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Abstract. Uncertainty in parameters is handled through fuzzy differential models, 

while their solution can elaborate on their stability. Iterative methods are powerful tools to 

express the approximate solution up to a finite order of iteration; therefore, here we are 

analyzing two renowned time-fractional fuzzy differential equation models, advection 

dispersion and parabolic, through the fractional variational iterative method (FVIM). In the 

meanwhile Riemann-Liouville fractional integral is used to evaluate the time-fractional order 

derivative. Exact solution of advection dispersion equation in the form of Mittag-Leffler 

function for integer order is obtained, and other approximate solutions for non-integer 

derivatives are also discussed, while the exact solution of parabolic equation is also obtained 

in the form of Mittag-Leffler function. All numerical results for both time-fractional fuzzy 

partial differential equation models are discussed and compared with existing solutions. 

Moreover, numerical solutions of non-integer derivatives are also obtained. 

Keywords: Riemann-Liouville fractional integral; fractional variational iterative 

method; time-fractional fuzzy parabolic equation; time-fractional fuzzy advection-dispersion 

equation. 
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1. INTRODUCTION  
 

 

Fuzzy set theories, fuzzy fractional calculus, and fuzzy fractional differential 

equations play a vital role in analyzing the uncertainty parameters. Recent publications have 

been investigated based on Caputo derivative [1,2], interval Atangana-Baleanu fractional 

derivative approach [3], Riemann-Liouville generalized fractional integral [4], Caputo 

Atangana–Baleanu derivatives [5], Caputo gH-fractional differentiability [6], Caputo 

Hadamard derivatives [7], Modified fractional Euler method [8], and many others [9-13]. 

Similarly, recent application of fuzzy fractional calculus have been presented in the form of: 

generalized nonlinear Schr¨odinger equation with local fractional derivative [14], local 

fractional Gardner’s equation [15], the transmission of infectious diseases in a prey-predator 

system [16,17], edge detecting techniques based on fractional derivatives [18], modeling of 

hand-foot-mouth disease [19], interaction of tumor growth and the immune system [20], and 

fractional preypredator model [21], fractional uncertainty modeling [22]. 

A system of fuzzy fractional differential equations (FFDEs) is numerically 

investigated through lateral type Hukuhara derivative and generalized Hukuhara derivative 

[23]. N.V. Hoa introduced FDEs under the influence of Caputo generalized Hukuhara 

differentiability [24]. Long et al. [25] developed the idea of fuzzy fractional integral and 

Caputo gH-partial for fuzzy valued multivariable functions. Issa et al. [26] checked the 

validity and applicability of the Adomian decomposition method, modified Adomian 

decomposition method, variational iteration method, and homotopy perturbation method by 

investigating the fuzzy integro-differential equations. Caputo-type fractional order nonlinear 

differential equation with an advanced argument is solved by Asaduzzaman et al [27]. Canedo 

and Verdegay used the Lexicographic Method for diet and time–cost trade-off problems in 

fuzzy systems [28]. Runge-Kutta and biogeography-based optimization is implemented on 

fuzzy differential equations [29]. Osman et al. [30] presented fuzzy Adomian decomposition 

and fuzzy modified Laplace decomposition methods to investigate fuzzy fractional Navier–

Stokes equations by fractional derivatives. In [31], Senol et al solved the fuzzy fractional 

partial differential equations with generalized Hukuhara derivative by using a perturbation 

iterative algorithm. There is also a lot of work in the literature on the solution of fuzzy 

differential equations and fuzzy partial differential equations [32-42].  

In the early stage of the 21st century, a new iterative technique was introduced called 

the variational iteration method (VIM) to obtain the solution of autonomous differential 

equations by Ji-Huan He [43-48]. He imposed the idea of the general Lagrange multiplier, 

which is obtained by variational theory. The variational iterative method provides an 

approximate analytical solution to the exact solution, while the fractional variational iterative 

method (FVIM) with Riemann-Liouville derivative was proposed in [49], which also provides 

an approximate analytical solution. But it was a new trend in fractional calculus to obtain the 

fractional order differential equations; therefore, authors Wu and Lee implemented FVIM on 

time and space fractional order diffusion differential equations. Furthermore author [50] 

examined the possible implementation of FVIM is a fractal multiscale method. Recent work 

on FVIM can easily be obtained from the references [51-60]. 

