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Abstract. The main goal of this article is to find different and new analytical and 

numerical solutions of the Gardner equation. The equation, also known as the combined KdV–

mKdV equation, clarifies several interesting physical phenomena, such as internal waves in a 

stratified ocean [1], long wave propagation in an inhomogeneous two-layer shallow liquid [2], 

and ion acoustic waves in plasma with negative ions [3]. Our study consists of two main parts: 

in the first part,         expansion method is implemented to create some alternative exact 

solutions of the Gardner equation. Also in this part, various hypotheses are considered to 

construct many exact traveling wave solutions (involving Hyperbolic, Trigonometric, and 

Rational solutions). In the second part, a collocation method based on the septic B-spline 

approximation has been introduced and put into practice for the numerical solution of the 

equation while taking various test problem parameter values into account. Additionally, Von-

Neumann stability analysis has been carried out, ensuring the scheme’s unconditional stability. 

The appropriate solutions for the two test problems are found by computing the    and    

error norms, which highlight the significance of the procedure and demonstrate its 

applicability and credibility. The numerical findings are inferred to match the analytical 

answers well, suggesting that the existing B-spline collocation algorithm is strong and 

appealing. The results are tabulated and reported both modally and in terms of the productivity 

of the procedure. The results produced from both analytical and numerical methods 

demonstrate the great utility of this study for scientists tasked with identifying characteristics 

and features of nonlinear processes across a variety of scientific domains. 

Keywords: Gardner equation;         expansion method; collocation; septic B-

spline.  

 

 

1. INTRODUCTION 

 

 

As it is known, nonlinear evolution equations (NLEEs) have been generally considered 

to characterise physical properties in a large area of scientific and engineering fields, include- 

ing applied mathematics, mathematical biology, mathematical physics, theory of solitons, 

hydrodynamics, optical fibres, marine engineering, plasma physics, fluid mechanics and chaos 

theory to investigate propagation of the waves [4]. As it can ensure many physical features and 

more awareness of the physical perspectives of the problems and thus contribute to further 

applications, examination of the traveling wave solutions for NLEEs play a vital role in 

nonlinear science fields [5-7].  
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Therefore, it is significant to concentrate on solitary waves and search for exact 

traveling wave solutions in a detailed manner from a mathematical point of view. Up to now, 

many robust methods to construct exact solutions of NLEEs have been created and developed. 

Among others, Hirota bilinear method [8,9], Backlund transformations method [10], 

Kudryashov method [11], generalized Kudryashov method [12,13], modified exponential 

function method [14], inverse scattering method [15], F-expansion method [16], the sine–

cosine and tanh methods [17], Exp-function method [18,19],         expansion method [20-

23], Jacobi elliptic functions method [24,25], Sinc-Galerkin method [26], bilinear 

transformation method [27,28], Riccati equation method [29], and so on. The above methods 

have derived many types of solutions from most NLEEs. In this study, we have offered the 

following well-known NLEE, namely the Gardner equation: 

 

                       (1) 

 

where the coefficients in the equation are all constants. Equation (1) becomes a very attractive 

equation for nonlinear wave propagation because of the struggle between the nonlinear terms 

and the third-order dispersive term. Solutions of Equation (1) depend cardinally on the sign of 

the coefficient of the cubic non-linear term  . In particular, if     there is one family of 

solitary waves (solitons) only, if     there are two families of solitons, and also breathers 

(oscillating wave packets) exist. The Gardner equation is completely integrable, as for the 

following Korteweg-de Vries (KdV) equation, 

 

                 (2) 

 

and first arose in the derivation of the infinite number of conservation laws for the KdV 

equation [30]. The Gardner equation has been used to model rogue waves in layered fluids, 

such as in the atmosphere and river mouths, including both solitons and undular bore solutions 

[31,32]. One of the best-known applications of this equation is the modeling of large-amplitude 

internal waves [33-35]. Much attention has been paid to the Gardner equation [36-56], but 

looking for more interesting new solutions still remains a major contribution. Besides, the 

numerical behavior of the equation has also been of interest in the literature [57-59]. In this 

study, we applied effective and powerful methods to obtain the exact and numerical solutions 

of the Gardner equation, which has been studied extensively. Thus, the sections of the paper are 

arranged as follows: We begin in Section 2 with the mathematical analysis of the model. 

