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Abstract. In this study, the generalized offset curve of the pseudo-null curve is defined
in terms of the vector elements of the original curve by using Serret Frenet and Bishop
frames. The generalized curves are analyzed with a more precise approximation by using the
e —neighborhood approach. This method allows for the examination of variations in arc
length and curvatures between the generalized offset curves and the original pseudo-null
curves, using the Serret Frenet and Bishop parameters. In conclusion, illustrative examples
are presented.
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1. INTRODUCTION

The representation of curves and surfaces in two- and three- dimensional spaces
establishes a fundamental problem for computer-aided design (CAD)/computer-aided
manufacturing (CAM) and computer graphics. Several approaches have been put to address
this issue, focusing on both closed and non-closed parametric representations. One such
approach is using offsets of curves and surfaces, defined as a geometric operation extending
an object to a similar object along a specific dimension [1-5].

The calculation of a curve or surface at a fixed distance from a curve or surface is also
applied in geometric modeling applications. Offset curves and surfaces are used to represent
the formation of a solid body skeleton or to define its properties through the central axis [6-8].
It is established that offset curves and surfaces are employed in model-based manipulation
systems to address the collision avoidance challenge posed by a rigid body's movement
between polyhedral objects. In addition to the safe path planning of a rigid body in the plane,
offset curves and surfaces are also considered in algorithms for collision-free space
representations of unmanned aerial vehicles in space [9-11].

Physics and engineering applications require variational calculus to find a ground in
the mathematical explanation. The calculus of variations is a mathematical field that extends
the problem of finding extrema (maximum or minimum values) of functions of several
variables to the determination of extrema of functionals. This calculus, forming the
foundation of numerous contemporary mathematical physics theories, is employed to both
generate intriguing differential equations and substantiate the existence of solutions in
instances where the solution cannot be derived analytically [12-14].

Minkowski space geometry is a branch of geometry that provides theoretical models
for Einstein's relativity theory. Especially, Minkowski 4-space has a very strong physical
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background for this theory. In particular, variational calculations from classical mechanics,
where the principle of least action is analyzed, to quantum mechanics and general relativity
are also based on Minkowski space [15-17]. For example, Feynman developed the “many
paths” assumption for the motion of a quantum particle in the space-time continuum with
variational principles and Minkowski space [18].

The study by Bulut and Caliskan [19] provides motivation for defining the generalized
offset curve of the pseudo null curve in terms of the e —neighborhood approach via S.Frenet
and Bishop frames. Variations of arc length and curvatures between pseudo null curves and
their generalized offset curves are analyzed in terms of both S. Frenet as well as Bishop
frames. The findings of our study are anticipated to offer theoretical insights that will
contribute to the ongoing discourse on parallel curves, pseudo-null curves, and also null
Cartan curves [20-23]. Furthermore, the objective is to provide a novel perspective for studies
within the scope of the Principle of Least Action, where variational studies are conducted
based on Minkowski space.

2. PRELIMINARIES

The three-dimensional Lorentz-Minkowski space E; = (R3,<,>) is a real vector
space provided with the following metric,

(U, V) = uvy + UV, —UzV3, U = (Ug, Uy, U3), V = (V1,V,V3) U,V E E13 #

The metric symbol “<,>” is referred to as the Lorentzian metric [24]. In the case

where u € E3, the norm of a vector u is given by |u| = /|[{u, u)|. A vector u is defined as a
unit vector if its length is equal to 1, i.e. |u| = 1.

A vector u has three distinct causal characters, namely, spacelike if (u,u) > 0or
u = 0; timelike if (u, u) < 0 and lightlike if (u,u) = 0 oru # 0 [25].

Let the curve r(s) be a unit speed curve in Minkowski 3-space. If '(s) is a spacelike,
timelike, and lightlike, then r(s) is spacelike, timelike, and lightlike at s, respectively [26].

