are obtained. It follows from equations (12) and (13) that
Qu (5,2) % N, (5)+Q, (s,90)x, N, (s)=cosen, (s)+sineb; (s).
The others can be observed similarly.

Lemma 3.10. Let the regular timelike curve Q(s) considered in the space E’ be the central
curve of the tube surface T, (s,9). Then let the unit timelike split quaternion with a timelike
vector part Q,(s,¢)=cosg—singt(s) and {t(s), n,(s).b, (s)} be the g-frame of the curve

Q(s), and n,(s) be the quasi principal normal vector of the curve Q(s). Thus, the unit
normal vector of the tube surface T, (s,p) is

,(5:0) ==(Qu % 1y (5)) = (sin b, (5) + cos o, (s))
the coefficients of the first fundamental form are

E, = —(1+rk cosp+rk,sin o) +rk, F,=rk;, G, =r’

and the coefficients of the second fundamental form are
L, =(k cosp+k,sing)(1+r(k cosg+k,sing))—rk, M, =—rk,, N, =—r (14)

Theorem 3.11. The regular timelike curve Q(s) considered in the space E’ is the central
curve of the tube surface 'fL (s,(p). Then, let the unit timelike split quaternion with a timelike
vector part Q, (s,p)=cosg—singt(s) and {t(s), n,(s),b,(s)} be the g-frame of the curve
Q(s)and n,(s) be the quasi-principal normal of the curve Q(s). Thus, the Gauss and the
mean curvature of the tube surface T, (s,p) are

Q 2¥ -1

K,=—, H, =-
S o 2rv

respectively, where ¥ = (1+rk, cosg+rk,sing) and Q= (k, cosg+Kk,sing).

Theorem 3.12. The surface T, (s,¢) has the relation

H :—l(l+ Kr]
2\r
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between the Gauss curvature K, and the mean curvature H . Moreover, the principal
curvatures p, and p, are given by

=H-JH2-K =-
p,=H+vH?*- =—%.

The second Gauss curvature K, of the tube surface T, (s,¢) can be represented as

3
i i
K, = rro? [Z p; (s)cos (p+jz;‘rj(s)cos ¢Sln(/)].
Here, the coefficients p,(i=0,1,2,3,4) and r,(j=0,1,2,3) are given by

p, = —r’k; —%rkz2 —%rkf,

P, :—%rzk kZ,

p, = 2r°k; —%rkl2 —6r°k’k? +%rk22,
P, =—gr2k13 +%r2klk22

p, = 6r°k’kZ —r’k! —r’k;,

=T ks,

3 1
I, =-4r’kk, —Erklkz,
I, = 9rzk K, +3r 2k,

r, =4r k1k23 —4r® k1 K,.

4 3
r’P?Q* =>t,(s)cos' g+ Y u,(s)cos’ psing
i=0 =0

is obtained from equation (14). Here,

t, = r’k; +rk;,

t, =6r’kk’,

t, = r’k} —r’k? +6r*k’k: —2r'k;,
t, = 2r°k’ —6r’kk?

t, = r'k' +r'k; —6r'k’k?,
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u, = 2r°k;,
u, = 4r'kkS + 2r’kk,,
u, = 6r’k’k, —2r°k;,
u, = 4r'k’k, —4r*kk;.
Example 1. The g-frame for a regular spacelike curve with a spacelike binormal

Q(s)= (%COS s,%sin s,O] and a spacelike projection vector k =(0,1,0) is obtained as

t(s)=(-sins,coss,0), n,(s)=(0,0,1), b,(s)=(-coss,-sins,0).

Therefore, the matrix R,  corresponding to the unit quaternion
Q. (s,¢)=coshp—sinhgt(s) is

—cosh 2¢pcoss —sinh? psin 2ssin s
Ro, = sinh? psin 2scoss—sin's
—sinh 2¢

Thus, based on Corollary (3.2), the tube surface is

T (s.9)= (%cos s,%sin s,0j+ r(—cosh 2¢c0s s —sinh? psin 2ssin s, sinh? gsin 2scos s —sin s, —sinh 2¢ )

Considered r =1, and the tube surface illustrated in Figure 1 is obtained.

—-1.0

1.0

Figure 1. The tube surface around the spacelike curve in Example 1.

Example 2. The g-frame for the regular timelike curve Q(s)=(3sins,3coss,5s) and the
spacelike projection vector k(t)=(0,1,0) is
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=(3sins,3c0ss,55)+

ISSN: 1844 — 9581

t(s)= (Ecos s,—Esin s§j
4 4 4

3c0ss j

5
n(s)=|- ,0,—
+(5) ( \J25-9c0s’s \J25-9c0s’s

b(s)—[— 9sinscoss 25-9cos’s  15sins J
! 4\25-9cos’s 4/25-9c0os’ s 44/25-9c0s’ s

Therefore, the matrix R, for the unit quaternion Q, (s,¢)=cosg—sinpt(s) is

cos? i Y in? 500 2 sin? osin2 _3inssingg_ 15 .,
p+gsin’y 25N 2p+sin” psin 2s 4 Sinssin2p—=rcosssin® g

5 . 9 ., . 15 . I 3 .
——s8in2p——sin“ psin 2s 1 —sinssin“ @ +—co0sssin 2
AT S 8 P77 ¢

Esin2 coss—§sinssin2 —§cosssin2 +Esinssin2 cos? —gsin2 cosZs—gsin2
g 7 4 ? 2 78 ¢ T 16

Thus, based on Corollary (3.8), the tube surface is
T (5.0)=0(s)+ 1Ry, (5)

—80¢c0s? p—170sin? p+365in $c0s $sin 2¢+90cos? ssin’ g,
100sin 2+ 45sin? psin 2s —90sin scos ssin’ @ —36 cos® ssin 2¢,

r
164/25-9c0s* s

150sin?  cos s +60sin $sin 2¢ — 48¢0s sc0s” @+ 27sin? €O 25C0S $ + 758N p COS S

Consider r =16, and the tube surface illustrated in Figure 2 is obtained.

60

40

20

-10 <

Figure 2. The tube surface over the timelike curve in Example 2.
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4. CONCLUSION

In this study, a new perspective was introduced by utilizing the split quaternion
representation to construct canal and tube surfaces in Minkowski 3-space using the g-frame.
Canal and tube surfaces are widely used in fields such as medicine, engineering, and design.
Therefore, it is expected that the results obtained in this study will make a significant
contribution to the literature.
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