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Abstract. In this paper, we introduce the idea and notion of strongly n—fractional
polynomial convex functions. We investigate some algebraic properties of the newly defined
class of functions. We establish certain inequalities of Hermite—Hadamard type for our novel
generalization. We have also compared our newly obtained results using both Holder and
Holder-Iscan inequalities, as well as power-mean and improved-power-mean integral
inequalities. The results obtained in this work extend and improve the corresponding ones in
the literature.
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1. INTRODUCTION AND PRELIMINARIES

Let 3 € R be an interval. Then, a function A: 3 — R is said to be convex if the
inequality

A(ph + (1 —ww) < pAh) + (1 — wA(@) 1)

is valid for all A,@ € 3 and u € [0,1]. If the inequality (1) holds in the reverse direction, then
A is said to be concave on interval 3 # @.

Numerous established results in the theory of inequalities can be derived utilizing the
properties of functions, see [1-10] and the references therein. The Hermite-Hadamard (H-H)
inequality is a well-explored and renowned result concerning convex functions, stating that if
A:3 - R is a convex function in 3 for all A, @ € 3 with A <@ and A € [h, @], then the
following inequality holds ([11]):

h 1 (@ ACR) + A
A( ;w)sw_hfh A(a)dogw. @)

Interested readers can refer to the monographs [12—20]. In [21], Polyak introduced the
class of strongly convex functions as follows:

Definition 1. Let 3 < R be an interval and k be a positive number. A function A:3c R - R
is called strongly convex with modulus k if
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Awh + (1 - wwo) < pA(h) + (1 - WA@) — kp(1 — p) (@ — h)? (©)
forall A,@w € 3 and p € [0,1].
Theorem 1. If a function A: 3 — R is a strongly convex function with modulus k, then

Ah) + A@) & ,

h+w@
A(

k 1
- —h)2 <
2 >+12(w O —

hfh A(o)do <

forall A, w € J with h < .
In [22], Varosanec introduced h-convexity as follows:

Definition 2. Let 3 < R be an interval and h: (0,1) — (0, o) be a given function. A function
A:3 - Ris called h-convex if

A(uh + (1 = W) < h(wAh) + (1 — wWA(@) (®)

forall A, w € Jand p € (0,1).
In [23], Angulo et al. introduced the concept of strongly h-convexity as follows:

Definition 3. Let (F, ||-||)denote a real normed space, g be a convex subset of F, h: (0,1) —

(0,0) be a given function and k be a positive constant. A function A: g — R is called
strongly h-convex if

A(wh + (1 = W) < h(WAR) + (1 — wWA@) — ku(1 = Wllw — All? (6)
forall h,m € g and p € (0,1).

Theorem 2. ([24]) Let h:(0,1) = (0,0) be a given function. If a function A:J = R is
Lebesgue integrable and strongly h-convex with module k > 0, then

A7)+ -]

IA

! 1 %fﬁ A(o)do
2h(3) "

1
k
< (AR + A@)) j h)du 2 (@ — h)?
0
forall h, m € 3 with h < w.

In [25], Iscan introduced the class of n-fractional polynomial convex function and
related H-H type inequality as follows:

Definition 4. Let n € N. A non-negative function A:J3 c R - R is called an n-fractional
polynomial convex if the inequality

1 n ) 1 n )
Ah+ (1= @) <= > wsAh) + ;Zl (1 - WsA(@) ()

s=1

holds for every h,@ € I and p € [0,1].
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Theorem 3. Let A: [, @] — R be an n-fractional polynomial convex function. If 2 < @ and
A € [h, ], then the following H-H type inequality holds:

h 1 (@ A(R) + A@)\ }
- n11/5A< ;w-)Sw—flJ;l A(O')dO'S< -; w)ZSil' (8)
238 (3) =

Theorem 4. (Hélder-Iscan integral inequality [26]). Let p > 1 and % + é =1.I1f Aand O are

real functions defined on [, @] and if |A[P, |@|9 are integrable functions on [, @], then

fw |A(0)O(0)|do < ! <fw (@ — a)lA(a)|1f’da>5 (fw (@ — J)IG)(J)Wda)a
h @—h|(\Jy h

Theorem 5. (Improved power-mean integral inequality [27]). Let q = 1. If A and @ are real
functions defined on [A, @] and if |A[, |A||©]? are integrable functions on [#, w] then

b
f A(6)0(0) do

IA

! ! A(o)ld S NGIIE Qd%
p— <L (@ = 0)|A(9)] 0) (fh (@ — 0)|A(0)]|6(0)| 0>

w 1_% w %
+< f (a—h>|A<a)|da> ( j (a—h)|A(a)||@<a>|qda)
h h

The aim of this paper is to introduce the concept of strongly n-fractional polynomial
convex functions and establishes some results connected with the right-hand side of new
inequalities similar to the H-H inequality for this class of functions.

