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Abstract. This study aims to characterize curves at constant distance by using the
tangent, normal, and binormal vectors of a unit speed non-null curve in Minkowski 3-space.
The Frenet vectors and the curvature and torsion functions of these curves are calculated by
using the curvature and torsion of the unit speed non-null curve. Then, the developability of
ruled surfaces created with these curves and their tangents is investigated. Finally, the
examples containing these curves and surfaces are given, and their graphs are drawn.
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1. INTRODUCTION

The most popular topics studied in differential geometry in recent years are curve
theory and surface theory. Although two- and three-dimensional studies of curves are
common, the most common space for surface studies is Euclidean 3-space. Surface theory
was investigated first by Monge in the 18" century, and after this study, surfaces have been
considered in different dimensions and spaces. Later, Guggenheimer and Hoschek examined
ruled surfaces from different perspectives. Curves are expressed by characterizations of the
Frenet vector that are defined on the curve. Ruled surfaces are surfaces that are formed by the
continuous moving of a line along the base curve [1,2]. Although curves and surfaces in
Minkowski space have similar properties to curves and surfaces in Euclidean space, there are
some differences due to the Lorentzian inner product. One of the most important tools used to
analyze a curve is the Frenet frame, which is a moving frame that provides a coordinate
system at each point on the curve at a given point on the curve. By using the Frénet frame,
curvature and torsion functions can be defined on the curve. Different space curves can be
distinguished only with the help of curvature and torsion functions. These curvature and
torsion functions are called differential invariants of the curve. The fundamental theorem of
curves in differential geometry states that these invariants completely determine the curve.
During the investigation of curves, numerous types of curves are introduced and examined in
terms of their frame structures [3]. Creating curves from curves has been the subject of many
studies, and one of these curves is the parallel curves. Parallel curves have also been
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investigated by using different spaces and frames [4-12]. Additionally, some studies on ruled
surfaces have been investigated in detail in [13-27].

In this study, the curves are obtained at a constant distance from the curve by using the
tangent, normal, and binormal vectors of a unit speed space curve in Minkowski space. The
Frenet vectors and curvatures of these curves are investigated. The Frenet vectors, the
curvature, and torsion functions of these curves are calculated by using the curvature and
torsion of the given unit speed curves. Then, the developability of ruled surfaces created with
these curves and their tangents is presented. Finally, examples containing these curves and
surfaces are given, and their graphs are shown.

2. PRELIMINARIES

In Minkowski 3-space R?, the Lorentzian inner product and vector product are given

by
(X, ¥)==XY, + XY, + XY,
and

Xxyz(X3YZ_X2Y3’X1Y3_X3Y1’X1y2_Xzyl)’
where x = (x,%,,%) and y =(y,,y,,¥,) € R. The norm of x eR7 is x| =/|(x,x)|.

The characteristics of the vector are given as follows;
e the vector x is a spacelike, if (x,x)>0 or x=0,

e the vector x is atimelike, if (x,x) <0,

e the vector x is a lightlike (or null), if (x,x)=0, x=0.

Let o: 1 —>Ri be a regular unit speed non-null curve with arc-length parameter s in

]Ri. If the vectors t, n, and are tangent, principal normal, and binormal vectors of the non-
null curve « , respectively. Then, the Frenet formulas are

t 0 K Ot
n| =|-gé&k 0 Tl nj, (1)
b |, 0 -&,6,0 0f|b

where (t,t)=¢, (n,n)=¢, and (b,b)=¢,. Also, nxt=gh, bxn=gt

t, txb=g,n and

£,6,6, =—1. The functions «(s), 7(s) are the curvature and the torsion of «, respectively.
Let{t, n, b} be a moving frame of « , it holds the following conditions [28,29]:

e &5 =-1 &, =1 & =1 for the timelike curve,

o & =1 ¢&, =-1 & =1 for the spacelike curve with timelike normal,

e & =1 ¢,=1 & =-1 for the spacelike curve with timelike binormal.

