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Abstract. In this study, the generalized offset curve of the pseudo-null curve is defined 

in terms of the vector elements of the original curve by using Serret Frenet and Bishop 

frames. The generalized curves are analyzed with a more precise approximation by using the 

  neighborhood approach. This method allows for the examination of variations in arc 

length and curvatures between the generalized offset curves and the original pseudo-null 

curves, using the Serret Frenet and Bishop parameters. In conclusion, illustrative examples 

are presented. 

Keywords: Minkowski space; generalized offset curves; pseudo null curves; arc length 

variation; torsion variation. 

 

 

1. INTRODUCTION 

 

 

The representation of curves and surfaces in two- and three- dimensional spaces 

establishes a fundamental problem for computer-aided design (CAD)/computer-aided 

manufacturing (CAM) and computer graphics. Several approaches have been put to address 

this issue, focusing on both closed and non-closed parametric representations. One such 

approach is using offsets of curves and surfaces, defined as a geometric operation extending 

an object to a similar object along a specific dimension [1-5]. 

The calculation of a curve or surface at a fixed distance from a curve or surface is also 

applied in geometric modeling applications. Offset curves and surfaces are used to represent 

the formation of a solid body skeleton or to define its properties through the central axis [6-8]. 

It is established that offset curves and surfaces are employed in model-based manipulation 

systems to address the collision avoidance challenge posed by a rigid body's movement 

between polyhedral objects. In addition to the safe path planning of a rigid body in the plane, 

offset curves and surfaces are also considered in algorithms for collision-free space 

representations of unmanned aerial vehicles in space [9-11]. 

Physics and engineering applications require variational calculus to find a ground in 

the mathematical explanation. The calculus of variations is a mathematical field that extends 

the problem of finding extrema (maximum or minimum values) of functions of several 

variables to the determination of extrema of functionals. This calculus, forming the 

foundation of numerous contemporary mathematical physics theories, is employed to both 

generate intriguing differential equations and substantiate the existence of solutions in 

instances where the solution cannot be derived analytically [12-14]. 

Minkowski space geometry is a branch of geometry that provides theoretical models 

for Einstein's relativity theory. Especially, Minkowski 4-space has a very strong physical 
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background for this theory. In particular, variational calculations from classical mechanics, 

where the principle of least action is analyzed, to quantum mechanics and general relativity 

are also based on Minkowski space [15-17]. For example, Feynman developed the “many 

paths” assumption for the motion of a quantum particle in the space-time continuum with 

variational principles and Minkowski space [18]. 

The study by Bulut and Çalışkan [19] provides motivation for defining the generalized 

offset curve of the pseudo null curve in terms of the   neighborhood approach via S.Frenet 

and Bishop frames. Variations of arc length and curvatures between pseudo null curves and 

their generalized offset curves are analyzed in terms of both S. Frenet as well as Bishop 

frames. The findings of our study are anticipated to offer theoretical insights that will 

contribute to the ongoing discourse on parallel curves, pseudo-null curves, and also null 

Cartan curves [20-23]. Furthermore, the objective is to provide a novel perspective for studies 

within the scope of the Principle of Least Action, where variational studies are conducted 

based on Minkowski space.  

 

 

2. PRELIMINARIES 

 

 

The three-dimensional Lorentz-Minkowski space   
  (      ) is a real vector 

space provided with the following metric,  

 

〈   〉                         (        )   (        )          
    

 

The metric symbol “   ” is referred to as the Lorentzian metric [24]. In the case 

where     
 , the norm of a vector   is given by | |  √|〈   〉|. A vector   is defined as a 

unit vector if its length is equal to 1, i.e. | |   . 

A vector   has three distinct causal characters, namely, spacelike if 〈   〉    or        

     timelike if 〈   〉    and lightlike if 〈   〉            [25]. 

Let the curve  ( ) be a unit speed curve in Minkowski 3-space. If   ( ) is a spacelike, 

timelike, and lightlike, then  ( ) is spacelike, timelike, and lightlike at  , respectively [26]. 