2. THE DEFINITION OF STRONGLY n-FRACTIONAL POLYNOMIAL CONVEX
FUNCTIONS

In this section, we introduce a new concept, which is called strongly n-fractional
polynomial convexity and we give by setting some algebraic properties for the strongly n-
fractional polynomial convex functions, as follows:

Definition 5. Let n € N, 3 c R be an interval and k be a positive number. A non-negative
function A: 3 < R — R is called strongly n-fractional polynomial convex with modulus k if
the inequality

1w 1 1% 1
AQuh + (1 — pyw) < 521 USA(R) +;Zl (1= wWsA@) — ku(1 — (@ — >, (9)
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We will denote by SFPC, () the class of all strongly n-fractional polynomial convex
functions with modulus k on interval 3.

Remark 1. If A is a strongly n-fractional polynomial convex function with modulus k, then A
Is @ non-negative function. Indeed, using the definition of strongly n-fractional polynomial
convexity, one can write

1 n n
A@) = Ao + (1 - o) < - (Z LRI u)1/5> A(o)
s=1 s=1

for all o € 3 and p € [0,1]. Therefore, one has

[% (i uie+ i (1- u)1/5> -1
s=1 s=1

forall 0 € 3 and u € [0,1]. Since

1 n n
—<Z u1/5+z (1—/1)1/s>—1 >0
n\& s=1

for all p € [0,1], one obtains A(c) = 0 forall 0 € 3.
We note that, every strongly n-fractional polynomial convex function is a strongly h-

convex function with the function h(u) = % n_ u'/s. Therefore, if A,® € SFPC,(S), it can

be easily seen that A, ® € SFPC,,(J) and for ¢ € R (c = 0), cA € SFPC; ().

A(o) =0

Remark 2. If one takes n = 1 in the inequality (9), then the strongly 1-polynomial convexity
reduces to the classical strongly convexity.

Remark 3. Every nonnegative strongly convex function is a strongly n-fractional polynomial
convex function. It is clear from the inequalities

n

1 1

MS;Z ul/sandl—ygﬁz (1—ll)1/s
s=1 s=1

forallp € [0,1] and n € N.

3. HERMITE-HADAMARD INEQUALITY FOR STRONGLY n-FRACTIONAL
POLYNOMIAL CONVEX FUNCTIONS

This section aims to establish H-H inequality for the newly defined class of
functions.

Theorem 6. Let A: [h, @] = R be a strongly n-fractional polynomial convex function with
modulus k. If A < @ and A € [k, w], then the following H-H type inequality holds:

WWW.josa.ro Mathematics Section
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A () @]

2524 (3)’ (10)

1 (@ AR +A@)\ > sk
<— hfh A(a)daS( — );Hl—g(w—h)z

Proof: From the strongly n-fractional polynomial convexity of A, one obtains

h+o
(=)
_ A<(#h +(1-wo) +[(1-wh+ mv]>
- 2
= ( (uh+ (A —-—pww) +5 [(l—u)h+yw]>
I 1\
= ;Z (E) Alph + (1 =) + z ( ) A((l—#)h+uw)
"
—41@u=Dw - (1~ 2Wh]?
v .
- ;2 ( ) [AGuh + (1 = @) + AL = h + pw)] = 7 2 = (@ - h)

S=

By taking integral in the last inequality with respect to p € [0,1], one gets

h+o
A(ﬂT)
lz (%) ? l f A+ (1 = )+ j A~ R + )

n
s=1

IA

1

k
2 @~ )? j (2 - 1)?dy

0
_ (w_#h)n; G)US j: A(o)do — f—z (@ — h)?,

which completes the left-hand side of the inequality (10). For the right-hand side of the
inequality (10), changing the variable of integration as ¢ = uh + (1 — u)w,and using the
strongly n-fractional polynomial convexity of A, one obtains