Strategy of the         expansion method is analyzed in Section 3. In Section 4,         

expansion method is used to obtain a new family of analytical solutions of the equation. Section 

5 discusses the graphical representation of several of these solutions. Section 6 shows how to 

apply the collocation approach to the equation. The scheme’s stability analysis is the main topic 

of Section 7. We conduct comprehensive numerical testing of our suggested scheme in Section 

8 to examine the sensitivity and capabilities of our model, and we conclude with general 

findings in Section 9. 

 

 

2. MAIN IDEA OF THE METHOD 

 

 

To procure a traveling wave solution of the Equation (1) and the following equation, 

which is a special case of Equation (1), 

 

                       (3) 
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we utilize the subsequent transformation: 

 

            (4) 

where 

        (5) 

 

and   represents the traveling wave’s speed. We can rewrite Equations (1) and (3) as follows 

by using Equations (4) and (5): 

 

                                   (6) 

 

               (7) 

 

Then, we can solve (6) and (7) to find the solutions of the Equations (1) and (3). 

 

 

3. THE         EXPANSION TECHNIQUE’S METHODOLOGY 

 

 

The following is how one can formulate the governing equation:  
 

                       (8) 

 

A polynomial function F in Equation (8) is dependent on the function u and its 

derivatives in space and time. We may use a traveling wave transformation (4) with (5) to 

translate this partial differential equation (PDE) into an ordinary differential equation (ODE): 

 

                  (9) 

 

The principal steps of the         expansion method are as follows [60]:  

 

Step 1. First, we will assume that the exact solutions to Equation (9) 

 

     ∑   (
  

 
)
 

 
   , (10) 

 

where        guarantees the second-order linear ODE written by:  

 

                       (11) 

 

where the constants                          ,   and   need to be computed. 

 

Step 2. There is a highest power nonlinear term and a highest order derivative term in Equation 

(9). By balancing these two terms, a positive integer N is obtained, as shown in Equation (10). 

This integer value is likely to be significant in characterizing the behavior of the system 

described by the equations, although further information about the equations are necessary to 

fully understand the meaning of N. 

 

Step 3. Equation (11) has three different families of traveling wave solutions that we can 

identify:  
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Family 1: solutıons for hyperbolıc functıons, when,          

  

 
 

  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

 (12) 

 

Family 2: solutions for trigonometric functions, when           
 

  

 
 

  

 
 

 

 
√     

       
 
 √             

 
 √      

      
 
 √             

 
 √      

  (13) 

 

Family 3: solutıons for ratıonal functıons, when         

 

  

 
 

  

 
 

  

      
  (14) 

 

Step 4. By substituting Equation (10) for Equation (9) and using Equation (11) to arrange the 

terms with identical powers of (
  

 
) together, we may construct a system of algebraic equations 

in   ,   , and  . We then equate each coefficient to zero, and this system of equations can be 

solved using the Mathematica program. 

 

 

4. NEW SOLUTION FAMILIES OBTAINED FOR THE (G′/G)− EXPANSION 

METHOD 

 

 

In this part, we provide analytical solutions for two cases studied in problem (1) using 

the         expansion method. For the purpose of approximating solutions to nonlinear 

differential equations, the         expansion approach is an exceptional analytical tool. 

 

 

4.1. THE FIRST MODEL’S ANALYTICAL SOLUTIONS 

 

 

Applying the balance principle to (6) between the terms      and     yields      
   , which implies that      Using (10), we can express the solution of (6) as follows: 

 

     ∑  (
  

 
)

  

   

  (15) 

 

If equality (15) is written in Equation (6) and even up the coefficients of like powers of 

(
  

 
) to zero, the following system is obtained:  
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By solving the system of equations given above   ,    and k are obtained as: 

   
 

 

(

  
 
 √

  (      (√                               )
 

 ⁄
)

 

        (√                               )
 

 ⁄
  

)

  
 
  

    

√
  (      (√                               )

 
 ⁄
)

 

        (√                               )
 

 ⁄

 
  

  
       (√                               )

 
 ⁄

       √√                     
 

          
  

(16) 

 

When equalities (16), (15) and (5) with Equation (4) are used in Equation (1) solutions 

of Equation (1) have been procured as follows: 

 

Family 1: solutıons for hyperbolıc functıons, when          
 

          
 

 
  (  

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

)

 

)  