A spacelike curve       
  is defined as a pseudo-null curve if the principal normal 

vector field   and binormal vector field   are null vector fields that satisfy the condition 

〈   〉   . The Frenet formula of a non-geodesic pseudo-null curve according to arc length 

parameter  , is given by: 

 

[
  

  

  
]  [

   
   

    
] [

 
 
 

]    (1) 

 

where       being the unit tangent vector, the unit normal vector, and the unit binormal 

vector, respectively, and also the curvature  ( )    and the torsion  ( ) of a pseudo-null 

curve  ( ) is an arbitrary function of  . The Frenet vector fields also satisfy the following 

equations [27]; 

 

〈   〉    〈   〉  〈   〉     
〈   〉  〈   〉    〈   〉     

and                  

                    (2) 
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The Bishop {        } and Frenet {     } frames of the pseudo-null curve  ( ) 

are related by: 

i.  

[
  

  

  

]  [
   
      
    

] [
 
 
 

]    (3) 

 

and the derivative formulas corresponding to the Bishop frame, 

 

[

  
 

  
 

  
 
]  [

     

     
     

] [
  

  

  

]    (4) 

 

where   ( )    and   ( )     
∫  ( )        

 ; 

 

ii.  

[
  

  

  

]  [

    
     

       
] [

 
 
 

]    (5) 

 

and the derivative formulas via Bishop parameters, 

 

[

  
 

  
 

  
 
]  [

     

     
     

] [
  

  

  

]    (6) 

 

where   ( )     
∫  ( )        

  and   ( )  0. 

 

The Bishop’s vectors also satisfy the equations below [27], 

 

〈     〉    〈     〉  〈     〉     
〈     〉  〈     〉    〈     〉      

(7) 

 

 

3. GENERALIZED OFFSET CURVES OF PSEUDO NULL CURVES AND THEIR 

VARIATIONS 

 

 

The generalized offset curve   ( ) of a pseudo-null parametric curve  ( ) with a 

variable offset distance and offset direction are defined as   

 

  ( )   ( )    ( )    ( )    ( )   (8) 

 

such as   ( ),   ( ) and   ( ) are the functions of the arc length parameter  . The offset 

direction and the offset distance are determined by   ( )    ( )    ( ) .  

The generalized offset curve can also be defined as using Blaschke’s relation [28], 

 

  ( )   ( )     ( )     ( )     ( )    
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where   ( )     ( )   ( )     ( ) and    ( )     ( ). The offset distance is 

represented as  √|  ( )
    ( )

    ( )
 |.  

 

The parametric derivatives of   ( ) becomes by the Frenet formula (1) as follows; 

 

  
       [(  

 
   )   (     

 
    )  (  

 
    ) ]    

 

This equation can be written as  

 

  
     (        )  (9) 

 

where   (  

 
   )       (     

 
    ),    (  

 
    ) and thus,  

 

   
       [(    )  (       )  (     ) ]   (10) 

 

The conditions for the generalized offset curve   ( ) being a pseudo-null curve; 

i.     (
    

√  
)
 
 

ii.   (    )    (            )(     )    

iii.  (    )     (      )     
 

Let the Frenet vector field {        } belong to generalized offset pseudo null curve 

  ( ), then the unit tangent vector    becomes by (9) and  

 

|  
 |  √|〈  

    
 〉|  √|(    )       |    

      (        )   
(11) 

 

By using the relation    ( )     
  ( ), the unit normal vector    takes the following 

form; 

 

      [(    )  (       )  (     ) ]   (12) 

 

Finally, let the unit binormal vector    be represented as            . The 

relations 

             

     〈     〉     
should be solved for the coefficients         :  

 

i.        (           )  ((    )         ) 

   (         )  (       (     ))  (  (     )      )  

            , 

 

and thus, the following relations are obtained: 

 

  (    )                                       (13) 

 

ii. 〈     〉  〈((      ) (            ) (       )) (        )〉 
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                          (      )   (       )   (            )    

since 〈     〉     
 

(      )   (       )   (            )       (14) 

 

From (13) and (14); the coefficients          are respectively; 

 

   
      

    (                 )    (              )
  

   
   