1 w
S A
— A (0)do

1
- j Ak + (1 — o) du
0

1 n
UsA(h) + %Z (1 — wWYSA(@) — ku(1 — p)(w — h)?
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A(h)f Z Usdy +A( =) z (1—wdu

s=1

—k(w — h)? j u(l - Wdu

0

=@Z jo s+ 22 )Z j (1— 5du - k(e — hY? f "~ i

lA(h) + A(w)l z ok K w2

where

1 1 s
1/sd zf 1— 1/sd — :
JO whdp= | (1—-wdu 11

1 1
f p(1 —wdu = ¢
0
This completes the proof of theorem.
Remark 4. For n = 1 and k = 0, the inequality (10) coincides with the inequality (2).
Remark 5. For n = 1, the inequality (10) coincides with the inequality (4).
Remark 6. For k = 0, the inequality (10) coincides with the inequality (8).

4. NEW INEQUALITIES OF H-H TYPE FOR STRONGLY n-FRACTIONAL
POLYNOMIAL CONVEX FUNCTIONS

The aim of this section is to establish novel refinements of the H-H inequality for
functions whose first derivatives in absolute value at certain power are strongly n-fractional
polynomial convex. Let us recall the following crucial lemma that we will use in the sequel:

Lemma 1 ([2]). Let A:3° — R be a differentiable mapping on 3°, A, @ € 3° with A < w. If
A’ € L[h, ], then the following identity holds:

A(R) + A 1 (@ —h
Wrhm 1 | Moo =T [ - 2mnn+ (- @

Theorem 7. Let A:3 € R — R be a differentiable function on 3°, A, @ € J° with 2 < © and
assume that A" € L[k, w]. If |A’| is a strongly n-fractional polynomial convex function with
modulus k on interval [/, @], then the following inequality holds:

A(h) + A(@) 1 @
‘ 5 p— h,];l A(o)do

w—h n S(S_I_zl/S) , , K
N Z l21/5(5+1)(25+1) AN WL IN @)D = 5 (@ — h)%,

(11)
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where A is the arithmetic mean.

Proof: Using Lemma 1 and the inequality

1w 1w
A (uh + (1 — )| < EZ ps|IN ()] +;Z (1 — wW'SIN (@) — ku(1 — p) (@ — h)?,

one gets
A(h) + A(@) 1 (@
‘ > b th A(o)do
—hrt
< wT f (1 =2WA (uh+ (1 - #)W)du|

IA

@ —h (! 15 1/s| A’ 15 1/s|A! 2

Tz (Y w2 (= I @] - k1 = )~ 1) ) d
0 s=1 s=1

w—h

1 n 1 n
T(m'(hnf 1-2uly. ul/sdu+IA’(tzf)If 1-2uly (- podp
0 s=1 0 s=1

1

IA

—k(w — h)? f

0

p(1 —u)du>

—h n 1 n 1 "
= wzn_<|A'(fl)|Zl: fo |1 —2u|u/sdu + IA'(w)|Z .[0 11— 2ul(1 — p)Y5du _g(w _ h)?
N h , n s(s+ 21/5) , n s(s + 21/5) k ;
o <|A ™ ; [21/5(5 D@+ @ ; [21/5(5 D@+ 6@ M )

_ w—h n S(s+21/5) , , i 3
- ; [21/5(S+1)(25+1) AN (W I (@)]) — 77 (@ — 1)

where

1 1
f pd—pwdu =,
0
s(s + 21/%)
(s+1(2s+1)

1 1
_ 1/s — _ _ 1/s —
fo |1 —2u|p* du fo 11— 2ul(Q =) Pdu = o573

This completes the proof of theorem.
Corollary 1. If one takes n = 1 and k = 0 in the inequality (11), then one has the following
inequality:

w—h

<

h
‘A( J+tA@) 1 A(IN (W), N (@)]).

w
> — hjh A(o)do

This inequality coincides with the inequality in [2].

Corollary 2. If one takes k = 0 in the inequality (11), then one has the following inequality:

ISSN: 1844 — 9581 Mathematics Section
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—h n s+ 2i
< wn ( ) AN )], 1A (@))).

|A(h) + A(@)
2 25(s + 1)(2s + 1)

1 w
> _w—h,L A(o)do

This inequality coincides with the inequality in [25].