(17) 

  

Family 2: solutions for trigonometric functions, when          
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  (  

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

   (
  

 

 
 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

 

)  

(18) 

  

4.2. THE SECOND MODEL’S ANALYTICAL SOLUTIONS 

 

 

By considering the balance principle to Equation (15) between the terms    and     , 

we arrive at         , which implies that      Using (10), we can express the 

solution to (7) as follows: 

From (10), the solution of (7) can be presented as: 

 

     ∑  (
  

 
)

 

 

 

   

 (19) 

 

By substituting Equation (19) into Equation (7) and equating the coefficients of like 

powers of (
  

 
) to zero, we obtain the following system: 

 

     
        

      
      

       
     

               
          

      
          

     
     

        
      

           
      

      
          

   
     

     
       

     
          

     
     

    
       

     
 

The following sets of solutions were obtained by using the Mathematica program to 

solve the previously described set of equations: 

 

• Set 1: 

     ,    
√  
 

√ 
 

√         ,    
     

 
 ⁄    

 
 ⁄

  (        )
 

 ⁄
 ,    

     
 

 ⁄   
 

 ⁄

  
 (        )

 
 ⁄
 . (20) 

 

Substituting from (17) to (19) with (4), (5) respectively, we get the solutions of (3): 

 

Family 1: solutıons for hyperbolıc functıons, when          
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            (  

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

)

 

)

 
 

  

(21) 

 

Family 2: solutions for trigonometric functions, when          
 

            (  

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

 

)

 
 

  

(22) 

• Set 2: 

   
  

 
 ,    

√  
 

√ 
 

√         ,    
     

 
 ⁄     

 
 ⁄

  (        )
 

 ⁄
 ,    

     
 

 ⁄     
 

 ⁄

  
 (        )

 
 ⁄
 . (23) 

 

Substituting from (17) to (19) with (4), (5) respectively, we get the solutions of (3): 

 

Family 1: solutıons for hyperbolıc functıons, when         , 

 

            (  

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

) 

  (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

)

 

)

 
 

  

(24) 

 

Family 2: solutıons for trıgonometrıc functıons, when        , 
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            (  

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

 

)

 
 

  

(25) 

• Set 3: 

   
  

 
 ,   

√ 
 

√         ,   
     

 
 ⁄

  (        )
 

 ⁄
 ,    

     
 

 ⁄

  
 (        )

 
 ⁄
   (26) 

 

Substituting from (17) to (19) with (4), (5) respectively, we get the solutions of (3): 

 

Family 1: solutıons for hyperbolıc functıons, when         , 

 

          (  

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

)

 

)

 
 

  

(27) 

 

Family 2: solutıons for trıgonometrıc functıons, when          

 

           (  

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

 

)

 
 

  

(28) 

• Set 4: 

     ,   
√ 
 

√         ,    
    

 
 ⁄

  (        )
 

 ⁄
 ,    

   
 

 ⁄

  
 (        )

 
 ⁄
   (29) 

 

Substituting from (17) to (19) with (4), (5) respectively, we get the solutions of (3): 
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Family 1: solutıons for hyperbolıc functıons, when        , 

 

           (  

   (
  

 
 

 

 
√     

      
 
 
√             

 
 
√      

      
 
 √             

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √             

 
 √      

      
 
 √             

 
 √      

)

 

)

 
 

  

(30) 

 

Family 2: soluıons for trıgonometrıc functıons, when          

 

           (  

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

) 

   (
  

 
 

 

 
√     

      
 
 √            

 
 √      

     
 
 √            

 
 √      

)

 

)

 
 

  

(31) 

 

 

5. GRAPHICAL ILLUSTRATIONS 

 

 

We utilize the analytical approach in this part to explore the equation that we created. 

Two- and three-dimensional graphs of some of the analytical solutions were drawn to show the 

effectiveness and reliability of the obtained results. In Figs. 1-5, graphs of the analytical 

solutions of Equations (17), (22), (25), (27), and (30) using various parameter configurations 

are shown, respectively. These graphs provide insight into how the system’s dynamics and the 

parameters employed affect the solutions’ overall behavior. The results show valuable insights 

into the features and behavior of the solutions. 