A spacelike curve r:1 — E3 is defined as a pseudo-null curve if the principal normal
vector field N and binormal vector field B are null vector fields that satisfy the condition
(N,B) = 1. The Frenet formula of a non-geodesic pseudo-null curve according to arc length
parameter s, is given by:

T' 0 x O01[T
N'|=|0 =t O|N| # 1)
B’ —x 0 tlLB

where T, N, B being the unit tangent vector, the unit normal vector, and the unit binormal
vector, respectively, and also the curvature x(s) = 1 and the torsion 7(s) of a pseudo-null
curve r(s) is an arbitrary function of s. The Frenet vector fields also satisfy the following
equations [27];

(T,T) =1,(N,N) =(B,B) =0,
(T,N)=(T,B)=0,(N,B) =1,
and
TxN=N, NxB=T, BXT=B.# 2)
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The Bishop {T4, N4, N} and Frenet {T, N, B} frames of the pseudo-null curve r(s)
are related by:
I.

T,9 (1 0 07T
Ni[=[0 1/k, ©f|n|,# )
N o 0o wllB

and the derivative formulas corresponding to the Bishop frame,

T, 1 k, k[T
N{| = [—Kl 0 Of|N|, # 4)
NZI _KZ 0 0 NZ
where k&, (s) = 0 and k,(s) = coe! 795 ¢, € RE:
ii.
T, -1 0 071rT
N, =10 0 —K1||N]|, # 5)
NZ 0 _1/K1 0 B
and the derivative formulas via Bishop parameters,
T1’ 1 Ky Kq T]_
N{ == [_Kl 0 0 Nl ,# (6)
NZI _Kz 0 0 NZ

where K, (s) = cpe/ 745 ¢, € Ry and K, (s) =0.
The Bishop’s vectors also satisfy the equations below [27],
<T11 Tl) = 1; (N1J Nl) = <N2; NZ) = 0) (7)
<T1, N]_) = (Tll Nz) = 0, (Nll Nz) = 1#

3. GENERALIZED OFFSET CURVES OF PSEUDO NULL CURVES AND THEIR
VARIATIONS

The generalized offset curve r.(s) of a pseudo-null parametric curve r(s) with a
variable offset distance and offset direction are defined as

r.(s) =r(s) +d,(s)T +d,(s)N + d;(s)B# (8)

such as d,(s), d,(s) and d5(s) are the functions of the arc length parameter s. The offset

direction and the offset distance are determined by d,(s)T + d,(s)N + d;(s)B.
The generalized offset curve can also be defined as using Blaschke’s relation [28],

1.(s) = r(s) + €d,(s)T + €d,(s)N + €ds(s)B, #
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where d; (s) = ed,(s), d,(s) = ed,(s) and ds(s) = ed5(s). The offset distance is
represented as e J |di ()2 + dy(s)% — d;(5)?|.

The parametric derivatives of r,(s) becomes by the Frenet formula (1) as follows;
r, = T+e[(H; —33)T+ (El +d, +EZT)N+ (3'3 —EST)B].#
This equation can be written as
r, =T+ e(aT + BN + yB)# 9)
where a = (E; — 33), B = (31 +d,+ EZT), y = (E; - 337) and thus,
' =N+e[(a —y)T+(a+ B +Bt)N+ (y —y1)Bl. # (10)
The conditions for the generalized offset curve r.(s) being a pseudo-null curve;

i ,3)/ > (1+ea)2

2€
ii. €2(a’'—y)+2e(ea+ef +epfr+1)(y —yr)=0
iii. a(ea +2)? + 2¢B(eay +2y) = 0.

Let the Frenet vector field {T,, N,, B,} belong to generalized offset pseudo null curve
1.(s), then the unit tangent vector T, becomes by (9) and

/] = VI, )] = V1A + ea)? + 2e2By| = 1 (11)
T, =T +€(aT + BN + yB). #

By using the relation N,(s) = r/(s), the unit normal vector N, takes the following
form;

N.,=N+e€[(a' =Y)T+(a@+ B +Pt)N+ (y' —yr)Bl. # (12)
Finally, let the unit binormal vector B, be represented as A,;T + A,N + A;B. The
relations
i. B, X T, =B,

ii. (N,,B,)=1
should be solved for the coefficients 4, 1,, A5:

i B,XT,= (4T 4+ 2,N + A3B) X ((ea + 1)T + €N + €yB)
= (A,ey — A43€B)T + (lleﬁ —A(ea+1 ))N + (A3(ea + 1) — A,ey)B
= /11T + /12N + A3B,
and thus, the following relations are obtained:

A (ea + 2) = A1€B and Ay = Aza. # (13)

ii. (N,,B,) = (((ea’ —ey),(ea+€B +eBt+ 1), (ey' — eyr)), (A1, A5, 43))
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=(ea' —ey)Ay + (ey' —eyt)A, + (ea + €B' + Bt + 1) A3 #
since (N,,B,) = 1,

(ea’" —ey)A + (ey —ey)A, + (ea+ B’ + efr+ 1)A; = 1. # (14)

From (13) and (14); the coefficients A,, 4,, A5 are respectively;

1= ea’ + 2a
L7 2y 4+ eQaa’ + 28"y + 2Byt + ay) + €2(a?a’ + aB'y + aBy’)’
1 = By
272y +eaa’ + 2By + 2Byt + ay) + €2(a?a’ + af'y + aBy’)
and
L = eay + 2y
372y +eaa’ + 2By + 2Byt + ay) + €2(a?a’ + af'y + aBy’)’
Therefore, the unit binormal vector B, are found as
B - ea’ + 2a -
T\ 2y + eaa’ + 28’y + 2Byt + ay) + €2(a?a’ + aB'y + aBfy’)
( By ) N+
2y + €eQaa’ + 2By + 2Byt + ay) + €2(a?a’ + af'y + afy’) (15)
( eay + 2y )B "
2y + €eQRaa’ + 2B’y + 2Byt + ay) + €?(a?a’ + af'y + aBy’))

3.1. THE ARC LENGTH VARIATION OF GENERALIZED OFFSET CURVES

Let the curve r(s) be a pseudo-null curve. Hence, it's a generalized offset r,(s) is
given as follows

rn=r+d,T+d,N+d;B=r+y# (16)
where y is the function of the arc length parameter s, and also y = €y(s).

Let . (s) be expanded to the series according to €

S2
S, = j f r;z ds # an
S1

and this expansion is demonstrated as a linear term §s, we obtain

S,=S+06s+ . #

Thus, the increment &s is said as the first variation of the arc length s and is defined as

S, —S

0s = €lim H

€—0 €
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By the relations (1) and (16), the first parametric derivative of y(s) can be determined
by

From the differentiation of the generalized offset curve r,(s), we have

n=0+y) =r+y,
2 =r 4 2ry 4

(19)
When the second-degree terms to € is eliminated, the equation (19) can be written as
=01+ 'y # (20)

From Equations (17) and (20), we reach

S2 Sy
S*=J1+r’y’ds+...=S+fr’y’ds+...'#
S1 S1

and also after some computations by using r’(s) = T and the equation (18)

Sz S2
S, =S+ j(d{ —d3)ds =s+ [dl]zf - J dsds,
S1 S1

we find
S2

65 = [dl]:i - f d3d$.

S1
which leads to the first variation of arc length s. The increment §s turns into
S2
s = — f dsds.
S1
for the common boundary points d, (s;) = 0 and d;(s;) = 0. If 6B is taken instead of d3, we
have
S2
0s = — f O0Bds.
S1

3.2. THE TORSION VARIATION OF THE GENERALIZED OFFSET CURVES

The torsion t, of the generalized offset curve r, is expressed as 7, = (N,, B,). By
equation (12), we obtain
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N! = (ea" —2ey’' + eyT)T + 2ea’ — ey + €B" + 2ef't + €1’ + €at + ef% + )N
+ (ey" — 2ey’'t — ey’ + eyT?)B.

Then, using the vector N and Eq. (15), we reach the torsion ,,

2yt + €eRaa’” — 4ay’ + S5ayt + 28"y + 4a'y + 4Byt — 2y?% + 2Byt + 2By7?) +
_eX(afa" = 2a*y" + aBy" — 2aBy't + 2a’yt + 2aByr? + af''y + 2aa'y + 2aB'yr — ay?)