Corollary 3. If one takes n = 1 in the inequality (10), then one has the following inequality:

k
WL 1N @) =15 (@ = h)*.

A(h) + A(@) 1 @
‘ > _w—hjh A(o)do| <

Theorem 8. Let A:J € R — R be a differentiable function on 3°, A, @ € 3° with A < @,
q> 1,% + é = 1and assume that A’ € L[h, w]. If |A'|? is a strongly n-fractional polynomial
convex function with modulus k on interval [, @], then the following inequality holds:

‘A(h) + A(w)
2

1 w
— hJ. A(o)do
1 (12)
k q
@I 1IN @) — 2 (@ - h)2> ,

n

T (2

where A is the arithmetic mean.

Proof: Using Lemma 1, Holder's integral inequality and the strongly n-fractional polynomial
convexity of |A'|9, one gets

A(R) + A(w) 1
‘ w—h

fw A(o)do

7
< (f |1—2ul”du> (f I G+ (1 — u)w)lqdu)
—h N ()] 1 N (@) 1 1 a
< wz (p 1) (l (n)l Zlfo Ml/Sd,u+| (:)')l ;fo (1—,u)1/sdu—c(w—h)2f0 #(1_#)(1“)
1 n 1
w—h p(2 s , , k q
= ( ) (;SZ S+1A(IA ®19, |A (w)lq)—g(w—hy) )
where

1 1
1—2ulPdy = ——,
fol ulPdu ]
1 1
fu“sdu=f (1— W du =
0 0

1 1
f pl—pdp = —.
0

S
s+ 1

So, the proof is completed.
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Corollary 4. If one takes n = 1 and k = 0 in the inequality (12),then one gets the following
inequality:

"=

AT(IN W19, [N @)]9).

w—h( 1 )
< S
2 p+1

This inequality coincides with the inequality in [2].

A(R) + A(w) 1
‘ 2 w—h

J: A(o)do

Corollary 5. If one takes k = 0 in (12), then

AW +A@) 1 (®

‘ > P flfh A(o)do

moh 1 (2 s o , :
=+ (z; ?) AR @I

This inequality coincides with the inequality in [25].

Corollary 6. If one takes n = 1 in (12), then

q

‘A(h) +A@) 1

e Sl )%(A<|A'(h)|q,|A'(w>|Q)—%(w—h)Z)

2 p+1

f ’ A(o)do
h

Theorem 9. Let A: 3 € R — R be a differentiable function on 3°, h,w € J° with A < @, q >
1 and assume that A’ € L[A, w]. If |A’|? is a strongly n-fractional polynomial convex function
with modulus k on [A, @], then the following inequality holds:

A(h) + A(w) 1 @
‘ > p— hfh A(o)do
1
- 1_% 1 n S<S+2%> " q (13)
<=—3) (3 AUN W19, I8 @)D =1 (@ = 1) |

1
s=1 25(s+1)(2s+ 1)

where A4 is the arithmetic mean.

Proof: From Lemma 1, power-mean integral inequality and the strongly n-fractional
polynomial convexity of |A’|9, one obtains

A(R) + A(w) 1
‘ 2 w—h
1

Jh ’ A(o)do

1

@—h( [ a1 , a
<7 f 11— 2uldy f 11— 2ullA (uk + (1 — @) |9du
0 0

ISSN: 1844 — 9581 Mathematics Section
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1 n n
@ —h/\a | 1 1
<Z22() [ - wew @i+ a-wew @
0 ns=1 nS=1

1
q

— k(@ —h)*u(1 - u))‘ du

1 n n
_h 1 1—= AI h q 1 AI q 1
=w—(—) gusel zf |1—2u|u1/sdﬂ+| @) Zf 11— 2ul(1 = w)/*dpu
2 \2 n 0 n 0
s=1 s=1
1
1 a
—e(@ = 1?11 2l - u)du]
0
o —h A\ (1 s(s + 21/%) k a
= —| - — ! q ! qy _ _ 2
2 (2) (n; 275G + D2s 7 1) AUV WIS IN @D = 72 (@ = h) ) '

Thus, the proof is completed.