    (                 )    (              )
  

and  

   
      

    (                 )    (              )
  

 

Therefore, the unit binormal vector    are found as 

 

   (
      

    (                 )    (              )
)    

             (
   

    (                 )    (              )
)   

                  (
      

    (                 )    (              )
)    

 

(15) 

 

3.1. THE ARC LENGTH VARIATION OF GENERALIZED OFFSET CURVES  

 

 

 Let the curve  ( ) be a pseudo-null curve. Hence, it's a generalized offset   ( ) is 

given as follows 

 

                       (16) 

 

where   is the function of the arc length parameter  , and also     ( )   
 

Let   ( ) be expanded to the series according to    

 

   ∫ √|  
  |  

  

  

  (17) 

 

and this expansion is demonstrated as a linear term   , we obtain 

 

            

 

Thus, the increment    is said as the first variation of the arc length   and is defined as 
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By the relations (1) and (16), the first parametric derivative of  ( ) can be determined 

by  

 

   (  
    )  (     

     )  (  
     )    (18) 

 

From the differentiation of the generalized offset curve   ( ), we have 

 

  
  (   )         

  
                 

(19) 

 

When the second-degree terms to   is eliminated, the equation (19) can be written as 

 

  
   (      )    (20) 

 

From Equations (17) and (20), we reach 

 

   ∫              

  

  

∫         

  

  

   

 

and also after some computations by using   ( )    and the equation (18) 

 

     ∫(  
    )     [  ]  

   ∫      

  

  

  

  

 

we find  

   [  ]  
   ∫      

  

  

 

 

which leads to the first variation of arc length  . The increment    turns into  

 

    ∫      

  

  

 

 

for the common boundary points   (  )    and   (  )   . If     is taken instead of   , we 

have 

            ∫      

  

  

 

 

 

3.2. THE TORSION VARIATION OF THE GENERALIZED OFFSET CURVES  

 

 

The torsion    of the generalized offset curve    is expressed as    〈  
    〉. By 

equation (12), we obtain  
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  (             )  (                                  ) 

 (                    )   
 

Then, using the vector   
  and Eq. (15), we reach the torsion   , 

 

   

     (                                                )  

  (                                                            )

(    (                 )    (              ))
 

 

 

Furthermore first variation of the torsion is calculated according to   approximation as  

follows; 

 

   
 (                                                    )

    (                 )
  

 

 

3.3. APPLICATIONS 

 

 

E.g. 3.1. Let  ( )  (√    
 

√ 
 √    

 

√ 
    ) be a pseudo-null curve with the 

following Serret-Frenet frame, 

 

 ( )  ( √   
 

√ 
  √   

 

√ 
   ),      ( )  ( √   √   ), 

 ( )  ( √    
 

√ 
 

 

 √ 
  √    

 

√ 
 

 

 √ 
      

 

 
). 

 

Then the generalized offset curves with the different offset distances, 
 

a)   For the offset distances     
 

 
                       

 

   ( )  ( 
 

√ 
 

  

 √ 
  

 

√ 
 

  

 √ 
    

  

 
)  

 

b)    For the offset distances             
 

 
                

 

   ( )  (  √    
  

√ 
    √    

 

√ 
  √          )  

 

c)     For the offset distances    √                           
 

   ( )  (              √    
 

 
) 

 

are obtained, and the relationship between these curves is plotted in Fig. 3.1. 

E.g. 3.2. Let  ( )  (              ) be a pseudo-null curve with the following 

Serret-Frenet frame, 
 

 ( )  (            ),    ( )  (            ),    ( )  (
       

          
        

      ). 
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Figure 3.1. The original curve   (blue) and its generalized offset curves     ,     and     for different 

offset distances (red, green and purple, respectively). 
 