In this paper, the authors would like to extend the applications of FVIM through 

fractional fuzzy partial differential equations and obtain the exact solutions in the form of the 

Mittag-Leffler function. These equations are the time-fractional fuzzy advection dispersion 

equation (T-FFADE) [61-64] and time-fractional fuzzy parabolic equation (T-FFPE) [65-67]. 

We found that FVIM methodology is still not applied to the time-fractional fuzzy partial 

differential equations, and it is also notable that semi-analytical analysis is still not 

investigated in this field, so it inspired us to utilize FVIM on time-fractional fuzzy partial 

differential equations. 
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This paper is partitioned into the following sections: some basic and important 

preliminaries about fuzzy theory are imported into section 2, detail discussion has been made 

on FVIM in the section 3, numerical results and discussion on the solution of our two 

investigated problems are mentioned in section 4, and final conclusion by comparing our 

results and other literature results has been made in section 5. 

 

 

2. PRELIMINARIES 

 
 

2.1. FUZZY CALCULUS 
 

 

In this section, we are presenting some definitions that are useful to understand the 

definition of Hukuhara derivatives. 
 

Definition 2.1.1. A fuzzy environment depends on fuzzy numbers, which are completely 

obtained by a pair  ( )  ( ̅( )  ( ))  where  ̅   [   ]    fulfil the following conditions 

[68]: 

i.  ̅ is a decreasing left and right-hand continuous function for      
ii.   is an increasing left and right-hand continuous function for      

iii.    (   ]    . 

 

Definition 2.1.2. A function   (   )   ́ is called Hukuhara differentiable at  ̂  (   ) if, 
for     approximately small, there exist the H-differences  ( ̂   )   ( ̂)  ( ̂)  
 ( ̂   ) and an element  ́( ̂)   ́ such that 

  

   
    
(
 ( ̂   )   ( ̂)

 
  ́( ̂)     

    
(
 ( ̂)   ( ̂   )

 
  ́( ̂)))     

 

Then  ́( ̂) is called the fuzzy derivative of   at  ̂. 
 

Definition 2.1.3. A fuzzy number y is a fuzzy subset of the real line with a normal, convex, 

and upper semi-continuous membership function of bounded support [68]. 

 

Definition 2.1.4. Let I be a real interval. A mapping       is called fuzzy process and 

denoted by the set 

[ ( )]  [ ̅(   )  (   )]  

 

Definition 2.1.5. (α-Level Set). Let   be a member function and be defined as     [   ], 
where   is a fuzzy subset of   [   ] and it is further defined as {(   ( ))   [   ]}. 
Then the  -level set can be defined as 

 

[ ]  {
{     ( )   }    
[  
    

 ]            [   ]
 . 

 

According to Kaleva [69], the membership function is bounded, monotonically 

increasing, and 
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i) left continuous  {
  ( )     [   )

  ( )     (   ]
 

ii) right continuous  {
  ( )        

  ( )        
 

iii)   ( )    ( ). 
 

Definition 2.1.6. (Fuzzy Function). The  -level set for fuzzy function,       , can also be 

defined as   (   )  [  
    
 ] for all   [   ]. Fuzzy functions also have a domain and 

range, so mapping of   to   is a fuzzy function [35]. 
 

Definition 2.1.7. (Generalized Hukuhara difference). The generalized Hukuhara difference 

(gh-difference) is evaluated at two fuzzy numbers, say   ,   , and denoted by         and 

defined as 

           {
        
  

     ( )  (  )   
 

where,       , and      . 
If   [    ]  [    ]    

  then a mapping from   to   is a fuzzy function at 

(     ) [70]. 
 

