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Abstract. In this article, minimal and maximal intuitionistic (gg)*- open sets in
intuitionistic topological space is introduced and their basic properties are investigated.
Along with it has been developed and categorized minimal and maximal i(gg)*- open set into
three categories. According to these categorized sets, these minimal and maximal i(gg)*-
open sets are clearly examined and developed within the functions of continuity.
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1. INTRODUCTION

In the study of topological spaces, open sets plays a fundamental role in defining the
structure of a given space. The minimal and maximal versions of these sets provide the
relationship between different open sets within a space, leading to a deeper comprehension of
their structural properties. The concept “intuitionistic set” was introduced by coker [1] and it
is one of the several ways of introducing vagueness in mathematical objects. Further the
concept of “Intuitionistic topological space” was developed by Kim et al. [2]. This concept
integrates the intuitionistic fuzzy set introduced by Atanassov (1986) into topological
structures, allowing for a more flexible approach to uncertainty in topology [3]. In 20009, it
was further investigated and Younis Yaseen and Asmaa Raouf [4] have given some results in
intuitionistic generalized closed sets in topological spaces. In 2020, Sivagami et al. developed
intuitionistic generalized closed sets in generalized intuitionistic topological space [5]. In
2022, Mathan Kumar and Hari Siva Annam established “The Extension of Generalized
Intuitionistic Topological Spaces” [6]. Two years later, the same authors introduced the
concept of I-open sets within the framework of generalized intuitionistic topological spaces
[7]. This development represents a significant advancement in the study of topological
structures. Further, it was introduced intuitionistic generalization of generalized star closed
sets in intuitionistic topological space in a proceeding where the i(gg)* open and closed set is
compared with various intuitionistic sets and concluded many results by expanding their
properties [8]. The concept of minimal and maximal closed sets was introduced by Yildirim et
al.; they significantly contributed to this field by exploring minimal intuitionistic open sets
and maximal intuitionistic open sets in their paper “Min i-open and max i-open sets” [9]. This
exploration seeks to investigate the characteristics of min and max i(gg)*- open sets (shortly
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i(99)" yn0 ({(99)",,x0). The continuous function is used to further build and discuss our
minimal and maximal (shortly i(gg)*,,y¢r (i(g9)";,x¢r))- Minimal and Maximal irresolute

functions (shortly i(gg)*,,yir (£(99)",,xtr )) that link the continuous and i(gg)*- O set have

been introduced, and results have been found. Composition of functions has distinctive
outcomes.

2. PRELIMINARIES

Definition 2.1. Consider a non void set X. The acronym IS stands for intuitionistic set. The
object A has the form L =< X, L;, L, > where L, and L, are subsets of X that meet the
formula L; N L, = @... While L, is referred to as the set of non-members of L, L, is referred
to as the set of members of L.

Definition 2.2. Consider a non void set X and assume intuitionistic sets L and Q have the
following form L =< X, L;, L, >, Q =< X, Q,, Q, > respectively. Then

() LS QiffL; €QandL, 2 Q,.

(B)L=QiffLcQandQ < L.

(c) L=< X, L,, L; >

I[]IL=<X, Ly, L, >

(e)L—-Q=LnQ

Ho.=<X,0,X> X_.=<X,X, 0>

(@LUQ=<X,LUQy L NQ; >

(WLNnQ=<X,L,nQ, L,UQ, >.

Definition 2.3. On a non-void set X, an intuitionistic topology (abbreviated IT) is a family 1,
of 1S in X that satisfies the following axioms.

(DD, X_. €1

(2) G; NG, € 1, forany G4, G, € T4

(3) UG, €1, for any arbitrary family {G,/a €]} <1, where (X,7;) is called an
intuitionistic topological space (for short ITS(X)) and any intuitionistic set in ; is called an
intuitioistic open set (for short 10S ) in X. The complement A€ of an 10S A is called an
intuitionistic closed set (for short ICS) in X.

Definition 2.4. Consider the intuitionistic topological space (X, t;)(abbreviated ITS(X))

andL =< X, L;, L, >beanlISinX. Then

() Icl(L)=N{K :KisinXanICSand L € K}

(i) Iint(L) = U{G : Gisin X an IOS and G < L} are the interior and closure of L.

If Icl(L) =L (1Iint(L) = L, hereafter it can be indicatedted as Icl(L) is an ICS, lint(L) is
an10Sin X, and L isan ICS (10S) in X.

Definition 2.5. Consider an intuitionistic set A of a non - empty set X and x € X.

x; = ({x}, {x}°) is an intuitionistic point (IP) and x;, = (@,{x}) is an intuitionistic
vanishing point of X.

