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Abstract. In this article, the author obtains a novel extension of bilateral generating
functions involving biorthogonal polynomials suggested by the classical Jacobi polynomials,
K, (a, B, k; x) from the existence of quasi-bilateral generating function with the help of a
group-theoretic method. Some special cases of interest are also discussed.
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1. INTRODUCTION

Over five decades ago, Konhauser ([1]; see also [2]) introduced and studied two
interesting classes of polynomials Y,¥(x; k) and ZZ(x; k), where Y,¥(x; k) is a polynomial in
x and Z%(x; k) is a polynomial in x*, with (in general)

R(a) >—-1landk e N:={1,2,3,.... }.

For k = 1, each of these polynomials reduces to the classical Laguerre polynomials
(cf., e.g., Szego [3, p. 101, Equations (5.1.6)]):

n

L9 (x) Z = .x)]. (1.1)

The following explicit representation for the polynomials Z%(x; k) was given by
Konhauser [2, p. 304, Equations (5)]:

. I'(a +nk + 1) xk
Zn(x; k) = Z( 1)] F(a +nk + 1) (1.2)

Subsequently, Carlitz [4, p. 427, Equations (9)] pointed out that

o =SB () (21,
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where (a),, is the Pochhammer symbol defined by

1,ifn=0,a#0

()u{

[(a) a(@a+1)...(a+n—-1),vyneN.

In 1982[5], Madhekar and Thakare introduced and studied another interesting pair of
biorthogonal polynomials J,,(a, B, k; x) and K,,(«, B, k; x) that are suggested by the classical
Jacobi polynomials, where J,,(a, B8, k; x) and K, (a, B, k; x) are respectively the polynomials
of degree n in x* and x. They gave an explicit representation for the two polynomials
Ju(a, B, k; x) and K, (a, B, k; x) respectively in the following form:

1+ @), o (L +a+ B+ 1 —x\M
and
Kn(arﬁ:k;x)
U\ e A+B), [s+a+ly x—1\ x+1\"" (1.5)
_;;(_1) (Z)n!r! (1+,/>’)n_r( k >n< 2 )( 2 ) '

In [6], the quasi-bilateral generating function for two special functions is defined
through the relation

o]

GO, u,w) = Z a, p,(la) (x) q,(,rll) (w) wh, (1.6)

n=0

where a,, are the arbitrary coefficients and p,(l“) (x) and q,(,’l‘) (u) are two special functions of
order n and m and of parameters a, n respectively.
In a recent paper [7], the present author has proved the following bilateral generating

relation:

x—1 d

[1+kw(+ D] F e+ 1) |2 +

1
[1+ kw(x+1)]k
x—1 wv

XG|1+ T
< [1+kw(x + D] LT kwk+ 1]

= z wha, (x,v),
n=0

o]

G(x,w) = Z a, K,(a, B, k; x)w™

n=0

(1.7)

where

and

n

o, (x,v) = Z a, (—2k)"7P (Z) K,(a,B —n+p, k;x)vP.
p=0

WWW.josa.ro Mathematics Section



An Extension of Bilateral Generating Functions... Kali Pada Samanta 607

The main object of the present paper is to extend the generating relation (1.7) by the
virtue of the existence of a quasi-bilateral generating relation as defined in (1.6). The main
result of this paper is stated in the form of the following theorem:

Theorem 1. If there exists a quasi-bilateral generating function involving biorthogonal
polynomials K, (a, 8, k;x) suggested by the classical Jacobi polynomials and Y*(u;l)
suggested by the classical Laguerre polynomials of the form:

o

G(x,u,w) = Z a, K,(a,B,k; x) Y (u; ) wh, (1.8)
then "=
B
_1lta x—1
[1+kw(x+1)z]" & (x+1)7F {2 + 1} exp(—w)
[1+k(x+1)z]x
wel1+ x—1 + —2wzt

1+ k(x + 1)Z]l’u YTt kw(x + 1)z (1.9

_ i ii W fa(=22)™ 1 4 g (~1)PK g (@, B

n=0p

-qk; x) Yﬁ“’ (w; D™,

It is of interest to mention that Theorem 1, in special cases, yields some interesting
results (Theorem 2, Theorem 3, and Theorem 5 of this paper) on quasi-bilateral generating
functions involving biorthogonal polynomials Y, (x; k), Jacobi polynomials and Laguerre
polynomials.