Corollary 7. Under the assumption of Theorem 9 with q = 1, one gets the conclusion of
Theorem 7.

Corollary 8. If one takes n =1, k = 0 and g = 1 in the inequality (13), then one gets the
following inequality:

w—h

<
4

AN (W), [N @)D.

A(h) + A(w) 1
‘ 2 w—-h

j: A(o)do

This inequality coincides with the inequality in [2, Theorem 1].

Corollary 9. If one takes k = 0 in the inequality (13), then one gets

A(h) + A(w) 1
‘ 2 T w—-h

J: A(o)do

1

w—h/1 1_5 1 & S(S_I_ZI/S) q 1 , ,

() (; TRV +1)> ATIN (W19, 1N @),
s=1

This inequality coincides with the inequality in [25]. Also, if one takes q = 1 in the
above inequality, then one has

n
<w—hz s(s + 21/9)
- 21/5(s +1)(2s + 1)

s=1

A(h) + A(@) 1 @
5 p— h,];l A(o)do

This inequality coincides with the inequality in [25].

A(IN M), 1N @)D.
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Corollary 10. If one takes n = 1 in (13), then one has

1

k
(408 19, 18 @)1 - 5 (@ = w72)".

w
<

A(h) + A(@) 1
‘ 2 w-—h

fw A(o)do
h

Also, if one takes q = 1 in the above inequality, then one has

<

‘A(h) +tA(@) 1

o k
> — (a0 @LIN @D - 5 (@ = 1)?).

Lw A(o)do

Now, let us prove the Theorem 8 using Hoélder-Iscan integral inequality and
demonstrate that the obtained result in this theorem gives a better approach than that obtained
in the Theorem 8.

Theorem 10. Let A:J € R — R be a differentiable function on 3°, A, @ € J° with A < @,
q> 1,% + é = 1and assume that A’ € L[h, w]. If |A'|? is a strongly n-fractional polynomial
convex function with modulus k on interval [, @], then the following inequality holds:

A(h) + A(w) 1
‘ 2 w-—h

L i A(o)do

1
2 q

1 n n
w—h 1 p(|N(R)|? s |A (w)]4 s k
= 2 (2(p+1)> ( n sZ_l (s+1)(25+1)+ n SZl 25+1_E(w_h)2> (14)

1 n n
o—hy 1 \p[IN®] s IN@)| 52 k
T (2(p+1)> ( n ;zwfr n ;(s+1)(25+1)_ﬁ(w_h)2>

where A4 is the arithmetic mean.

Q=

Proof: From Lemma 1, Holder-Iscan integral inequality and the strongly n-fractional
polynomial convexity of |A’[4, one obtains

A(h) + A(w) 1 @
‘ 5 E— flfh A(o)do
1
w—h

. c- 7
(f (1—u)|1—2ul‘°du> (f (1—ﬂ)|A’(uh+(1—u)w)|qdu>
2 0 0

<

w—h( ! Pt q
— 1—2ulPd N(uh+ (1— aq
+— (fo ul ul u) UO plAN (uh + (1 — wwo)| M)

Tt )%<|A'(:>|qi Ll(l_mwdﬁmxwwi fol(l—u)(l—u)l/sdﬂ
s=1 s=1

2p+ 1) n

1

1 q
p(l - u)zdu>

—k(w — h)? f

0

1 n n
w—h; 1 \p[IN®) Jl L N (@)]4 !
. /Sd f 1_ 1/Sd
+— (2(p+1)>< " S; . popPdp + — Sél . p(l—p)*du
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1
1 =

q
—k(w—h)zf u(l—u)zdy>
i 1
1 n n 1
_w—h 1 5 [(IN ()| 52 IN (@)]4 s K q
2 (2(p+1))< n ;(3+1)(25+1)+ n Zzs+1_ﬁ(w_h)2>
1 n 1
w—h 1 o (| (R)]|Y s |A (@)]4 2 q
i (2(p+1))< n ;25+1+ Z(s+1)(25+1) 12 (w_h)z)’
where
1 1 1
1—w|1—2ulPd = 1= 2ulPdu = ,
fo( w1 = 2plPdu Lul ulPdu 26T D)
' 1/sq — ' 1 sy = s?
fo(l_”)” T fo”( TR S D s T D)
1 1
— —N1/s — 1/s — S
focl W — w)ody fo“'“ =

Thus, the proof is completed.