IP(X) is a collecion of all intuitionistic points or intuitionistic vanishing point in X.

Definition 2.6. Suppose that (X, t;) is an ITS(X). It is argued that an intuitionistic set L of X
equals

WWW.josa.ro Mathematics Section



A New Structure for Minimal and Maximal... Hari Siva Annam Ganesan and Pavithra Sivanandan 503

(1) It semi-open and intuitionistic if L < Icl(I int(L)).

(2) It is pre-open and intuitionistic if L < Iint(Icl(L)).

(3) Itis regular-open and intuitionistic if L = Iint(Icl(L)).

The family of all intuitionistic (semi-open, pre-open, regular-open) of (X, 7,) are indicated by
ISOS, IPOS, IROS respectively.

Definition 2.7. In an intuitionistic topological space (X, t;). Given elements L, Q,S € IS(X)
(the set of intuitionistic subsets of X) an element x; [resp x| € L signifies that x; [resp x;y/]
belongs to the intuitionistic set L in the sense of intuitionistic logic.

Definition 2.8. [7] Assume that L is a subset of a topological space (X, t;) with intuition is
called an intuitionistic generalization of generalized star closed sets (i (gg)*- closed ) if
ircl(L) € U whenever L € U and U isan i (gg) open in (X, t;). The collection of all i(gg)*-
closed sets in (X, 7;) is denoted by i(gg)*C(X).

Theorem 2.9. Assume that L is a subset of a topological space (X,7;) with intuition. Then
x; € i(gg)*cl(L) [resp x;y,] iff for any i(gg)*- open set U Containing x;[resp x;,], LN U #
D..

Definition 2.10. i(gg)*- irresolute if f~1(L) isa i(gg)*- open setin (X, ;) for any i(gg)*-
openset Lin (Y,y,).

3. MINIMAL i(gg)'- OPEN SETS

Definition 3.1. Assume that (X,t;) is an intuitionistic topological space. A proper
intuitionstic non- void (gg)* - open set L in (X,t;) is said to be a min i(gg)*- open set
(shortly i(gg)*,,,0) ifany i(gg)*- O whichisincluded in L is @._ or L.

Example 3.2. Let X = {a,b,c} witht, = {< X,0,X >, <X, X,0 >,< X,0,{a} >,

< X,{b},{a} > < X,{c}{a} > < X,{b,c},{a} >}and i(gg)*- open sets are = {< X,0,X >
<X, X,0><X,0,{a} ><X,0,{a, b} > < X,0,{a,c} >}. Here, < X,0,{a, b} >is
ani(gg)*,,y open set.

Lemma 3.3. Assume that (X, 7;) is an intuitionistic topological space and L, Q € IS(X). Then
(i) LetLbeani(gg),,,0andQbeani(gg)*-0.ThenLNnQ@ =@_.or L Q.

(i) Let Land Q beai(gg)*,,,0-ThenLn@ =@_or L =Q.

Proof: (i) Let Q be an intuitionistic open setand LNQ # @.. Since LNQ & L and L is
ai(gg)* 0, wegetLNQ = L. Thatis L < Q.

(i) Take LN Q # @.. as assumption. Since L and Q arei(gg)*,,, 0, we have L < Q@ and
Q S L.Hence L=2Q.

Theorem 3.4. Assume that (X, ;) is an intuitionistic topological space and let L,Q,S are
taken as i(gg)*,,,0 In (X, suchthat L # Q. If S < L U Q, theneither S =LorS =Q .

Proof : If S = L shows the evidence is evident. Let S # L then by lemma (3.3) (ii) we have
SNL=@.. Hence we obtain SUQ=SUQUB.) =SUQUSNL) =(QUL)N
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(QUS) =QU(LNS) =Q. Then S c Q. Since S and Q arei(gg)*,,,0, we get S = Q.
Hence the outcome is proved in a contradiction way.

Theorem 3.5. Assume that (X, t;) is an intuitionistic topological space and let L,Q,S are
taken as i(gg)*,,,0 in (X, 7;) in a way that makes them distinct from one another from each

other. ThenLUQ & LU S.

Proof: Suppose that LUQ S LUS. Then(LUQ)N(QUS)<S (LUS)N(QUS). This
implies QU(LNS) € SU(LNQ). (By lemma 3.3) (ii) we obtain Q € S. Hence Q =S,
Since Q and S are i(gg)*,,,0- Which is a contradiction. Hence LU Q ¢ L U S.