 

Then the generalized offset curves for the different offset distances are displayed as 

follows; 
 

a)   For the offset distances     
 

 
        

 

 
                   

 

    ( )  (                 
 

 
         )  

 

b)    For the offset distances                                        
 

   ( )  (                              )  
 

c)     For the offset distances                                 
 

   ( )  (                            )  
 

 
Figure 3.2. The original curve   (blue) and its generalized offset curves     ,     and     for different 

offset distances (red, green and purple, respectively). 
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4. GENERALIZED OFFSET CURVES OF PSEUDO NULL CURVES VIA BISHOP 

FRAME AND THEIR VARIATIONS 

 

 

The generalized offset curve   ( ) of a pseudo-null curve  ( ) via the Bishop frame 

is defined as   

 

  ( )   ( )    ( )     ( )     ( )    (21) 

 

The offset direction is determined via   ( )     ( )     ( )  . The generalized 

offset curve can also be defined by using Blaschke’s relation, 

 

                       ( )   ( )     ( )      ( )      ( )    

 

where   ( )     ( )   ( )     ( ) and    ( )     ( ). The offset distance is 

represented as  √|  ( )
    ( )

    ( )
 |. 

 

There are two cases arising from the Bishop frame of pseudo null curves: 

 

Case 1. From equations (3), (4), and (21), we get  

 

                           
         [  

 
   (       

 
)   (  

 
     )  ]    

 

The rearrangement of this equation gives 

 

  
      (           )  (22) 

 

where     

 
      (       

 
),    (  

 
     ) and thus,  

 

    
          [(      )   (      )       ]   (23) 

 

The conditions for the generalized offset curve   ( ) to be a pseudo-null curve by 

using the Bishop frame; 

i.     (
    

√  
)
 

 

ii.    (      )
      (           )                           

iii.    
           

Given that {   
    

    
} is the Bishop frame  of   ( ). Then the relationship between 

the Bishop frame {   
    

    
} and the Frenet frame {        } of the curve   ( ) becomes  

 

[

   

   

   

]  [

   
      

 

     

] [
  

  

  

]    (24) 

 

The unit tangent vector    
 of the curve   ( ) comes from (22), (24), and 
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|  
 |  √|〈  

    
 〉|  √|(    )       |   , 

 
   

     (           )   

 

The vector    
( ) becomes by (23) and (24)  

 

   
 

 

   

[      ((      )   (      )       )]  

 

The vector    
( ) is obtained by equation (24) 

 

   
    

(            
  

  
  )    

 

where    
    

∫  ( )   and   ( )     
∫  ( )        

 . 

 

Case 2. The differentiation of   ( ) occurs  

 

                             
        [(  

 
     )      

 
   (       

 
)  ]   

 

by using (5) and (6). This equation can be rearrange, 

 

  
       (           )  (25) 

 

becomes, where   (  

 
     )         

 
,    (       

 
) and thus,  

 

    
          [(      )        (      )  ]   (26) 

The conditions for the generalized offset curve   ( ) to be a pseudo-null curve by 

using the Bishop frame are listed: 

i.     (
    

√  
)
 
 

ii.   (      )
      (           )    

iii.   
           

 

Given that {   
    

    
} be the Bishop frame  of the generalized offset   ( ). Then 

the relation between the Bishop frame {   
    

    
} and the Frenet frame {        } appears 

 

[

   

   

   

]  [

    
      

       
 

] [
  

  

  

]    (27) 

 

Here the unit tangent vector    
 comes from (25), (27), and  

 

 |  
 |  √|〈  

    
 〉|  √|(    )       |     

 
   

     (           )   
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The vector    
( ) becomes by equation (27)  

 

   
     

(     
  

  
         )     

 

The vector    
( ) is, by (26) and (27), found 

 

   
  

 

   

[       ((      )        (      )  )]  

 

where    
    

∫   ( )   and   ( )     
∫  ( )        

 . 