T, = #
(2)/ +eQRaa’ +2B'y + 2Byt + ay) + €?(a?a’ + af’y + aﬁy’))

Furthermore first variation of the torsion is calculated according to e approximation as
follows;

_ €Qaa"” —4ay’ +5ayt + 2"y + 4a’y + 2"y — 2y + 2Byt — 2aa’t — ayr1)

)
' 2y + € Qaa’ + 2B’y + 2Byt + ay)

3.3. APPLICATIONS

E.g. 3.1. Let (s) = (\/fsz + % V2s2 — % 252) be a pseudo-null curve with the
following Serret-Frenet frame,

1 1
T(s) = (2V2s + %, 2V2s — %, 4s),  N(s) = (22, 2V2,4),
—(_os2_ 54 Y _pe2oS Y g2 1
B(s)—( V2s ﬁ+8ﬁ’ V2s +ﬁ+8ﬁ’ 2s 8).
Then the generalized offset curves with the different offset distances,

a) For the offset distances d; = —%, d,=1 and d; =1,

(s) ( S 4 31 S N 35 +31)
Tax\S) = | ——F—= — =T T = —, S o |
¢ V2 8V2' V2 8V2 8

b) For the offset distances d; = -2, d, =i and d; =8,

15
7. (s) = (—7\/552 - \/—Es, —7/2s2 — % +2v2,—14s2 — 85),

c) For the offset distances d, = v2s, d, = =32 and d; = 1,
1
T.(s) = (45% + 5,452 — 5, 4V/25? _Z)

are obtained, and the relationship between these curves is plotted in Fig. 3.1.
E.g. 3.2. Let r(s) = (e5t?,s + 3,e52) be a pseudo-null curve with the following
Serret-Frenet frame,

T(s) = (es+2, 1,e$+2), N(s) = (es+2,0,es+2), B(s) = (e

25+4_q _e2s+4_q
2e5+t2 7 peSt2
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0 0 K _—
-10 e 1 (S)

Y -0 -20 X —

Figure 3.1. The original curve r (blue) and its generalized offset curves r,,, 1. and r., for different
offset distances (red, green and purple, respectively).

Then the generalized offset curves for the different offset distances are displayed as
follows;

a) For the offset distances d; = —%, d, = —% and d; = 2e52,

5
Ta*(s) — <625+4 — 1' _285+2 + s+ Er _eZS+4 _ 1))

b) For the offset distances d; = e5*2, d, = e5*? and d; = —4e5*?,
7.(8) = (€572 + 2,5e5%2 + 5 + 3,4e%5t* 4+ 512 + 2),
c) Forthe offset distances d, = 1, d, = —2 and d; = 2e5*2,

7..(s) = (e?5t* — 1,-2e5t2 + s + 4, —e?5t* — 1),

r(s)

r+(s)

—Tp(S)

re(8)

Figure 3.2. The original curve r (blue) and its generalized offset curves r,,, . and r., for different
offset distances (red, green and purple, respectively).
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4. GENERALIZED OFFSET CURVES OF PSEUDO NULL CURVES VIA BISHOP
FRAME AND THEIR VARIATIONS

The generalized offset curve r,(s) of a pseudo-null curve r(s) via the Bishop frame
is defined as
1.(s) =71(s) + di(s)T; + dp ()N + d3(s)N, # (21)

The offset direction is determined via d,(s)T; + d,(s)N; + d5(s)N,. The generalized
offset curve can also be defined by using Blaschke’s relation,

1r.(s) = r(s) + ed, (s)T; + €d,(s)N; + €d3(s)N,#

where d;(s) = ed,(s), d,(s) = ed,(s) and ds(s) = eds(s). The offset distance is
represented as e\/ﬁl ()2 + dy(s)% — ds(5)?|.

There are two cases arising from the Bishop frame of pseudo null curves:

Case 1. From equations (3), (4), and (21), we get
T‘*' = Tl + € [H;Tl + (alkz + H;) Nl + (5,3 - 33’(2) Nz] JH#
The rearrangement of this equation gives

r*, = Tl + E(dTl + ﬁNl + ]/Nz)# (22)
wherea = d,, B = (lecz + E;) y = (E; — Hycz) and thus,

1" =k,Ny +e[(@ —yi)Ty + (ax, + B'INy + Y N, | # (23)

The conditions for the generalized offset curve r,(s) to be a pseudo-null curve by
using the Bishop frame;