Definition 2.1.8. (Generalized Hukuhara Partial Derivative). Generalized Hukuhara partial 

derivatives (gH-partial derivative) are defined as [71] 
 

  (     )     
   

 (       )     (     )

 
  

  (     )     
   

 (       )    (     )

 
  

 

Definition 2.1.9 (Generalized Hukuhara Differentiability). The gH-differentiability with 

respect   and   for the fuzzy function   can be defined in two types [72]: 
 

Type-I. 

[  (     )]
  [
   
 

  
 
   
 

  
]    [   ]  

Type-II. 

[  (     )]
 
 [
   
 

  
 
   
 

  
]    [   ]  

 

 

2.2. FUZZY FRACTIONAL CALCULUS 
 

 

Definition 2.2.1. Let      be a real valued space, then the left-sided Riemann-Liouville 

fractional integral is defined on   of     order in such a way 
 

   
  (   )  

 

 ( )
∫ (   )    (   )   
 

  

 (1) 

 

Definition 2.2.2. The modified definition of the Riemann-Liouville definition is called 

Caputo’s fractional derivative or modified Riemann-Liouville derivative, and it is defined as 
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  ( )  

 

 (   )

  

   
∫ (   )   ( ( )   ( ))   
 

 

 (2) 

 

where,                and      
 

Definition 2.2.3. Let    ( ) be a function then   order derivative is defined as 
 

    ( )(  )       ( )      (   )  (3) 
  

Lemma 2.2.1. Suppose G = g(x) is a continuous function, then its integral w.r.t (  )  is the 

solution of the fractional differential equation, Equation (3), is written as 
 

  ∫  ( )
 

 

(  )   ∫ (   )    ( )     (   ]
 

 

 (4) 

 

Similarly, the integration by parts formula can be written as 
 

∫ [ ( )( ) ( )]
 

 

(  )    [ ( ) ( )]   
    ∫  ( ) ( )( )

 

 

(  )   (5) 

 

Corollary 2.2.1. Suppose   (   ] and     then the fractional derivative can also be 

defined for a variable   such as 
 

      [   ]   [     ]      (6) 
 

Definition 2.2.4 (fuzzy Riemann–Liouville integral). Suppose   ( )   [   ]   [   ] be a 

fuzzy valued function, then the fuzzy Riemann-Liouville integral of    is defined as 
 

   
  (   )  

 

 ( )
∫ (   )    (   )  
 

  

  (7) 

 

where,  [   ] is a space of all fuzzy-valued functions and  [   ] is a space of Lebesgue 

integrable fuzzy valued functions. While       and    . 
From Equation (4), we can get 

 

∫ (   )    ( )  
 

 

 
 

 
∫  ( )(  ) 
 

 

  (8) 

 

A similar type of result can also be obtained as 

∫        [   ] [   ]   [     ]    
 

 

  (9) 

 

Therefore, Equation 7 is modified as 
 

   
  (   )  

 

 (   )
∫  (   )(  ) 
 

 

  (10) 

 

Now, according to Definition (2.1.4),   (   )  [  
    
 ] therefore, 

 



 Semi-Analytical Analysis of Advection Dispersion… Najam Ul Basat and Mahmoona Asghar                                                                    

 

www.josa.ro Mathematics Section 

594 

   
   (   )  [

 

 (   )
∫   

 (   )(  ) 
 

 

 
 

 (   )
∫   

 (   )(  ) 
 

 

]  (11) 

 

Definition 2.2.5 (Fuzzy Caputo’s gH-differentiable). 
 