In Minkowski 3-space R:, a ruled surface M is a regular surface that is
parameterized as:
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X:1xR—>R?
(s,v) > X(s,v)=a(s)+vr(s),

where the curve a(s) and r(s) are known as the base and director curves of a ruled surface,

respectively [29]. Additionally, the parameter of the distribution of X (S,v) is
det(a'(s),r(s).r'(s))

= ; 2 .

r'(s)|

Theorem 2.1. ([29]) Let X (s,V) be a ruled surface, then the ruled surface is developable if
and only if

P(s)

det(a'(s),r(s),r'(s))=0. 2
3. CURVES AT A CONSTANT DISTANCE FROM THE NON-NULL CURVE

In this section, we describe curves that can be constructed using the tangent, principal
normal, and binormal vectors of the Frenet frame along a space curve in ]Rgl.

Definition 3.1. Let a be a unit speed space curve with the Frenet frame {t,n,b} in
Minkowski 3-space and ¢, , «,, and @, be curves at a constant distance from the point a(S)

of a . Then the parametric equations of ¢, &, , and «, are defined by

a, (") = a(s) + At(s),
a,(s") = a(s)+An(s), 3
a, () = a(s) + Ab(s),

where s and s® are parameters of the curves a and «,, «@,, ¢, respectively. Also 4 is
presented a nonzero constant real number.

Theorem 3.2. Let ¢, : | —)IRii be a curve at constant distance from « with the Frenet frame

{T.,,N,,B,} and its curvature and torsion &, and 7, in Minkowski 3-space. Then, the
following relations satisfy:

t+Axn

T, = :
_ /12 2
81 + K 82

(31/13/(4 — g e, AK" — 3183/12K7<')t + (K‘ + Ak - 83/12K3) n+ (816‘32,31(‘32' + /1KT) b

2
\/‘(—81 +A%K%e, )(—51/141(41'2 +e,A°x°t + &, (/Lzrcs — &K — 83/116) )‘

t
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—e A’ KTt + g, AkTn + (—53/( — g AK + 1K’ ) b

t 1
2
\/gzx”tzlczrz —g Ak’ + g, (ZZK?’ — &K — 8321(’) ‘

and
2
\/82121(21'2 —g Akt +e, (/121(3 — &K —gsrc’)
K, = 5 :
e el
2 .2 2.3 !
E,E,AKTIL, — ATK T, + (532 K' —Kk—AK ),u3
= -
A KT — g M + g, (}tzzc3 — &K — ggic’)
where

Ly = =368, AKK — £,6,K%, ly =K'+ AK" — £,8,AKT? — £,E8,AK°, 1ty = KT+ 2AK'T + AT’k

Proof: Let &, be a curve with parameter s™ at constant distance from @ in R?, then from (1)
and (3), it is known that

doy 05 _da 0t i\ jkn @)
ds ds ds ds
or

795 4 e )
ds

If we take the Lorentzian norm of this expression, then it holds that

Z—i =, ”/121(252 —51‘ :

Substituting the last equation into (5), the unit tangent vector of the curve «; is

obtained as

T _ t+Axn

t ‘,12,(282 —51‘
forsel.
By differentiating (4), we get

dza ’
Kzt =—Ae,&,kt +(Kk + Ak')n+ Axzh
and
d36¥t ’ 2 3 ' " 2 ! /
e :(—3/1515210( —£,6,K )t+(—lglgzlc +&'+ A" — Ag &,k )n+(1cr+2/11cr+iz'1c)b.
S

Considering the derivative equations of the curve «,, we can calculate the normal and
binormal vectors N; and B; of a; as follows:
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da, d’a,
B ds ) ds? - A KTt + g, AkTN + (/12K3 —& (K + iK')) b
¢ = > =
ddat x ddO;‘ \/ At (32 — g A’K? ) +&, (/12K3 —& (K + /”LK'))Z‘
S S
and
N B T gl/llc(ﬂzlcs —& (K + ﬂK'))t + (/( + Ak — 83/121(3) N+ Akt (518322/(2 +1) b
t Tt - *
\/‘/121{252 - 51‘ Ax’r? (52 — g A%K? ) + & (/12K3 — &, (K' + AK'))Z‘
On the other hand, the curvature and torsion functions of ¢, are obtained as:

da, d’a
T; X dszt \/lzlczrz (6‘2 - A%k? ) +é, (/12K3 —&(k+ K'))Z

K = =

t dOCt ’ 12 2 %
o (‘52 K —q‘)
and
det[ 3 d’a, d’a,
et ) , 2 2 2.3 '
ds ' ds? ' ds® E)EAKTI, — ATK T1 "'(33/1 K™ —K—AK )ILI3
T’[ = 2 = '
de, d ‘a, At (52 —g Ak’ ) +é&, (lzxa —& (K + K"))Z‘
ds  ds’
such that

W =—-326,6,KkK —£6,K°, 1, =—AEK" + K +AK" — Aegg, kT, g = KT +2AKT+ ATk .
So, the proof of the theorem is completed.