Utilizing Lemma (3.2), we can systematically classify the i(gg)*,,,0 into three
distinct categories, providing a structured approach to their development.

Definition 3.6. 1. Let L be the i(gg)*,,,0 of category -I then LN @ = @ or L < Q for any

Q€eU.
2. LetL bethei(gg)*,,,0 of category -ll then (LN Q)y =@ or L < Q forany Q € U.

3. Let L be the i(99)",,, 0 of category -Ill then (LN Q) =@ or L < Q forany Q € U.

Definition 3.7. Assume that (X, t;) is an intuitionistic topological space, a neighbourhood N
of point x; (resp x;/) and let N € IS(X). Then N is called i(gg)* - neighbourhood of x; (resp
Xy ), if there existsa i(gg)*- O setw € t; such thatx, ew S N.

Proposition 3.8. Assume that (X, z;) is an intuitionistic topological space and L, Q, S € IS(X)
and
(i) let L be an i(gg)*,,,0- If x; € L, then L < Q for each Q@ € N(x,).

(ii) let L be an i(gg)*,,,0- If x;y € L, then L € S for each S € N(x;y).

Theorem 3.9. Let L be a non-void i(gg)*- 0. Consequently, the following are comparable.

i) Lisani(gg)*,,,0-

i) L € i(gg)*cl(U) for any non-void subset of L.

i) i(gg)*cl(L) = i(gg)*cl(U), for any non-void subset U of L.

Proof : (i) = (ii) Let x; € L and U be a non- void subset of L. By proposition (3.8) there is a
i(gg)*- 0 set Q containing x; such that L < Q. Then we have U € L € Q which implies
UcCQ.NowU =UNLCUnQ.Since U is non-void, we have U N Q # @.. Since Q is any
i(gg)™- O set containing x;. By (Theorem 2.9) x; € i(gg)*cl(U). That is x; € L implies
x; €i(gg)*cl(U).Hence L < i(gg)*cl(U), for any non-void subset U of L.

(ii) = (iii) Let U be an non-void subset of L and L < i(gg)*cl(U). Then i(gg)*cl(U) <
i(gg)*cl(L) and i(gg)*cl(L) < i(gg)*cl(U). Hence i(gg)*cl(L) = i(gg)*cl(U) for any
non-void subset U of L.

(iii) = (i) Let i(gg)*cl(L) = i(gg)*cl(U), for any non-void subset U of L. Suppose L is not a
i(gg9)" 0 then there exists a non-void i(gg)*- O set Q such that Q < L and Q # L. There
exists an element x; € L such that x; € Q, which implies x; € X — Q. = i(gg)*cl(x;) <
i(gg)clX—Q)=X—-0, is an i(gg)*-C in (X,t;). This implies i(gg)*cl(x;) #
i(gg)*cl(L), which is a contradiction to i(gg)*cl(x;) = i(gg)*cl(L) for non-void subset x;
of L. Thus L is i(99)",,,0-

Theorem 3.10. Let (X, 7;) be an intuitionistic topological space and L,Q € IS(X). If L is a

i(gg) ,y0and @ # Q < L, then i(gg)“cl(L) = i(gg)*cl(Q).
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Proof: Let L be a i(99)*,,,0 and @.. # Q < L. next we have i(gg)*cl(Q) < i(gg)*cl(L).

We have to show that i(gg)*cl(L) < i(gg)*cl(Q). Let x; € L (resp x;,) by proposition (3.7)
Q=LNnQR<cQnR for each R€ N(x;). Then Q NR # @.. By theorem (2.9), x; €
i(gg)*cl(Q). Similarly x;, € i(gg)*cl(Q) for x;, € L. Therefore L c i(gg)*cl(Q). Thus

i(gg)cl(L) €i(gg)*cl(Q). Hence i(gg)*cl(L) = i(gg) cl(Q).
4. MAXIMAL INTUITIONISTIC (gg)*- OPEN SETS

Definition 4.1. Assume that (X,t;) is an intuitionistic topological space. A proper
intuitionstic non- void (gg)* - open set L in (X,t;) is said to be a maximal intuitionistic
(99)"- open set (shortly i(gg)*,,,0) if any i(gg)*- O which contains L is X._ or L.

Example 4.2. From example (3.2) here < X, X, @ > isan i(gg)*,,, open set.

Lemma 4.3. Assume that (X, t;) is an intuitionistic topological space and L,Q € IS(X). Then
(i) LetLbeani(gg)’,,0 and Q bean i(gg)*-0.ThenLUQ =X_or Q S L.