Suppose   ( )   [   ]   [   ] be a fuzzy valued function, then fuzzy Caputo’s 

gH-differentiable of    is defined as 
 

   
   (   )  

 

 (   )
∫ (   )    (   )  
 

  

   (   ]  (12) 

 

By using a similar definition,   (   )  [  
    
 ], the    

   (   ) is defined as 

 

   
   (   )  [

 

 (   )
∫ (   )    

 (   )  
 

  

 
 

 (   )
∫ (   )    

 (   )  
 

  

] (13) 

 

 

3. METHOD ANALYSIS 
 

 

Here we are elaborating the fractional variational iterative method (FVIM) for   order 

of fuzzy function w.r.t. time. Suppose we have a time-fractional differential equation, 
 

  
 
 (   )   ( ) (   )   ( )     (14) 

 

then, according to FVIM, the correction function can be defined as 
 

    (   )    (   )   
 [ (   ) (

    
   
  ( )  (   )   ( ))]  (15) 

from Equation (10) 
 

    (   )    (   )  
 

 (   )
∫ [ (   ) (

    
   
  ( )  (   )   ( ))] (  )

 
 

 

  (16) 

 

where  (   ) is general Lagrange multiplier which can be evaluated by variational theory. 

Therefore Equation 16 is modified under the variation   and restricted variation   ̃   : 
 

     (   )     (   )  
 

 (   )
∫  (   )   

( )(  ) 
 

 

  

 

by using Equation (5) 

 (   (   ))   (   )  
 

 (   )
∫  ( )(   )   (  )

 
 

 

  

 

Now comparing the     coefficient of     and we can get 
 

   (   )      (17) 
 

For  (   )    , Equation (16) in finalized form is 
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    (   )    (   )  
 

 (   )
∫ [
    
   
  ( )  (   )   ( )] (  )

 
 

  

  (18) 

 

Thus, the final fuzzy fractional variational iteration formula can be written as 
 

  
 
   
(   )    

 
 
(   )  

 

 (   )
∫ [
    

 
 

   
  ( )  

 
 
(   )   ( )] (  ) 

 

  

  (19) 

 

  
 
   
(   )    

 
 
(   )  

 

 (   )
∫ [
    

 
 

   
  ( )  

 
 
(   )   ( )] (  ) 

 

 

  (20) 

 

 

4. RESULTS AND DISCUSSION 
 

 

4.1. TIME-FRACTIONAL FUZZY ADVECTION DISPERSION EQUATION 
 

 

Consider a time-fractional fuzzy advection dispersion equation (T-FFADE) 
 

   (   )

   
 
  (   )

  
  
   (   )

   
 

                     
(21) 

 

With initial conditions 

 (   )        
 

where   is  -level dependent fuzzy number. 

As   is a fuzzy function; therefore initial condition can be defined as, 
 

 (   )  [  (   )   (   )]  [           ]  (22) 
 

Now, according to Equation (16), the lower fuzzy correction function for Equation 

(21) can be written as 

    
 (   )    

 (   )  
 

 (   )
∫  [

    
 (   )

   
 
   
 (   )

  
  
    

 (   )

   
] (  ) 

 

 

  

 

By applying the variational parameter   on both sides of above equation and   ̃   , 
authors can set      

 

    
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
   
 (   )

  
  
    

 (   )

   
] (  ) 

 

 

  (23) 

 

Consider the initial condition as the zeroth iteration   (   )    
        

therefore, further iterated results are obtained as: 

   : 

  
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
   
 (   )

  
  
    

 (   )

   
] (  ) 

 

 

  

by using  
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and get 

  
 (   )        

(   )     

 (   )
    (21) 

   : 

  
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
   
 (   )

  
  
    

 (   )

   
] (  ) 

 

 

  

by using  
    

 

   
 (   )      

   
 

  
        

(   )     

 (   )
     

    
 

   
       

(   )     

 (   )
    

and get 

  
 (   )        

(   )     

 (   )
   
(   )      

 (    )
     (25) 

 

Similarly for the     iteration: 
 

  
 (   )       ∑

(   ) 

 (    )
    

 

   

       [(   ) 
 ]  (26) 

 

where   [(   ) 
 ] is the Mittag-Leffler function. Now, the approximate lower fuzzy 

function solution can be written as 
 

  (   )        
(   )     

 (   )
   
(   )      

 (    )
      (27) 

 

and the exact solution of the lower fuzzy function can be obtained as 
 

  (   )     
   
  
 (   )         [(   ) 