Theorem 3.3. Let o, . | = Re’l be a curve at constant distance from o with the Frenet frame
{T,»N,,B,} and its curvature and torsion «, and 7, in Minkowski 3-space. Then, the
following equations hold:

_ (1-¢g6,Ax)t+Ath
’ \/‘282/11(—51(1+/12K2)+53/1272‘,

£,6,A°KT% — 8,8, %K% + £,4%0" — Akt J

3. 1.2 21 3 ’
(812 K't°—ge A tr' —g kT )t +
+28,°K% 1 — Kkt + g6, %K r? — £,8,0°T°
+ (/11' + 28, %K1 + APk — £,k 'T — /13/(1(’1) b

n

&A% (7' + A(xt' - K'r))z
(Zé’zﬂK + 6‘3121'2 -& (l+ Ak’ )) —517212 (glK -1 (SZKZ —7? ))2

2
+&, (331< -2k +g,A% - AZK(83K2 +er ))
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(5121(7 - eleziczr + %78 )t + (5327' + %kt - lzlc'r) n

B _ +(6‘3K— At + e, At - At —e A — e A0kt ) b

n

2 2 2_3)\? 1, oa2 1 a2 1 \?
g |\ eAkT —E, KT+ AT ) +g, | AT +AKT —AKT

2
+&, (531( —Ak* + g, Att = Ak’ — e A’k — g Ak’ )

and

2 2
£, (6‘32,’[’ + A%kt — ﬂ,zlc’f) - (glllcr —, K+ A8 )

2
+&, (531< — A + 8, AT° = Ak’ — g K — g AP KT’ )

n 3
22 2|2
e A" — g, (1-g.6,AK)

17, (5283lr’ +e,A° Kt — 82/121('7) - (ﬂla — &6, A KT+ 312213)

+1, (K' — g AK" + £,8,AT° — g AK” — A Kk° — g,8,4° k1’ )
T =

n

2
+&, (831( — A’ + g,A1° = Ak’ — g, A0k — g AP KT’ )

where

2 2
&, (53/11' + A%kt — /”LZK'Z') —g (glxlm' — g, AP KT+ 2273)

n = /11((51531'2 + Kz)—glgz (ﬂk" +x° ), n,=k"-3c A (exx' +erc’), n, =k et (511(2 +g312)+lr".

Proof: Let a, be a curve with parameter s* at constant distance from « in R}, then from

Equation (3), it is known that

dg, ds" _da . dn

i =—+A—=(1-¢g&,Ax)t+A7b 6
ds" ds ds ~ ds (-aeix)t+ s ©)
or
ds”
T, e (1-ge,Ax)t+Ath (7
If we take the Lorentzian norm of this expression, then it holds that
ds” 2
e \/33/1212 —& (1-£,6,AK) ‘ .
Substituting the last equation into (7), the unit tangent vector of the curve «, is
obtained as:

_ (1-ge&,Ax)t+ Ath
n \/‘25211( -& (1+ Ak’ ) + 83/122'2‘

for s e | . By differentiating from Equation (6), we get

WWW.josa.ro
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d 2 2 2
TZ” =—&E,AKt+ (K‘ — E1E,AK — E,E,AT ) n+Az’b

d°a

and
dss3n = (—5152 (/bc" + K7 ) + /11((5153r2 + K7 ))t +(x' 36,4 (g +£,77') )N

+(/<r—82/1r(511<2 +g3r2)+/1r") b.
Considering the derivative equations of the curve «,, we can calculate the normal and

binormal vectors N, and B, of &, as follows:
(glxllcr—gzﬂzlczr+/lzr3)t+<gslr’+/121cr’—/121c’r)n