   
 

Figure 1. Graph of (17) at                                         
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Figure 2. Graph of (22) at                                                    
 

    
 

Figure 3. Graph of (25) at                                                    
  

    
 

Figure 4. Graph of (27) at                                             
 

     
 

Figure 5. Graph of (30) at                                             

 

 

6. APPLICATION OF SEPTIC B-SPLINE COLLOCATION METHOD 

 

 

This section deals with the mathematical issue represented by Equation (1) when certain 

septic B-splines are present. The definition of septic B-splines is found in [61], and they are 

important to this strategy. Among many numerical methods, the collocation method is a 
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method that gives good results and is very convenient in terms of time and workload [62]. In 

this method,               conforming with the             can be written as follows: 

 

              ∑      

   

    

       (32) 

 

If         ,       , transformation is done in thr range [       ] , the range 

[   ] is obtained. Thus, in the new range [   ]   septic B-spline functions are obtained in the 

manner described below [63]: 

 

                                      
                                         

                                                    
                                 

                                                    
                                          
                                       

         

(33) 

 

By utilizing Equations (32) and (33), the following expressions are procured: 

 

  
  

 

 
                                            

   
   

  

  
                                              

   
    

   

  
                                          

   
   

  
                              

    
  

    

  
                                      

(34) 

  

When, writting (32) and (33) in Equation (1) and making some simplification, the 

following systems of ODEs are achieved [64]: 

 

 ̇        ̇         ̇         ̇       ̇        ̇     ̇    

              
 

 
                                           

      

   

  
                                       

  
    

  
                                        

(35) 

where  ̇  
𝑑 

𝑑 
 and 
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In Equation (35), replacing  ̇  by forward difference approximation  ̇  
  
      

 

  
 and    

by Crank–Nicolson formulation    
  

      
 

 
 then the system of ODEs (35) turns into the 

following system 

 

      
          

          
        

          
          

          
    

       
        

        
      

        
        

        
   

(36) 

where 

   [       ]    
   [             ]    

   [                ]   
   [    ]  

   [                ]  
   [             ]   

   [       ] , 

  
 

 
      

 

 
      

 

 
      

  [
  

 
          ]  

  [
   

   ], 

  [
    

   ]. 

 

(37) 

By removing                     and     from the system (36), we get the following 

system 

          (38) 

 

which can be solved at any desired time level by starting with the initial vector     
 

 

7. STABILITY ANALYSIS 

 

 

The Von-Neumann stability analysis based on Fourier method has been implemented to 

examine the stability. Considering the following Fourier mode [65,66]: 

 

  
          (39) 

 

into the iterative system (36) and after some amplifications, 

 

  
      

      
 , (40) 

is obtained and in which 

 

                                           
                                              

                       
(41) 

 

The linearized scheme’s stability is confirmed by the observation that | |   , which is 

the highest value of (36). 
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8. RESULTS AND DISCUSSIONS 

 

 

In this section, examples are ensured to demonstrate the robustness and productivity of 

the proposed numerical scheme. For a nonlinear initial and boundary value problem having an 

exact solution, the error norms    and    described as [67,68]: 

 

   ‖         ‖  √ ∑|  
           |

 
 

   

  (42) 

 

   ‖         ‖     
 

|  
           |             (43) 

 

are generally used to test and evaluate the differences between exact and approximate solutions. 
 

 

8.1. TEST PROBLEM 1 
 

 

For this problem, Equation (1) has been handled for the parameters      ,        

and       which gives: 

 

                      (44) 

 

Exact solution of the Gardner equation is 

 

       
 

    √      [
    

 
 

 
  

]
 (45) 

 

which depicts a single solitary wave. To demonstrate precision of numerical scheme, the 

equation is investigated over the domain [            ] until time    . In numerical 

experiments,               with     and      have been taken in accordance with the 

references to be compared. Table (1) provides a full description of the corresponding findings, 

and the solutions mentioned therein have been compared to those found in the corpus of recent 

research. The table unequivocally demonstrates that our performance is satisfactory in 

comparison to studies from the literature Ref.[69], and the numerical results nearly reflect the 

exact solutions. Fig. 6 depicts the twodimensional instance of the descending bell-shaped wave 

solution as well as the contour line for the motion of each individual wave. 

 

Table 1. Error norms for test problem 1. 