 ]  (28) 

 

Similarly, 

  
 (   )       ∑

(   ) 

 (    )
    

 

   

       [(   ) 
 ]  (29) 

 

and the exact solution of the upper fuzzy function 

 

  (   )     
   
  
 (   )         [(   ) 

 ]  (30) 

 

From Equation (26), we can obtain the required result up to any order by using 

computational software. Lower and upper fuzzy values are tabulated in Table 1, where the 

author has made a comparison for     with the exact solution obtained by Mehmet Senol 

and his team [61]. We used Mathematica 11.0 to obtain further results up to     iteration and 

then compare the FVIM result with the exact solution, and then zero absolute error is 

obtained. While other FVIM results against different orders of   are also presented in the 

table. There are also graphical results based on Table 1 that are plotted in Figs. 1-4. While 
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Table 2 is based on the base error analysis for different values of  . We can easily investigate 

from the error table that as the error is getting lower for the increment in    values, which 

shows that our results are getting aligned to the exact solution for the    . While fractional 

values of   produce more approximation complexity, which leads to increasing error, 

therefore these fractional values era generate the connection between numerical observation 

and theoretical expectations. 
 

Table 1. Numerical results of T-FFADE via fractional variational iterative method and comparison for 

μ=1  with exact solution [61]. 

Fuzzy Lower Function:   (        ) 

    
Comparison for  
    

 0.25 0.5 0.75 1 Exact Absolute Error 

0 1.74531 0.961552 0.711654 0.598887 0.598887 0.00E+00 

0.2 1.86167 1.025660 0.759098 0.638813 0.638813 0.00E+00 

0.4 1.97802 1.089760 0.806541 0.678739 0.678739 0.00E+00 

0.6 2.09438 1.153860 0.853985 0.718665 0.718665 0.00E+00 

0.8 2.21073 1.217970 0.901429 0.758590 0.758590 0.00E+00 

1 2.32709 1.282070 0.948872 0.798516 0.798516  0.00E+00 

Fuzzy Upper Function:   (        ) 

    
Comparison for  
    

 0.25 0.5 0.75 1 Exact Absolute Error 

0 2.90886 1.60259 1.186090 0.998145 0.998145 0.00E+00 

0.2 2.79250 1.53848 1.138650 0.958219 0.958219 0.00E+00 

0.4 2.67615 1.47438 1.091200 0.918294 0.918294 0.00E+00 

0.6 2.55979 1.41028 1.043760 0.878368 0.878368 0.00E+00 

0.8 2.44344 1.34617 0.996316 0.838442 0.838442 0.00E+00 

1 2.32709 1.28207 0.948872 0.798516 0.798516  0.00E+00 

 

Table 2. Absolute error results of T-FFADE via the fractional variational iterative method with different 

values of  . 

Fuzzy Lower Function:   (        ) 
    
 0.25 0.5 0.75 1 

0 7.60E-01 1.18E-01 9.10E-03 0.00E+00 

0.2 8.77E-01 1.82E-01 5.65E-02 0.00E+00 

0.4 9.93E-01 2.47E-01 1.04E-01 0.00E+00 

0.6 1.11E+00 3.11E-01 1.51E-01 0.00E+00 

0.8 1.23E+00 3.75E-01 1.99E-01 0.00E+00 

1 1.34E+00 4.39E-01 2.46E-01 0.00E+00 

Fuzzy Upper Function:   (        ) 
    
 0.25 0.5 0.75 1 

0 1.92E+00 7.59E-01 4.84E-01 0.00E+00 

0.2 1.81E+00 6.95E-01 4.36E-01 0.00E+00 

0.4 1.69E+00 6.31E-01 3.89E-01 0.00E+00 

0.6 1.57E+00 5.67E-01 3.41E-01 0.00E+00 

0.8 1.46E+00 5.03E-01 2.94E-01 0.00E+00 

1 1.34E+00 4.39E-01 2.46E-01 0.00E+00 
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Figure 1. T-FFADE: FVIM results of lower and 

upper functions at    , x    ,        
Figure 2. T-FFADE: Exact solution of lower and 

upper functions at    , x    ,        

  
Figure 3. T-FFADE: FVIM results of lower 

functions at    , x    ,        
Figure 4. T-FFADE: FVIM results of upper 

functions at    , x    ,        
 

 

