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Abstract. In this article, the author obtains a novel extension of bilateral generating 

functions involving biorthogonal polynomials suggested by the classical Jacobi polynomials, 

  (       ) from the existence of quasi-bilateral generating function with the help of a 

group-theoretic method. Some special cases of interest are also discussed. 

Keywords: Jacobi polynomials; Laguerre polynomials; biorthogonal polynomials; 

quasi-bilateral generating functions. 
 

 

1. INTRODUCTION  
 

 

Over five decades ago, Konhauser ([1]; see also [2]) introduced and studied two 

interesting classes of polynomials   
 (   ) and   

 (   )  where   
 (   ) is a polynomial in 

  and   
 (   ) is a polynomial in     with (in general) 

  

 ( )     and     {        }  
 

For      each of these polynomials reduces to the classical Laguerre polynomials 

(cf., e.g., Szeg ̈ [3, p. 101, Equations (5.1.6)]): 
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The following explicit representation for the polynomials   
 (   ) was given by 

Konhauser [2, p. 304, Equations (5)]: 
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Subsequently, Carlitz [4, p. 427, Equations (9)] pointed out that  
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where ( )  is the Pochhammer symbol defined by 
 

( )  
 (   )

 ( )
 {

             

 (   )    (     )        
 

 

In 1982   , Madhekar and Thakare introduced and studied another interesting pair of 

biorthogonal polynomials   (       ) and   (       ) that are suggested by the classical 

Jacobi polynomials, where   (       ) and   (       ) are respectively the polynomials 

of degree   in    and  . They gave an explicit representation for the two polynomials 

  (       ) and   (       ) respectively in the following form: 
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and 
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(1.5) 

 

In [6], the quasi-bilateral generating function for two special functions is defined 

through the relation 

 (     )  ∑      
( )( )   

( )( )   

 

   

  (1.6) 

 

where    are the arbitrary coefficients and   
( )( ) and   

( )( ) are two special functions of 

order   and   and of parameters  ,   respectively. 

In a recent paper [7], the present author has proved the following bilateral generating 

relation: 
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where 
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The main object of the present paper is to extend the generating relation (   ) by the 

virtue of the existence of a quasi-bilateral generating relation as defined in (   )  The main 

result of this paper is stated in the form of the following theorem: 
 

 

Theorem 1. If there exists a quasi-bilateral generating function involving biorthogonal 

polynomials   (       ) suggested by the classical Jacobi polynomials and   
 (   ) 

suggested by the classical Laguerre polynomials of the form: 
 

 (     )  ∑      (       )   
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  (1.8) 

then 
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(1.9) 

 

It is of interest to mention that Theorem 1, in special cases, yields some interesting 

results (Theorem 2, Theorem 3, and Theorem 5 of this paper) on quasi-bilateral generating 

functions involving biorthogonal polynomials   
 (   ), Jacobi polynomials and Laguerre 

polynomials. 
 

 

2. PROOF OF THE THEOREM 
 

 

For the biorthogonal polynomials   (       ) suggested by the classical Jacobi 

polynomials and   
 (   ) suggested by the classical Laguerre polynomials, we consider the 

following linear partial differential operators    and   : 
 

   (    )    
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such that 
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where  
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Let us now consider the formula 
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Replacing   by (      ) and multiplying both sides of (   ) by   , we get 
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Operating both sides of (   ) by           we obtain 
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(2.7) 

 

The left-hand side of (2.7), with the help of (2.3) and (2.4), becomes 
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whereas the right-hand side of (2.7), with the help of (2.1) and (2.2), becomes 
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Equating (2.8) and (2.9) and then putting        we get 
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Thus, the theorem is completely proved. 
 

Corollary 1. If we put      we notice that  (     ) becomes  (   )  since 

  
   (   )     Hence, from (2.10), we get 
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where 
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Now putting     and replacing (   ) by   in (2.11), we get 
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where 
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which is (1.7) and is found derived in [7]. 
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3. SOME SPECIAL CASES 
 

 

We now discuss some special cases of our Theorem 1. 
 