2. PROOF OF THE THEOREM

For the biorthogonal polynomials K, (a, 8, k;x) suggested by the classical Jacobi
polynomials and Y, (x; k) suggested by the classical Laguerre polynomials, we consider the
following linear partial differential operators R, and R,:

d 0 d
Ri=(1—-x)ylz—+(1- X)Za_y —k(1+x)y 1z22—— 1+ 01 +x)y 1z

0x 0z
and
Ry =v——v,
2 Uau V,
such that
Ry (Kn(a, B, k;x) yPz™) = —2k(n + DKpyq(a, fp — 1, k; x) yP~1zm*1 (2.1)
and
R,(Ym(u; D v™) = =Yyt (w; 1) v™H! (2.2)
and also
_lta
e"Rif(x,y,z) = (1 +kwx+ Dy '2)” & f(x",y",z"), (2.3)
where
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x—1
x"=1+

1 )
[1+kw(x+ 1)zy 1]k

x—1
* 4 2+ ,

1
[1+4+ kw(x+ 1)zy 1]k
z

1+ kw(x +1)zy~?
and
e"Raf(y,v) = exp(—wv) f(u + vw, v).

Let us now consider the formula

0

G(x,u,w) = Z a, K,(a,B,k; x) Y (u; ) w™.

n=0

Replacing w by (—2wzvt) and multiplying both sides of (2.5) by y#, we get

yPG(x,u, —2wzvt) = Z an( K,(a, B, k; x)yﬁz")(Yﬁ(u; Dv™)(—2wt)™

n=0
Operating both sides of (2.6) by e"Rie"Rz we obtain

eWR1gWR2 [ yPG(x,u, —2wzvt)]

= eWRigWR: [Z an( Kn(a, B, k; x)yPz™) (Y (w; Dv™) (—2wi)™
n=0

The left-hand side of (2.7), with the help of (2.3) and (2.4), becomes

B
x—1

1+a
[1+kw(x+ 1)y 1z] & (x+1)F2+ exp(—wv) y#

1
[1+kw(x+ 1)y 1z]k

x—1 —2wvzt

, U+ vw, —
[14+kw(x + l)y‘lz]% 1+kw(x +1)y~'z

XG|l 1+

whereas the right-hand side of (2.7), with the help of (2.1) and (2.2), becomes

22 whHp+a
Z Z Z a, (=2K)7(n + 1), (—1)P yP-azm+ayn+p

I !
Ll plal
X Kpvq(at, B = q,k; %) Yo P (u; D) (—20)"

Equating (2.8) and (2.9) and then putting y = v = 1, we get

B

x—1
exp(—w)

[1+ kw(x + 1)Z]_1+Ta(x +1)F{2+ -
[14+k(x+1)z]k

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

WWW.josa.ro Mathematics Section



An Extension of Bilateral Generating Functions... Kali Pada Samanta 609

x—1 —2wzt )

XG<1+ T u+w,
[1+ k(x + 1)z]F 1+ kw(x+ 1)z

S whtpHa
=220 o K22t D (1Ko

n=0p=0 =0
—q,k; x) Y P (u; D™

Thus, the theorem is completely proved.

Corollary 1. If we put m =0, we notice that G(x,u,w) becomes G(x,w), since
Yg""P (u; 1) = 1. Hence, from (2.10), we get

B
[1+kw(x + 1)Z]_I+Ta(x +1)# {2 + x—1 1} exp(—w)

[1+k(x+1)z]r

w (1 N x—1 —2wzt )
[1+k(x + 1)2]%' 1+ kw(x+ 1)z

N n+q
=Z( i » aan| k1(=22)"(n + DgKniq(a f = 4, ks )"

= exp(-w) ) (WD) o, 0),
n=0

(2.11)

where
n

on(x,t) = Z aqg (=2k)"1 (Z) K,(a,B —n+q,k;x)(—2t)4.

q=0

Now putting z = 1 and replacing (—2t) by v in (2.11), we get

B
[1+kw(x + D] F G+ 1)F {2 g x1 1}
[1+k(x+1)]%

x—1 wv
XG(1+ , (2.12)
[1+k(x + 1)]% 1+ kw(x + 1))

0
= Z wha, (x,v),
n=0

n

00 0) = " aq (200" (1) Kulap =1+ 4,00 w7,

q=0

where

which is (1.7) and is found derived in [7].
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3. SOME SPECIAL CASES
We now discuss some special cases of our Theorem 1.