2
de, y d e,
__ds ds® _
%= da, da| 2 2
; n % 47 52<53/11'+12Kr'—12/('r) —81(811K1—8212K27+/1213)
S S
2
+&, ($3K—/1K2 +e,At? = Ak’ — g, K" —gl/izzcrz)

+ (831(‘ — A’ + g, A1° = A® — g APk — g APkt ) b

>

and
2,72 2.2 2 3.3
o 1 oo 22er— e 2ore\t 618 A°KT? = £,8,A°7° (A’ + 1)+ £,8A%KT
APK'T? — e APt — g AT U+ - e n
+83/17(/1 T —Kk+ A+ AT -k )

+ (/”Lr’ + 26, A%KT + A%t — e, APK T — /1310('1) b
2
& (831(' — Ak + g At? = Axk? — g K — g Ak’ )

N, =B, xT, =
(2521K+53/12r2 —& (1+ lzicz) ,
-&, (elxlm -, A KT+ ﬂzr3) +&, (83/%' + A%kt = A’k T)

On the other hand, the curvature and torsion functions of «, are obtained as:

& (831(' — A"+ &,At° — A’ — g A%k - glﬂ.zmz) -gA’t? (51K — g, Ak + At )

2
+e,A° (&, + Akt — AK'T)
3

g2 — g (L-6,6,Ak)" 2

and
1,6, (5T + Akt = Akt ) —m7A (K —£,8,AK> + g AT’ )

+17, (K' —26,AK% + £, 7% (8, — 6,AK) - A7k )

T, =
2
& (€3K —2AK% + g,A1° — g, APk — g APk’ ) —& (gli/a' — e, A’k + %0 )

2
+&, (8321' + KT — /12K'2')

such that
n, = lK(gngZ +K° ) —ce& (ﬂ,K” + K ), n,=x'-3¢,A(exx' +eat’), n, =xr+Ar" —sler(glkz +€312)

Mathematics Section
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Theorem 3.4. Let ¢, : | = Rsl be a curve at constant distance from « with the Frenet frame

{T,.N,,B,} and its curvature and torsion &, and 7, in Minkowski 3-space. Then, the
following equations hold:

T, = t—¢g,6,A7N

2_2
‘52/1 T —81‘
2 3 3 2 2
(—5182/11a'+8183/1 T+AKT )t+(1(+62€3i+g3ﬂ KT )n

+(£,8,07°(5) - £,°2%(3) )b

{
K

(82 (—52/11'2 )2 —-& (—512,22'3 )2 +é, (—53K+ £+ /”Lzm'z)z )(gzlzrz —51)

- At —g, At n+ (821 + APKkr? — 831(‘) b

22 2_3)? 2 2)?
52(—8221' ) —81(—51/1 T ) +€3(—53/<+82/1+/1 KT )

{

and

2\? 2_3)? 2 2\?
82(—52/11' ) —81(—51/1 T ) +€3(—83K+52/1+ﬂ KT )

K, =

3
2_2 3
‘521 T —51‘

2.3 2 2 2
B o AT —0,AT +03(—K+8283/1+g3i KT )

Ty =

22 2_3\? 2. 2\?
82(—32/11 ) —81(—811 T ) +83(—83K+82/1+/1 KT )

where
o,=g (gsllc’r —£,k° ) +68 (T + k), 0, =66, KT +K' + A7°, 0y = k7 —£,8,07 (14 27").

Proof: Let &, be a curve with parameter s” at constant distance from « in R?, then from
Equation (3), it is known that

da, d5° _da ,db_, . cam (8)
ds ds ds ds

or

ds*
Tb E =t-— 8283/?,7”. (9)

If we take the Lorentzian norm of this expression, then it holds that

ds’
—= ‘—6‘1 + 82/1272‘ :

ds

Substituting the last Equation into (9), the unit tangent vector of the curve ¢« is
obtained as

WWW.josa.ro Mathematics Section
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T _ t—g,e,A7N

n

2.2
‘gzﬂ, T —6‘1‘

for s e | . By differentiating from Equation (8), we get

d’e,
sz = g8, Akt + (K — £,6,A)N— £,6,A7°D
and
‘o
?;’ = (glgsxllc'r(s) + &8, TK — 8K + glgs/bc)t + (glgs/bczr +x'+ /113) n