Corollary 11. If one takes n = 1 and k = 0 in the inequality (14), then one gets the following
inequality:

A(h) + A(@) 1 @
‘ > b h,’; A(o)do
- w — h( 1 )% (IA’(h)Iq + 2|A’(w)|q>% N (2|A’(h)|q + |A’(w)|q)% |
2 20p+1) 6 6

This inequality coincides with the inequality of Theorem 3.2 in [26, Theorem 3.2].

Corollary 12. If one takes k = 0 in (14), then

1 w
b hf A(o)do

‘A(h) + A(@)
2

1

w—h, 1 NGOK IN@IIe s\
= 2 (2(p+1)> ( Z (s+1)(25+1)+ n ; 25+1>

1 n n 1
w—h 1 p [N (R)|1 S |A (@)]4 s? a
+ 2 (2(p+1)> ( n ;25+1+ n ;(s+1)(25+1)> '

This inequality coincides with the inequality in [25, Theorem 3.2]
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Corollary 13. If one takes n = 1 in (14), then

AR +A@) 1 (7
‘ > b th A(o)do
1 1
w—h; 1 \p[INWIT+2N@T k q
2 (Z(p + 1)) < 6 2@ h)2>

2 20 +1) 6

1 1
i (IA’(fOIq tAN@I ko hf)q
1 .

Remark 7. The inequality (14) gives better results than the inequality (12). Indeed, using the

inequality v* + w* < 217%(W + w)% v, w € [0,), 0 < a < 1, One gets

w—h

w—h

s=1 s=1

1
w—hy 1 \p
< ( )2
2 \p+1
1

_w—hy 1 \p[2x k a
YR DR |

which is the required.

Theorem 11. Let A:3 <€ R — R be a differentiable function on 3°, h,w € 3°

1 n n =
- 1\ [INR) 52 IN (@) s k a
2 (2(p+1)> ( n ;(s+1)(2$+1)+ n ;25+1_E(G’_m2)

Q=

1 n n
1\ (1N s N (@) 52 k
2 (2(p+1)> ( n ; P ; (s+1)(25+1)_ﬁ(w_h)2>

1INWII~ s 1N@Tw s 1k
WO s WS
2 n s+1 2 n s+1 26

with A <

@,q = 1 and assume that A" € L[h, @]. If |A’| is a strongly n-fractional polynomial convex

function with modulus k on [#, @], then the following inequality holds:

A(h) + A(w) 1 @

’ 5 P hfh A(o)do

@ —h N ([N (R |A'( e k .\’
=) < ILCL ; R(5) ~ 33 (W‘h)>

@ —h NG (N ()] |’( K ,
TR (Y mo BT mo- o]

s=1
where
1

s? [(%)HE Gs+1)+1-— s]

(s+1D)@2s+1)@Bs+1) °

Ri(s) =

(15)
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S [(%)HES +1+s
R =53 D@+ D

Proof: From Lemma 1, the improved power-mean integral inequality and the strongly n-
fractional polynomial convexity of |A’|9, one obtains

’A(h);A(w)-wl_ 7 fh " Moo
w—h([} g 1 %
== <f (l—u)ll—Zuldu> (f (1—u)I1—2uIIA’(uh+(l—u)ZU)quu>
0 0
—h/ ! 1-2 /1 g
+2 (f M|1—2H|dﬂ> q(f M|1—2M||A'(Hh+(1—M)w)|qdﬂ>q
2 0 1 0
NN
SWT(Z) q(' (n)l ZL (1= w1 = 2u|lp*sdy
s=1
1
A q n 1 1 q
S @) > | a=wn - zua - wede -k -y | u<1—u>2|1—2u|du>
s=1 "0 0
— RN (A ()
+ZUT(Z) (l ()] Zf ull = 2ulp*sdu
W@ [t ! ‘
+ Zf ull—2u|(1—u)1/sdu—k(w—h)2f uz(l—u)ll—ZuIdu>
— 0
1
@ — 11\ (N ()] I @I k a
=222(3) ( z = ZRz(s)—ﬁ(w—hV)
1
) N R N(@)]4 a
4 () (| ()l Z Ry(s) 4 <)| ZRl()——(w—W),
where B