. 1+ea\?
Lo Br>-— ( V2e )
ii.  eX(a’' —yKry)? + 2ey'(eak, + €’ + Kky) =0

Given that {Tl*,Nl*, Nz*} is the Bishop frame of r,(s). Then the relationship between
the Bishop frame {T;,, Ny, N, } and the Frenet frame {T., N,, B,} of the curve r,(s) becomes

N, [=]0 1/k;, O [|N,|.# (24)
N,, 0 0 Ko, | LB,

The unit tangent vector T, of the curve r.(s) comes from (22), (24), and
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.| = IrL, r) = V11 + ea)? + 2e2By| = 1,
Tl* = Tl + E(aT1 + ﬁNl + yNz)#

The vector Ny _(s) becomes by (23) and (24)

1
Ny, = E [K2N1 + 6((“' —vK)Ty + (K, + )Ny + V,NZ)]'

The vector N, _(s) is obtained by equation (24)
A3
NZ* = KZ* (AlTl + Azkle + K'_N2> ) #
2

where K, = coed “% and K, (s) = coel 79, ¢y € RY.
Case 2. The differentiation of r,.(s) occurs

v = =Ty +e|(dy — dpy ) Ty + dpNy + (diwy +s ) Ny | #
by using (5) and (6). This equation can be rearrange,

becomes, where a = (E; — szl), B=dy y= (Elrcl + E;) and thus,

' = —k;N, + €[(a’ — Bry )T, + B'N; + (ax; + y')N,|. # (26)
The conditions for the generalized offset curve r,(s) to be a pseudo-null curve by
using the Bishop frame are listed:

: 1-ea\?

L py > _(\/EE)

ii. €?(a’ — Bry)? + 2ep'(eak, + ey’ — k) =0
iii. 22 + 27,4, = 0.

Given that {T,,, N;,, N, } be the Bishop frame of the generalized offset 7.(s). Then
the relation between the Bishop frame {Tl*, Ni,, NZ*} and the Frenet frame {T,, N,, B, } appears

T, -1 0 0 T,
Nl* = O 0 _Kl* N* # (27)
N | [0 -1/, o |l

Here the unit tangent vector T, comes from (25), (27), and

Irl] = JIrl, ri) =11 + ea)? + 2e2By| =1,

Tl* == Tl - E(CZTl + ﬁNl + yNz)#
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The vector N _(s) becomes by equation (27)
A3
Nl* = Kl* (/11’111 + K_Nl + /‘{2K1N2> ) #
1

The vector N,_(s) is, by (26) and (27), found

1
Ny, = —-— [—K1 N, + e((@’ — Bry)Ty + BN + (aky +v')N,)],

*
1

where k;, = coel =% and i, (s) = coel 7%, ¢y € Ry
4.1. THE ARC LENGTH VARIATION OF GENERALIZED OFFSET CURVES

The generalized offset curve r,(s) is given
n,=r+dT; +d,N; +d3N, =1+ y # (28)
where y; = €y, (s). There are two cases for the arc length variations:
Case 1. From (4) and (28), we have
y; = (d] —d3k,)T; + (dyk, + d3)N; + d5N,. # (29)

We have the following equation by Eq. (17) and 7.2 = (1 + r'y})?

S2 Sz
Sy = f 1+r'y{ds+...:S+fr’y{ds+..._#
S1 S1

After some computations

Sz S2
s, =S+ f(di —dsk,)ds = s + [d1]§f — f dsK,ds,
S1 S1

is obtained, which leads to the first variation of arc length

S2

55 = [dl]jf - J d3K2dS.

S1

For the common boundary points, the first variation turns into
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S2

s = — f dsk,ds.

S1

If N, is taken instead of the offset distance d5, we obtain

S2

0s = — f 6N,k ds.
S1
Case 2. Differentiating the vector y, (s) according to formula (6) appears as
y1 = (dy —dar)Ty + dyNy + (dyxy + d3)Np. #

In a similar methodology to that in Case 1, we get the following expressions

Sy S2
S, =S— f(di —dyk,)ds =5 — [d1]§f + f d, K, ds,
S1 S1

and
S2

65 = _[dl]zi + J deldS.
S1

The increment &s turns into,

S2

0s = f d,k,ds.