3.1. SPECIAL CASE 1

Putting [ = k and replacing x by (1 — %x) and then taking the limit as f — oo in our
Theorem 1 and finally using the relation [5, p. 419, Equations (12)]:

] 2x
};111010 K, (a,ﬁ, k;1— F) =Y*(x; k),

we get the following theorem on quasi-bilinear generating function involving biorthogonal
polynomials Y, (u; k) suggested by the classical Laguerre polynomials Lgf‘) (x) of the form:

Theorem 2. If there exists, the following quasi-bilinear generating function for Laguerre
polynomials

o]

Gl uw) = Z @, Y (x; k) Y2 (us k) w™, 3.1)
n=0
then
1lta _1 _1
[1+4 2kwz] "k exp {x —x(1+ 2kwz) k — w} G (x(l + 2kwz) ku
4 —2wzt )
YT T 2kwz (3.2)

2SS whHp+a
=D 2D, G K (e Dy (=22 (CDPE () Y s e,
p=0 q=0 o

n=0
which is noteworthy.

Corollary 2. If we putk = 1, then Y,%(x; k) reduce to the classical Laguerre polynomials

L&{” (x). Thus putting k = 1 in our Theorem 2, we get the following theorem on quasi-bilinear
generating function involving Laguerre polynomials:

Theorem 3. If
Gl uw) = z a4, L9 () L () w, (3.3)
n=0
then
—2wzt
[1+4 2wz]” Dexp{x — x(1 + 2wz)~ ! — w}G <x(1 +2wz)"Lu+w, —)
1+ 2wz (3.4)
® o Wn+p+q 34
= D et (e Dy (—22)™ (1P, (0 L P e,
n=0p=0qg=0 p-q:

which is noteworthy.
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Corollary 3. Putting m = 0 and then taking z = —% in our Theorem 2, we get the following
result on bilateral generating relation involving biorthogonal polynomials Y,¥(x; k) suggested
by Laguerre polynomials Lgf‘) (x):

Theorem 4. If
G(x,u,w) = Z a, Y (x; k) wh, (3.5)
n=0
then
1ta _1 _1 2wzt
[1+ 2kwz] "k exp {x —x(1+ 2kwz) k} G (X(l + 2kwz) K, —)
o 14+ 2kwz (3.6)
=) RO @O W,
n=0
where
n
n
o, (t) = Z ag k1 () 3.7)
q=0

which is found derived in [8].

Corollary 4. Putting m = 0 and then taking k = 1 and z = —% in our Theorem 2, we get the
theorem found derived in [9-11].

3.2. SPECIAL CASE 2

If we putk=1=1, then K,(a, B, k;x) reduces to the classical Jacobi

polynomials Pn(“'ﬂ )(x) and Y¥(x; k) reduces to the classical Laguerre polynomials L;“) (x).
Thus putting k = L = 1 in our Theorem 1, we get the following theorem.

Theorem 5. If there exists a quasi-bilateral generating function involving Jacobi and Laguerre
polynomials of the form:

oe]

Glx,u,w) = Z a, PP () L () wr, (3.8)
n=0
then
[1+ w(x + 1)z]~@F®)( +1)—ﬁ{2+ X1 }ﬁ (—w)
wix Lz * T+wix+ Dz TPV

x—1 4 —2wzt )
1+w(x+ 1)z'u YT +w(x+ 1)z

O\ WP (@B=a) .y 1 (0+D)
- ZZZ o (229 + 1, DRI O LT e

X G (1 + (3.9)

n=0p=0qg=0

Corollary 5. Putting m = 0, z = 1 and replacing (—2t) by v in our Theorem 5, we get the
following result on the bilateral generating relation of Jacobi polynomials Pn(“'ﬁ)(x):
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Theorem 6. If

[e¢]

G(x,w) = Z a, Prf“‘ﬁ)(x) wh, (3.10)
n=0

then
[1+wl+ 1] O (x +1)7F {2

_ B
x—1 } G(x+w(x+1) wv )

+1+W(x+1) 1+wkx+1)'1+wlx+1) (3.11)
= Z wha,(x,v),
n=0
where
n
n _
onGe,v) = ) ag (<270 (o) BTG v, (312)

q=0

which is found derived from [12].

4. CONCLUSION

From the above discussion, we may conclude, under the existence of a quasi-bilateral
generating function, that the result found derived in [7], may be extended to the more general
generating function stated in Theorem 1.
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