 

 

4.1. THE ARC LENGTH VARIATION OF GENERALIZED OFFSET CURVES  

 

 

The generalized offset curve   ( ) is given 

 

                          (28) 

 

where      
 
( ). There are two cases for the arc length variations: 

 

Case 1. From (4) and (28), we have 

 

  
  (  

      )   (       
 )     

      (29) 

 

We have the following equation by  Eq. (17) and   
  

 (      
 )  

 

   ∫       
        

  

  

∫     
     

  

  

   

 

After some computations 

 

     ∫(  
      )     [  ]  

   ∫        

  

  

  

  

 

 

is obtained, which leads to the first variation of arc length  

 

   [  ]  
   ∫        

  

  

 

 

For the common boundary points, the first variation turns into  
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    ∫        

  

  

 

 

If    is taken instead of the offset distance   , we obtain 

 

    ∫        

  

  

  

Case 2. Differentiating the vector   ( ) according to formula (6) appears as  

 

  
  (  

      )     
    (       

 )     

 

In a similar methodology to that in Case 1, we get the following expressions 

 

     ∫(  
      )     [  ]  

   ∫        

  

  

  

  

 

and 

    [  ]  
   ∫        

  

  

 

The increment    turns into,  

 

   ∫        

  

  

 

 

in the conditions for the boundary points to be zero.  However,     is taken instead of the 

offset distance   , we get 

          ∫         

  

  

 

 

 

4.2. THE BISHOP CURVATURES VARIATIONS OF GENERALIZED OFFSET CURVES  

 

 

 We take the Bishop curvatures and variations of the generalized offset curve    into  

consideration as in the following cases:  

 

Case 1. 

       
       

∫   ( )       
∫ ( )        

  

      ( 
∫   ( )     ∫ ( )  )  

Case 2. 

       
       

∫   ( )       
∫  ( )        

  

      ( 
∫   ( )     ∫  ( )  )  
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4.3. APPLICATIONS  
 

 

E.g. 4.1. Let  ( )  (√    
 

√ 
 √    

 

√ 
    ) be a pseudo-null curve. For the 

first case    vanishes, and then the Bishop frame fields and the curvature    are found as 

follows;  
 

  ( )  ( √   
 

√ 
  √   

 

√ 
   )         ( )  

 

  
( √   √   )  

  ( )    ( √    
 

√ 
 

 

 √ 
  √    

 

√ 
 

 

 √ 
      

 

 
)  and      ,        

 . 

 

For     √ , then the Bishop frame becomes specifically as, 

 

  ( )  ( √   
 

√ 
  √   

 

√ 
   )     ( )  (

 

 
 
 

 
 

 

 √ 
)  

 

  ( )  (                         √    √ )  
 

We find the generalized offset curves with different offset distances as follows; 

 

a)   For the offset distances     
 

 
                         

 

    ( )  (      
(    √ )

 √ 
        

(     √ )

 √ 
     √     √ )  

 

b)    For the offset distances     √                        
 

 
   

 

   ( )  (√    
( √   )

√ 
  

 

 
 √    

( √   )

√ 
  

 

 
 ( √   )   

 

√ 
)  

 

 
Figure 4.1. The original curve   (blue), and its generalized offset curves      and     for different offset 

distances (red and yellow, respectively). 
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E.g. 4.2. Let  ( )  (              ) be a pseudo-null curve. Due to     , the 

Bishop frame vectors and the curvature    are 

 

  ( )  (           )      ( )  
 

  

(       )    ( )    (
       

   
     

        

   
) 

 

and       
 ,        

 .   

 

For       , the vectors become as follows; 

 

  ( )  (           )      ( )  (
 

 
   

 

 
)        ( )  (                       )  

 

The generalized offset curves with different offset distances are obtained. 

 

a)   For the offset distances                            

 

    ( )  (                       )  
 

b)    For the offset distances                                 

 

   ( )  (                                  )  
 

 
Figure 4.2. The original curve   (blue), and its generalized offset curves      and     for different offset 

distances (red and yellow, respectively). 
 

 

5. CONCLUSIONS 

 

 

The work of Bulut and Çalışkan (2015) aims to enrich the idea of generalized offset 

curves and their variations in Minkowski-3 space. Therefore, generalized offset curves are 

studied for pseudo-null curves by the ϵ-neighborhood approach. In the study, the generalized 

version of pseudo-null curves is studied by two different frames: Frenet and Bishop. The 
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analysis of the pseudo curves by Frenet and Bishop parameters reveals interesting results in 

terms of the quantities characterizing the curves. The results about the variations of the arc 

length and the torsion of a pseudo-null curve in terms of the Frenet and Bishop parameters 

will make a theoretical contribution to differential geometry. Furthermore, it is anticipated 

that the variational results will provide a basis for developing new perspectives in the field of 

applied sciences. 