(i) Let L and Q be i(gg)*,,,0- ThenLUQ = X_or L =Q.

Proof: (i) Let Q be an i(gg)*™-Oand LUQ # X.. Since LS LU Q and L is a i(g9)",,,0,
wegetLUQ = L. ThatisQ < L.

(i) Take LU Q # X.. as assumption. Since L and Q are i(gg)*,,, 0, they are intuitionistic
open sets. Then by (i) we have L € Q and Q < L. Hence L = Q.

Theorem 4.4. Assume that (X, t;) is an intuitionistic topological space and let L, Q, S be taken
asi(gg)*,x0 in (X,t)suchthatL # Q. IfLNQ < S, theneitherS =LorS=0Q .

Proof: If S = L shows the evidence is evident. Let S # L then by theorem (4.3) (ii) we have
LUQ=X_Then QNnS=QNn(SNX.) =0n(SNLUQ) =0nSNL)UuSnNQ)=
@Q@NSNLU@NSNQ) =(LNQUQENS)=QN(LUS) =QnX. =Q. This implies
Q < S.Since @ and S are i(gg)*,,,0. We have @ = S. Hence proved.

Theorem 4.5. Assume that (X, t;) is an intuitionistic topological space and let L, Q, S be taken
as 1(99)" ;0 In (X, 7;) ina way that makes them distinct from one another from each other.
ThenLNQ ¢ LnNS.

Proof: Assume that LNQ S L NS, then (LNQ)U@Q@NS)c(LnNnSHu@nNS)=0Qn
(LUS)SSN(LUQ). By theorem (4.3) (ii), QNX.SSNX_=>Q < S. Since Q and S
are i(99)*,,x0, we have Q = S. This is a contradiction. Hence LN Q ¢ L N S.

5. MINIMAL AND MAXIMAL i(gg)*- CONTINUOUS

Definition 5.1. Let (X, 7;) and (Y, y,) be an intuitionistic topological spaces.

Amap f: (X,7;) = (Y,y,) iscalled a

(i) minimal i(gg)*- continuous (shortly i(gg)*,,,¢r ) if f~*(L) isan i(gg)*- 0 in (X, 1;) for
any minimal intuitionistic open L in (Y, y;).
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(if) maximal i(gg)*- continuous (shortly i(gg)*,,¢r) if (L) isai(gg)*- Oin (X, ;) for
any maximal intuitionistic open L in(Y,y,).

Theorem 5.2. Every i(gg)crisai(gg)”,,n¢r (((99)" 1, xCr)-

Proof: Let L be a min (max) intuitionistic open set in (Y,y;) and f : (X,1;) = (Y,y;) be a
i(gg)*cy. Hence f~1(L) isai(gg)*- 0 in (X, ;) as every min (max) intuitionistic open set is
an intuitionistic open set. Hence f is i(gg)”,,x¢r (((99)" 1,4 Cr)-

Theorem 5.3. Let (X, ;) and (Y, y,) be an intuitionistic topological spaces to consider and a
map f: (X, 7)) = (Y,yp) is i(99)",nCr (((gg9)™,,4Cr) Iff the inverse image of each min
(max) closed setin (Y,y;) isai(gg)*-C in(X,t;).

Definition 5.4. A mapping f : (X,t;) = (Y,y,) is called i(gg)*- irresolute (shortlyi(gg)*i,)
if f~Y(L)isi(gg)*- 0in (X,t,) forevery i(gg)*- O set L of (Y,y,).

Example55. Let X = {a,b,c}witht;; = {< X,0,X >, <X, X,0 >,<X,0,{a} >,

< X,{b},{a} > < X,{c},{a} > < X,{b,c},{a} >}and i(gg)*- open sets are {< X,0,X >, <
X, X,0><X,0,{a}><X,0,{ab}><X,0,{ac}>} and Y ={x,y,z} with 7, ={<
X,0,X><XX,0><X{z},{a} > < X, {y,z},{x} > < X, {y}, {x, 2} >,

<X,0,{x,z} > < X,{x,z},0 >} then i(gg)*- open sets are {< X,0,X >, < X,X,0 >, <
X,0,{x,z} >. Define f:(X,I,) - (Y,I,) as f(a)=x,f(b) =y,f(c) =z Hence the
function f isi(gg)*i,.