S1

in the conditions for the boundary points to be zero. However, §N; is taken instead of the

offset distance d,, we get
S2

s = — J 6Nk ds.

S1
4.2. THE BISHOP CURVATURES VARIATIONS OF GENERALIZED OFFSET CURVES

We take the Bishop curvatures and variations of the generalized offset curve r, into
consideration as in the following cases:

Case 1.
0K, = Ky, — Ky = Coef‘r*(s)ds _ Coefr(s)ds' co € R(T
6K, = Co(ef‘f*(s)ds _ ef‘r(s)ds).
Case 2.
8Ky =Ky, — Ky = Coefr*(s)ds _ Coefr(s)ds’ o ER;

Sk, = Co(efr*(s)ds _ efr(s)ds)_
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4.3. APPLICATIONS

E.g. 4.1. Let r(s) = (\/552 + j—i V252 —%, 252) be a pseudo-null curve. For the

first case x; vanishes, and then the Bishop frame fields and the curvature k, are found as
follows;

Tl(s)—(Z\/_s+\/_ ZX/_S—T s), Nl(s)zl(Z\/E,Z\/EA),

1

For ¢, = 8v/2, then the Bishop frame becomes specifically as,

T.(s) = (2\/_5 +\/_ 2\/_5—? 45) N;(s) = G,%,%),

Ny(s) = (—16s2 — 8s + 1,—16s% + 8s + 1, —16V2s? — V2).
We find the generalized offset curves with different offset distances as follows;

a) For the offset distances d, = —%s, d, =—4 and d; =1,

(1-16v2)  ,  (-1+16V2)
—2\/5 s,—16s +—2\/§ S

b) For the offset distances d; = 2v/2s, d, = 165 and dj = %

(2v2+1) 1 -, (6vV2-1)
TS‘FE,\/ES ‘|'—\/7

T,.(s) = <—16s2 + ,—16V2s2% — 2&),

. (s) = (\/ESZ + s+ %, (4V2 + 2)s? — i)

V2

r(s)
Tye(8)

Te(8)

Figure 4.1. The original curve r (blue), and its generalized offset curves r,. and ry, for different offset
distances (red and yellow, respectively).
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E.g. 42. Let r(s) = (e’*?, s + 3,e5%2) be a pseudo-null curve. Due to x; = 0, the
Bishop frame vectors and the curvature k, are

25+4 __ 1 25+4 _ 1

1 e
Tl(s) = (es+2' 11 eS+2) ) Nl(s) = a(ezl 0! eZ)’ NZ(S) =Cp <Tl _eS’T>

and k, = cye®, ¢, €ERY.

For ¢, = 2e2, the vectors become as follows;
1 1
Tl(s) = (eS+2' 1) eS+2)l Nl(s) = (Er 0; E)I NZ(S) = (625+4 - 1, —2€S+2, _eZS+4— — 1)

The generalized offset curves with different offset distances are obtained.
a) For the offset distancesd; = -1, d, =2 and d; =1
ra*(s) — (ezs+4,—265+2 +s4+ 2,_825+4)_
b) For the offset distances d; = e5*?, d, = 2s and d; = —1

Th.(s) = (e5t2 + s+ 1,3e5t2 + s + 3,2e?5t + 572 + 5 + 1).

b v A o 42N ®w s o o
L L

r(s)
—au(8)

fy+(8)

Y -100 6

Figure 4.2. The original curve r (blue), and its generalized offset curves r,. and ry, for different offset
distances (red and yellow, respectively).

5. CONCLUSIONS

The work of Bulut and Caliskan (2015) aims to enrich the idea of generalized offset
curves and their variations in Minkowski-3 space. Therefore, generalized offset curves are
studied for pseudo-null curves by the e-neighborhood approach. In the study, the generalized
version of pseudo-null curves is studied by two different frames: Frenet and Bishop. The
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anal

ysis of the pseudo curves by Frenet and Bishop parameters reveals interesting results in

terms of the quantities characterizing the curves. The results about the variations of the arc
length and the torsion of a pseudo-null curve in terms of the Frenet and Bishop parameters

will
that

make a theoretical contribution to differential geometry. Furthermore, it is anticipated
the variational results will provide a basis for developing new perspectives in the field of

applied sciences.
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