1 1
1
| w1 =11 - 2uldn = | WG - it - 2uldn = 55,
0 0

1

1
1
] (1 — w1 — 2uldy =j w1 = 2uldu = -,
0 0 1 4

1
R1(5)=f (1—u)|1—2u|u1/sdu=f ul1 = 2p|(1 = w)sdu
0

0
2 l(%)lﬂ/s

T G+D@s+DBs+1)

(55+1)+1—sl

1 1
R,(s) = j pll = 2plp*sdu=| (1-wI1—2pl(1—wdu
0 0

|6

(2s+1)(3s+1)

s+1+sl
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Corollary 14. If one takes n = 1 and k = 0 in the inequality (15), then one gets the following
inequality:

ACh) + A 1 @
|<)2 (w)_w—h,fh A@)do
1 1
@—h|(INWIT  3IN@)|T\T (BN N @)]|7\7
_8<4+4)+(4+4).
Also, if one takes g = 1 in (15), then one gets
A(R) + A(w) 1 @ ,
S TROTE WL IN @)D,
This inequality coincides with the inequality in [2].
Corollary 15. If one takes k = 0 in (15), then
ACh) + A 1 @
‘()2 (w)‘w-nf Ao
1
R NG IN ()] (R a
“=6) (' e Z Ra() + ZRZ@)
s=1 s=1
1
h N(h)|1 N a
Nk (§> <| )| ZRz() A ()| ZRlU>
s=1

This inequality coincides with the inequality in [25]. Also, if one takes g = 1 in the
above inequality, then one gets

A(N R, |N @)D.

AR +A@) 1 jw Ao)do] <

w—hzn: s(s + 21/%)

s 21/5(s + 1D)(2s + 1)

Corollary 16. If one takes n = 1 in (15), then

AR +A@) 1 (®
‘ > b hjh A(o)do
1
@ —h NG INWT + 3N @)k 7
= (E) ( 16 _3_2(w_h)2>

2 1
w—hN\TaBINB|+ N @) k q
+T<E> < 16 __(w_h)z) '

Also, if one takes g = 1 in the above inequality, then one gets
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A(h) + A(w) 1 @
| 5 _w—hj;l A(o)da| <

Remark 8. The inequality (15) gives better result than the inequality (13). Indeed, from the
inequality v® + w* < 217%( + w)% v, w € [0,0), 0 < a < 1, One gets

k
(40x @I @D - 5 @ - 1?).

1

Ch N N ()] N (@)]7 k q
SN T NI e
= s=1

sThN ( (h)'i —'A'(Z’)'qz Rl(s)—f—z(w—w)q

N 14T ) 1
= ZU2 (E) q( Z [Rl(s)+R2(S)]A(|A'(h)|q,|A’(zzy)|q)_1_6(w_h)2> '

s=1

S

where

s(s + 21/%)
21/5(s + 1D)(2s + 1)

Ri(s) + Ry(s) =

which completes the proof of remark.

5. AN APPLICATION FOR SPECIAL MEANS

Now, we will use the following notations for special means of two nonnegative
numbers h, @ with @ > A:
1. The arithmetic mean

h+w
A: = A(h,ZD') = T,
2. The logarithmic mean
w—h
L:=L(h ) = {m h#@. 5 »>o0,
f, h=w

3. The p-logarithmic mean
4.

1
ZD'p+1 _ hp+1

14
Lp;:Lp(h’zD'): <(p+1)(w—h)> ’ hiw,pElR{\{—l,O} ; b, > 0.
h, h=w

Proposition 1. Let 7, @ € [—1,1] with 2 < w. Then, the following inequalities are obtained:

S

[AZ(h o) +—(w h)? ] < 3(ho) < A% @
o

SIN
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Proof: The assertion follows from the inequalities (10) for the function
A(o) = 0%,0 € [-1,1].

6. CONCLUSION

In this article, the class of strongly n-fractional polynomial convex functions is
introduced and related properties are given. Hermite-Hadamard inequalities for the newly
defined class of functions are establined. New refinements of the Hermite—Hadamard
inequality, for functions whose first derivatives in absolute value at certain power, are
strongly n-fractional polynomial convex. It is demonstrated that the newly obtained upper
bounds give better results than the previous ones in the literature.
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