+(k7—&,6,A7 - 26,6,A17" )b

d’e, d’a
=, and —°

ds ds

binormal vectors N, and B, of ¢, are found as follows:

. I . d
Considering the derivative equations %, of the curve ¢, , the normal and
S

Lab dzab 2.3 2 2. 2
g __ds “ds —g ATt —¢g, At n+(—g31c+52/1+/1 KT )b
* |lde, d%« 2)? 2_3)2 2. 2)\2
by — b 82(—52/12' ) —51(—81/1 T ) +& (—53K+52/1+/1 KT ) ‘
2
ds ds
and
N =B xT _(—51521K1+€1€3127+/13KT3)t+(1<+8253/1+5322Kr2)n+(€253/1r2—53/13T4)b
b ™ *b b ™ .
\/(82 (—82172)2 -g (—511273)2 +é&, (—£3K+82/1 +/12Kr2)2)(521212 —gl)
On the other hand, the curvature and torsion functions of «, are obtained as:
de, d’a, > 2 >
— b x _ 2\ . (_ . 2.3 _ 2,2
ds  ds? \/6‘2( EAT ) 81( AT ) +€3( &K+ EA+AKT ) ‘
Kb = d 3 = E
S, ‘52/1272 —6‘1‘2
ds
and
det| 9% d’a, d’a,
ds ' ds? ' ds® oA’ 3—0'212'2+03(—K+5233l+33121c12)
T = 2 - 2 2 2|’
day d’a, 82(—82/112) —81(—811213) +é, (—63K+£2/1+/12K12) ‘
ds  ds?
such that

o,=¢& (83/1K'r —82K2)+ gk (7' +2), 0, =68 K T+K'+ AT°, 0y = kT —g,6,47 (1+27").

Corollary 3.5. Let the curve a be a circular helix (xand 7 are non-zero constants) in
Minkowski 3-space, then the curves ¢, , &, and ¢, are circular helix.

ISSN: 1844 — 9581 Mathematics Section



538 Developability of Ruled Surfaces Generated by Curves... Kemal Eren et al.

Proof: Let «,, «,, «, be curves at constant distance from « , if the curvature x and torsion
7 of the curve a are non-zero constants;

from Theorem 3.2, it can be said that K is constant,
Tt

from Theorem 3.3, it can be said that Ll is constant,
T

n

from Theorem 3.4, it can be said that K is constant.
Th

4. RULED SURFACES GENERATED BY THE CURVES OBTAINED AT A
CONSTANT DISTANCE FROM THE NON-NULL CURVE.

In this section, ruled surfaces whose basic curves are the curves obtained from a space
curve at a constant distance and whose generators are the tangents of these curves are
examined. The developability of these ruled surfaces is investigated by using the distribution
parameters.

Definition 4.1. A ruled surface in Minkowski 3-space by using generator vectors T, T., and
T, can be presented as
X, (s,v) = (s)+VT,(s),
X, (s,v) =, (s)+VT,(s),
X, (5,V)=at, (8)+VT, (9)

where the base curves «,, &, , and «, of the surfaces are defined by (3).

Theorem 4.2. Let ¢, be a curve obtained at a constant distance from the curve « and T, be a
tangent vector of ¢, . Then, the ruled surface X, (S,V) = (s)+VT,(s) is developable.

Proof: Let X, (s,v) be a ruled surface with the base curve ¢, and the generator vector T, .
Using Equation (2) from Theorem 2.1, we get

det(at' (s),T.(s).T, (s)) =0.
So, we can say that X, (s,v) is developable.

Theorem 4.3. Let &, be a curve obtained at a constant distance from the curve & and T, be

a tangent vector of «,. Then, the ruled surface X, (s,v)=e,(s)+VT,(s) is developable if
the curve « is planar.

Proof: Let X, (S,V) be a ruled surface with the base curve @, and the generator vector T, .
From Theorem 2.1, we get

WWW.josa.ro Mathematics Section
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det(an' (s),T,(s).T, (S)) = (qolK—gzgsgpzr)(gZ% (6,—&A) —gol/lr)
such that
(1-&,6,Ax) At

= d o, = .
\/‘Zgzi/c +e AT —g — gl/lzxz‘ e \/‘28le +e A~ — 51/12K2‘

2]

So, since 7 =0, there exists
((ollc—gzeggozr)(gz% (&,—&4) —golﬂr) =0.