4.2. TIME-FRACTIONAL FUZZY PARABOLIC EQUATION 
 

 

Consider a time-fractional fuzzy parabolic equation (T-FFPE) 
 

   (   )

   
 
  

 

   (   )

   
  

                     
(30) 

 

with initial conditions 

 (   )       (32) 
 

where   is  -level dependent fuzzy number. 

As   is a fuzzy function; therefore, the initial condition can be defined as, 
 

 (   )  [  (   )   (   )]  [         ]  (33) 
 

For    , exact solution of Equation (31) has been presented in literature [66] and 

can be written as 

  (     )          
  (     )          

where  [ ]  [     ]  [       ]  
Now, according to Equation (16), the lower fuzzy correction function for Equation 

(31) can be written as 
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 (   )    

 (   )  
 

 (   )
∫  [

    
 (   )

   
 
  

 

    
 (   )

   
] (  ) 

 

 

  

 

Similarly, the author can set     , 
 

    
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
  

 

    
 (   )

   
] (  ) 

 

 

  (34) 

 

Similarly, the upper fuzzy function is expressed as 
 

    
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
  

 

    
 (   )

   
] (  ) 

 

 

  (35) 

 

Consider the initial condition as the zeroth iteration   (   )    
       therefore, 

further iterated results are obtained as: 

   : 

  
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
  

 

    
 (   )

   
] (  ) 

 

 

  

by using  

    
 

   
       

    
 

   
     

and get  

  
 (   )       

    

 (   )
    (36) 

   : 

  
 (   )    

 (   )  
 

 (   )
∫ [
    

 (   )

   
 
  

 

    
 (   )

   
] (  ) 

 

 

  

by using  

    
 

   
          

    
 

   
     

     

 (   )
   

and get 

  
 (   )       

    

 (   )
   

     

 (    )
     (37) 

 

Similarly for the     iteration: 
 

  
 (   )      ∑

   

 (    )
 

 

   

      [ 
 ]  (38) 

 

where   [ 
 ] is the Mittag-Leffler function. Now, the approximate lower fuzzy function 

solution can be written as 

  (   )       
    

 (   )
   

    

 (    )
      (39) 

 

and the approximate exact solution of the lower fuzzy function can be obtained as 
 

  (   )     
   
  
 (   )        [ 

 ]  (40) 
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Similarly, 

  
 (   )      ∑

 

 (    )
    

 

   

      [ 
 ]  (41) 

 

and the approximate exact solution of the upper fuzzy function 
 

  (   )     
   
  
 (   )        [ 

 ]  (42) 

  

From Equations (38) and (41), anyone can obtain the required results up to any order 

by using computational software. Lower and upper fuzzy values are tabulated in Table 2, 

where the author has made a comparison for     with the exact solution obtained by 

Allahviranloo and Taheri [66]. We used Mathematica 11.0 to obtain further results up to the 

5th iteration and then compare the FVIM result with the exact solution, and thence E-07 to E-

08 decimal places absolute error obtained. While other FVIM results against different orders 

of µ are also presented in the table. From the absolute error column, it is easy to see that the 

error goes down by increasing  . Further graphical illustration of Table 3 in Figs. 5-8 are 

plotted. While Table 4 is also scattered based on error analysis for different values of  . We 

can easily investigate from the error table that as the error is getting lower for the increment in 

   values, which shows that our results are getting aligned to the exact solution for the    . 
While fractional values of   produce more approximation complexity, which leads to 

increasing error, therefore these fractional values era generate the connection between 

numerical observation and theoretical expectations. 
 

Table 3. Numerical results of T-FFPE via fractional variational iterative method and comparison for 

    with exact solution [66]. 