 

3.1. SPECIAL CASE 1 
 

 

Putting     and replacing   by (  
  

 
 ) and then taking the limit as     in our 

Theorem 1 and finally using the relation [5, p. 419, Equations (12)]: 
 

   
   

  (        
  

 
)    

 (   )  

 

we get the following theorem on quasi-bilinear generating function involving biorthogonal 

polynomials   
 (   ) suggested by the classical Laguerre polynomials   

( )( ) of the form: 
 

 

Theorem 2. If there exists, the following quasi-bilinear generating function for Laguerre 

polynomials 
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which is noteworthy. 
 

 

Corollary 2. If we put    , then   
 (   ) reduce to the classical Laguerre polynomials 

  
( )( )  Thus putting     in our Theorem 2, we get the following theorem on quasi-bilinear 

generating function involving Laguerre polynomials: 
 

Theorem 3. If 
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which is noteworthy. 

 



An Extension of Bilateral Generating Functions… Kali Pada Samanta 

ISSN: 1844 – 9581 Mathematics Section 

611 

Corollary 3. Putting     and then taking    
 

 
 in our Theorem 2, we get the following 

result on bilateral generating relation involving biorthogonal polynomials   
 (   ) suggested 

by Laguerre polynomials   
( )( ): 

 

Theorem 4 . If  
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which is found derived in [8]. 
 

Corollary 4. Putting     and then taking     and    
 

 
 in our Theorem 2, we get the 

theorem found derived in [9-11]. 
 

  

3.2. SPECIAL CASE 2 
 

 

If we put      , then   (       ) reduces to the classical Jacobi 

polynomials   
(   )( ) and   

 (   ) reduces to the classical Laguerre polynomials   
( )( )  

Thus putting       in our Theorem 1, we get the following theorem. 
 

Theorem 5. If there exists a quasi-bilateral generating function involving Jacobi and Laguerre 

polynomials of the form: 
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Corollary 5. Putting          and replacing (   ) by   in our Theorem 5, we get the 

following result on the bilateral generating relation of Jacobi polynomials   
(   )( ): 
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Theorem 6. If  
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which is found derived from [12]. 
 

 

4. CONCLUSION 
 

 

From the above discussion, we may conclude, under the existence of a quasi-bilateral 

generating function, that the result found derived in [7], may be extended to the more general 

generating function stated in Theorem 1. 
 

 

REFERENCES 
 

 

[1] Konhauser, J. D. E., Journal of Mathematical Analysis and Applications, 11, 242, 1965. 

[2] Konhauser, J. D. E., Pacific Journal of Mathematics, 21, 303, 1967. 

[3] Szego, G., Orthogonal Polynomials, American Mathematical Society Colloquium 

Publications, Rhode Island, New England, vol. XXIII, p. 101, 1975. 

[4] Carlitz, L., Pacific Journal of Mathematics, 24, 425, 1968. 

[5] Madhekar, H. C., Thakare, N. K., Pacific Journal of Mathematics, 100(2), 417,1982. 

[6] Chatterjea, S. K., Chakraborty, S. P., Pure Mathematics Manuscript, 8, 153, 1989. 

[7] Samanta, K. P., Bulletin of the Calcutta Mathematical Society, 19(2), 285, 2023.  

[8] Shreshtha, R. M., Bajracharya, S., Integral Transforms and Special Functions, 5, 147, 

1997. 

[9] Al-Salam W. A., Duke Mathematical Journal, 31, 127, 1964. 

[10] Chongdar, A. K., Bulletin of the Calcutta Mathematical Society, 73, 127, 1981. 

[11] Sharma, R., Chongdar, A. K., Proceedings Mathematical Sciences, 101(1), 43, 1991. 

[12] Mukherjee, M.C., Real Academia de Ciencias de Zaragoza, 57, 143, 2002. 

 