                              

                 

1 1.3977E-04 3.6634E-05 6.0432E-04 1.8946E-04 
2 2.7384E-04 7.2582E-05 1.1513E-03 3.6085E-04 
3 4.0706E-04 1.0784E-04 1.6457E-03 5.1532E-04 
4 5.3883E-04 1.4244E-04 2.0909E-03 6.5397E-04 
5 6.6903E-04 1.7637E-04 2.4902E-03 7.7782E-04 

[69]      - 1.9992E-03  - 1.9992E-03 
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1 3.3085E-04 9.8974E-05 3.3151E-04 9.8868E-05 
2 6.6056E-04 2.0175E-04 6.6320E-04 2.0116E-04 
3 9.8976E-04 3.0793E-04 9.9655E-04 3.0623E-04 
4 1.3179E-03 4.1708E-04 1.3319E-03 4.1337E-03 
5 1.6447E-03 5.2871E-04 1.6701E-03 5.2180E-03 

 
Figure 6. Single solitary wave and its contour line for test problem 1. 

 

 

8.2. TEST PROBLEM 2 

 

 

For this test problem, Equation (1) has been handled for the parameters      , 

       and       which gives: 

 

                     (46) 

 

Using this approach, we model the second form of the Gardner equation, which yields 

folding type soliton solutions. The boundary conditions for the wave at infinity differ 

topologically from those in space because the twist solution is topological. These folded 

solitons are typically characterized by their persistent profile; that is, they are independent of 

time. A good real-world example of the buckling solution is the Bloch wall between two 

magnetic fields in a ferromagnet. Second form of the Gardner equation’s exact solution is 

 

       
 

  
(      (

√  

  
(  

 

  
)))  (47) 

 

which corresponds to the motion of a single solitary wave. To show certainty of numerical 

algorithm, the equation is examined over the region [             ]until time    . In 

numerical computations,               with      and     have been selected in 

accordance with the references to be compared. Table (2) provides a full description of the 

corresponding findings, and the solutions mentioned therein have been compared to those 

found in the corpus of recent research. The table unequivocally demonstrates that our 

performance is satisfactory in comparison to studies from the literature Ref.[69], and the 

numerical results nearly reflect the exact solutions. Fig 7 displays simulations of a single 

soliton and the contour line for the motion of a single wave. 
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Table 2. Error norms for test problem 2. 

                              

                  

0.1 1.2170E-05 3.6588E-06 1.2273E-04 3.8794E-05 
0.2 2.4336E-05 7.3162E-06 2.4498E-04 7.7435E-05 
0.3 3.6502E-05 1.0973E-05 3.6677E-04 1.1592E-04 
0.4 4.8672E-05 1.4632E-05 4.8808E-04 1.5427E-04 
0.5 6.0832E-05 1.8288E-05 6.0894E-04 1.9247E-04 

[69]      - 2.9575E-04  - 2.9575E-04 

                            

                 
0.1 6.3601E-06 2.0608E-06 .0008434571 3.7669E-05 
0.2 1.2725E-05 4.1249E-06 .0016852925 7.5265E-05 
0.3 1.9096E-05 6.1918E-06 .0025254961 1.1278E-04 
0.4 2.5477E-05 8.2648E-06 .0033639561 1.5022E-04 
0.5 3.1866E-05 10.3422E-06 .0042006541 1.8758E-04 
1 6.3895E-05 20.0776E-06 .0083567125 3.7306E-04 

 

 
Figure 7. Single solitary wave and its contour line for test problem 2. 

 

 

9. CONCLUSIONS 

 

 

The implications of our research are twofold. Firstly, we generate (G /G) -expansion 

method for obtaining the exact solutions of the Gardner equation. The method is a standard and 

suitable for programming, which permits us to solve complex and complicate algebraic 

calculation. Secondly, the collocation method is presented and implemented for the numerical 

solution of the Gardner equation. The von Neumann method has been carefully applied to test 

the numerical algorithm’s stability, and it has been shown to be unconditionally stable. The 

reliability and efficiency of the method have been evaluated using    and    error norms, and 

the calculated results are seen to be better and more compatible than the results in the literature. 

Additionally, the solutions’ behavior is visually depicted, demonstrating the similarities 

between the simulation of solutions over time and the numerical and exact solutions. The best 

part of the study is successful implementation of both the schemes for finding both exact and 

numerical results. From this, our methods are valid techniques for solving the Gardner 

equation, which can also be successfully used to solve a number of physically significant non-

linear issues. 
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