Therefore, we get det(an'(s),Tn(s),Tn'(s)):O. We can say that X,(s,v) is

developable.

Theorem 4.4. Let ¢, be a curve obtained at a constant distance from the curve & and T, be
a tangent vector of @, . Then, the ruled surface X, (s,v)=a, (s)+VT,(s) is developable.

Proof: Let X, (s,v) be a ruled surface with the base curve ¢, and the generator vector T, .
From Theorem 2.1, we get

det(z) (5).T, (s),Tb'(s))=<(ab' be).Tb'> = e (e) + E,4AT),

where
' ' ' ’ t—€2€3ﬂTn
a, =t-gedm, T, :(¢1 _8152¢2K)t+(¢1K+¢2 )n+¢27b, T, T,
‘ezi T —51‘
and
—E,EAT
1 2 —_— —.
‘52/122'2 —51‘ ‘52/1272 —6‘1‘

So, since 7 =0, there exists
53¢27(53¢2 + 52¢1ﬂ“7) ,=0.

Therefore, we can say that X, (s,V) is developable.

4. APPLICATIONS

Example 4.1. Let us consider a timelike curve parameterized as
a(s) 2(_—58inh33,_—5C08h BS,ﬂS .
9 9 3

Then, the Frenet vectors of the timelike curve « are given by

ISSN: 1844 — 9581 Mathematics Section
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T(s) =[—§cosh 33,—§sinh 33,5}
3 3 3
N(s) =(—sinh3s,—cosh 3s,0),
B(s) = (_—4 cosh 3s, _—45inh 3s, 5).
3 3 3
Thus, for A =1, the curves at a constant distance from the timelike curve are

> (3cosh3s+sinh3s), —g(cosh 3s+3sinh 33),@}

4s

[ ;
(—Esmh 3s, ——cosh 3s, —J
9 3

—%cosh 3s——smh 3s, —§cosh 3s— 4smh 3s,

(5+348)J_

Figure 1. The curves &, (red), &, (green), and ¢, (blue) at a constant distance from the timelike curve

On the other hand, we have the ruled surfaces constructed by the curves obtained at a
constant distance from the curve as follows (Figures 2-4):

X, (5.v) —1(40(3cosh3s +sinh 3s)+5v(cosh3s +3sinh 3s),
S,V)=— '
‘ 72{ 40(cosh 3s +3sinh 3s)+5v(3cosh 3s +sinh 3s), -4 (24 + 24s + V)

X, (s,v)= —%(7(3vcosh 3s+20sinh3s),7(20cosh 3s +3vsinh 3s),—6(20s +V)),

xb(s'v):

_1 ((15(12cosh3s +5sinh 3s)+3v(5cosh 3s +12sinh 3s)),
135 (lS(Scosh35+125inh35)+3v(12005h35+55inh33)),—3(15(5+4s)+4v) '
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Figure 2. The ruled surface X, constructed by the curve ¢, obtained at a constant distance from the

timelike curve with S = (?ﬂ , %j and V= (—10,10) .

Figure 3. The ruled surface X, constructed by the curve ¢, obtained at a constant distance from the

timelike curve with S = (?ﬂ , gj and v =(-10,10).

Figure 4. The ruled surface X, constructed by the curve ¢, obtained at a constant distance from the

timelike curve with S = (?ﬂ : %) and v =(-10,10).

5. CONCLUSIONS

In this study, the constant distance curves were obtained using tangent, normal, and
binormal vectors of a unit speed space curve in Minkowski 3-space. Then, the Frenet vectors
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of these curves, curvature, and torsion functions were calculated by using the curvature and
torsion of the given unit speed curve. Additionally, the developability of ruled surfaces
generated using these curves and their tangents were investigated. Finally, an example
containing these curves and surfaces was given, and their graphs are drawn. A similar study
can be conducted to investigate the developability of ruled surfaces generated by the normal
and binormal vectors of a space curve. Furthermore, such a study can be extended to examine
the minimality of these surfaces.
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