 

 

REFERENCES 

 

 

[1] Chen, X., Lin, Q., Journal of Applied Mathematics, 2014, 124240, 2014. 

[2] Do Carmo, M.P., Differential Geometry of Curves and Surfaces, Prentice-Hall Inc., 

Englewood Cliffs, New Jersey, 1976. 

[3] Kim, M.S., Park, E.J., Lim, S.B., Computer-Aided Design, 25, 684, 1993. 

[4] Kreyszig, E., Differential Geometry, Dover, New York, 1991. 

[5] Lin, Q., Rokne, J.G., Mathematical Computer Modelling, 26(7), 97, 1997. 

[6] Barnhill, R.E., Frost, T.M., Kersey, S.N., Geometry Processing for Design and 

Manufacturing, SIAM, Philadelphia, 1992. 

[7] Patrikalakis, N.M., Gursoy, H.N., Computer Aided and Computational Design, 1, 77, 

1990. 

[8] Wolter, F.E., Cut Locus and Medial Axis in Global Shape Interrogation and 

Representation, MIT Design Laboratory Memorandum 92-2, 1992. 

[9] Lee, I. K., Kim, M. S., Elber, G., Computer-Aided Design, 28(6), 617, 1996. 

[10] Seong, J.K., Elber, G., Kim, M.S., Computer-Aided Geometric Design, 29, 555, 2006. 

[11] Wallner, J., Sakkalis, T., Maekawa, T., Pottmann, H., Yu, G.,  International Journal of 

Shape Modeling, 7(1), 1, 2001. 

[12] Caratheodory, C., Calculus of Variations and Partial Differential Equations of First 

Order, AMS, Chelsea, 1999. 

[13] Cherkaev, A., Cherkaev, E., Calculus of Variations and Applications, Lecture Notes, 

University of Utah, Salt Lake City, 2003. 

[14] Montgomery, R., Notices of the AMS, 48(5), 471, 2001. 

[15] Gray, C. G., Taylor, E. F., American Journal of Physics, 75, 434, 2007. 

[16] Ho, V. B., International Journal of Physics, 6(2), 47, 2018. 

[17] Jackson, J. D., Classical Electrodynamics, Wiley, New York, 1999. 

[18] Feynman, R. P., Feynman's Thesis: The Principle of Least Action in Quantum 

Mechanics, World Scientific, Singapore, 2005. 

[19] Bulut, V., Çalışkan, A., Results in Mathematics, 67, 303, 2015. 

[20] Ekici, C., Körpınar, T., Ünlütürk, Y., Soft Computing, 27, 2159, 2023. 

[21] Karacan, M. K., Bükcü, B., Parallel (Offset) Curves in Lorentzian Plane, Erciyes 

Üniversitesi Fen Bilimleri Enstitüsü Dergisi, 24(1-2), 334, 2008. 

[22] Pottmann, H., General Offset Surfaces, Neural Parallel & Scientific Computations, 5, 

55, 1997. 

[23] Yüksel, N., Saltık, B., Damar, E., Parallel Curves in Minkowski 3-Space, GUFBD / 

GUJS, 12(2), 480, 2022. 



 A Variational Analysis of the Generalized Offset…  Ali Çalışkan et al. 

 

www.josa.ro Mathematics Section 

500 

[24] Lopez, R., International Electronic Journal of Geometry, 7(1), 44, 2014. 

[25] O’Neill, B., Semi-Riemannian Geometry: With Applications to Relativity, Academic 

Press, New York, 1983. 

[26] Coutu, I.T., Lymberopoulos, A., Introduction to Lorentz Geometry, Curves and Surfaces, 

CRC Press, New York, 2021. 

[27] Grbovic, M., Nesovic, E., Journal of Mathematical Analysis and Applications, 461(1), 

219, 2018. 

[28] Blaschke, W., Einfuhrung in die Differential Geometrie, Springer, Berlin, 1950. 

 

 