Fuzzy Lower Function:   (        ) 
    Comparison for  

    
 0.25 0.5 0.75 1 Exact Absolute Error 

0 -1.12741 -0.690718 -0.505388 -0.41218 -0.41218 4.1316E-07 

0.2 -0.90193 -0.552574 -0.404311 -0.329744 -0.329744 3.3053E-07 

0.4 -0.67645 -0.414431 -0.303233 -0.247308 -0.247308 2.479E-07 

0.6 -0.45096 -0.276287 -0.202155 -0.164872 -0.164872 1.6526E-07 

0.8 -0.22548 -0.138144 -0.101078 -0.082436 -0.082436 8.2632E-08 

1 0 0 0 0 0 0 

Fuzzy Upper Function:   (        ) 
    Comparison for  

    
 0.25 0.5 0.75 1 Exact Absolute Error 

0 1.12741 0.690718 0.505388 0.41218 0.41218 4.1316E-07 

0.2 0.901927 0.552574 0.404311 0.329744 0.329744 3.3053E-07 

0.4 0.676445 0.414431 0.303233 0.247308 0.247308 2.479E-07 

0.6 0.450964 0.276287 0.202155 0.164872 0.164872 1.6526E-07 

0.8 0.225482 0.138144 0.101078 0.082436 0.082436 8.2632E-08 

1 0 0 0 0 0 0 
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Table 4. Absolute error results of T-FFPE via fractional variational iterative method with different values 

of  . 

Fuzzy Lower Function:   (        ) 
    
 0.25 0.5 0.75 1 

0 3.86E-01 8.24E-02 9.25E-03 4.13E-07 

0.2 1.60E-01 5.58E-02 9.18E-02 3.31E-07 

0.4 6.51E-02 1.94E-01 1.93E-01 2.48E-07 

0.6 2.91E-01 3.32E-01 2.94E-01 1.65E-07 

0.8 5.16E-01 4.70E-01 3.95E-01 8.26E-08 

1 7.42E-01 6.08E-01 4.96E-01 0.00E+00 

Fuzzy Upper Function:   (        ) 
    
 0.25 0.5 0.75 1 

0 3.86E-01 8.24E-02 9.25E-03 4.13E-07 

0.2 1.60E-01 5.58E-02 9.18E-02 3.31E-07 

0.4 6.51E-02 1.94E-01 1.93E-01 2.48E-07 

0.6 2.91E-01 3.32E-01 2.94E-01 1.65E-07 

0.8 5.16E-01 4.70E-01 3.95E-01 8.26E-08 

1 7.42E-01 6.08E-01 4.96E-01 0.00E+00 

 

  
Figure 5. T-FFPE: FVIM results of lower and 

upper functions at    , x    ,       . 
Figure 6. T-FFPE: Exact solution of lower and 

upper functions at    , x    ,       . 

  
Figure 7. T-FFPE: absolute error of FVIM result 

and exact solution of lower functions at    , 
x    ,       . 

Figure 8. T-FFPE: absolute error of FVIM result 

and exact solution of upper functions at    , 
x    ,       . 

 

 

5. CONCLUSIONS 
 

 

In this research article, we implemented the fractional variational iterative method 

(FVIM) for fixed values of       and t      on two well-known fuzzy fractional order 

partial differential equations and obtained the following important outcomes: 
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1. We presented FVIM results up to three iterations for both problems in the lower fuzzy 

function form and then express the lower and upper fuzzy functions into the Mittag-Leffler 

function form.  

2. We obtained the exact solution of the time-fractional fuzzy advection dispersion equation 

(T-FFADE) for     and compared it with [61] and obtained 0.00E+00 absolute error. While 

for the time-fractional fuzzy parabolic equation (T-FFPE), we compared FVIM results with 

the exact solution for     and obtained E-08 to E-07 decimal places absolute error. 

3. Other numerical results for different orders;                , for both problems are also 

discussed. 

In future, we planned to apply FVIM to approximate the system of time-fractional 

differential equations. 
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