Theorem 56. If f:X,7;))-> (Y,y;) and h:(Y,y) - (ZpB) are i(gg)'i, and

i(99)" ¢ gD 1yxCr) respectively then hof:(X,t) - (Z,B) is
Proof : Let L be a min (max) intuitionistic open set in (Z,B;). Since h

is i(99)*,,nCr (((99) ,x¢r) K1 (L) isi(gg)*™- 0in (Y,y;). Alsosince f is
i(99)*i,, f7Y(R7Y(WL)) = (hof)X(L)isi(gg)*-0in (X,7;). Hence ho f
isi(99)" ynr (9D yxCr)

Remark 5.7. Two i(gg)*,,y¢r(i(g9)",,x¢r) need not to be a i(gg)”,,n¢r (((99)"\xCr)
under composition.

Definition 5.8. A space is called a i(gg)*T; » — space if every i(gg)*- O in it is intuitionistic
open.

Theorem 5.9. Let f : (X,7;) = (Y,y;) is an i(gg)“cs with Y is a i(gg)*T;,, — space and
h:(Vy) = (ZB) is a i(99) yyer (((99) xSy then hof:(X,7) = (Z,B) is
199" ynCr (CG9)" yxr)

Proof: Assign L be a min (max) intuitionistic open set in (Z, 5,). Then h=1(L) is i(gg)*- O in
(Y,y1) as h is ai(gg)*,,y¢r(i(99)*,,,¢r). Since Y is a i(gg) Ty, — space, h™'(L) is
intuitionistic open in (Y,y;). Again since f is ai(gg)*cy, f~H(h"2(L)) = (hof)™ (L) is
i(9g)*™-0in(X,7;). Hence ho fisi(gg)”,,ncr(i(g9) 1,5Cr)

Definition 5.10. Let (X, 7;) and (Y, y;) be an intuitionistic topological spaces.
Amap f: (X,t;) = (Y,y;) iscalled
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(i) minimal i(gg)*- irresolute (shortly i(gg)*,,yir ) if f7*(L) isai(gg)*,,,0 in (X,7;) for
any i(gg)" 0 Lin (V.7 .
(if) maximal i(gg)*- irresolute (shortly i(gg)*,,,ir ) if fi(L)isa 1(99)" 1,0 In (X, ;) for
any i(99)",;x0 Lin(Y,yp).

Definition 5.11. The intuitionistic topological space (X, t;) is called as
(1) T1/2 (min - i(gg)") SPace if every i(gg)*- O in it is min intuitionistic open.
(i) T1/2 (max - i(gg)*) SPace if every i(gg)*- O in it is max intuitionistic open.

Theorem 5.12. Let f:(X,t) - (Y,y) is i(gg)",n¢r (((g9)",,x¢) and Y be a
T1/2 (min-i(gg)") (T1/2 (max—icgg)*)) SPace. Then fis i(gg)*cs.

Proof: Let f be a i(gg)*, ¢ (((99)7,,xCF)- Let L be an intuitionistic open set in
(Y,y;)-Since every intuitionistic open set is i(gg)*- 0O then L is i(gg)*- open. Y is
T1/2 min-icgg)) (T1/2 max—icgg))) SPace as by assumption, then L is min (max)
intuitionistic open set in (Y, y,). Since f is i(gg)*,,,¢r (((99)" ), fH(L) is an i(gg)*-
0 in (X,7,). Hence f isi(gg)“cs.

Theorem 5.13. Let f: (X,7;) = (Y,y,) is i(gg)*i, and h: (Y,y;) = (Z, 1) is considered
asi(gg) yner (1(99)"yxcr) thenho fisai(gg)”,ycr (((99)" xCr)-

Proof : Let L be any min (max) open set in (Z, ;) since h is i(gg)",,n¢r (((99)" 1yxCr)>
h~1(L) isa i(gg)*- 0 in (Y,y,). Since f is i(gg)*i,, then f~1(R7Y(L)) = (ho f) (L) is
ai(gg)™-0in(X,t;). Therefore ho fisa i(9g)* ¢ (((99)" 1 xCr)-

Result 5.14. Their composition will not be i(gg)*,,y¢r (((9g)",,5¢r)if the map utilized here
isai(gg)”,yir (((99)",,xtir ) rather than i(gg)~i,.

6. CONCLUSIONS

The study of minimal and maximal functions within i(gg)* open sets provides
valuable insights into the structural properties of the set. The minimal function identifies the
fundamental boundaries of openness, ensuring the least possible extension while preserving
openness properties. Meanwhile, the maximal function characterizes the broadest possible
extension without losing essential open set conditions. These concepts are crucial for
understanding the behavior of topological structures and their applications in mathematical
analysis. Future research can further explore their interactions with other generalized open
sets and potential applications in functional analysis and topology.
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