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Abstract. The aim of this paper is to present new formulas for approximating the 

factorial function. Our formulas are of simple form and are more accurate than the Stirling’s 

formula and other classical formulas. 
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1. INTRODUCTION 

 

 

Undoubtedly, one of the most known and most used formula for approximating the 

factorial function and its extension – the gamma function   – is the Stirling’s formula: 
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This elegant expression captures the growth behavior of the factorial function and 

serves as a bridge between discrete mathematics and continuous analysis. Its utility extends 

beyond mere approximation; it plays a crucial role in deriving limits, evaluating integrals, and 

analyzing the behavior of algorithms and distributions. 

It seems that its simple form is one of the reasons that makes this formula survived so 

long. Many researchers provided plenty of extensions and refinements, but a sacrifice of 

simplicity. 

We give in this paper a new formula for approximating the factorial function. Our 

formula we discuss here remains simple form but is more accurate than the Stirling’s formula 

and other classical formulas. Precisely, we present the new formula: 
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Next is a comparison table which shows the superiority of our new formula  (  
 )     over Stirling’s formula  (   )    . 
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Table 1. The superiority of the new formula over Stirling's formula. 
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We also give a rigorous proof of this fact. 

The idea of discovering our formula started from the following equivalent 

representation of the Stirling’s formula: 
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More exactly, we consider the following family of approximations: 
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depending on real parameters       and    . We show that in some sense, the most 

accurate approximation is obtained for 
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2. MOTIVATION 

 

 

Usually, to an approximation of the form 

 

 ( )   ( )              (2) 

 

(in the sense that        ( )  ( )   ) we associate the sequence 
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and  we say that the approximation formula (2) is better, when the sequence    faster 

converges to zero. 

The speed of convergence of the sequence    can be expressed by using the following 

result first stated in this form by Mortici [9]: 

 

Lemma 1. If the sequence    converges to zero and 
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for some    , then 
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This Lemma was proved to be an useful tool for accelerating some convergences, or to 

discover new approximation formulas. See, e.g., [2-15]. According to relation (3), the 

sequence    converges to zero as   (   ) and in this case, we say that the approximation 

formula (1) is of order   (   )  As an example, the associated sequence to the Stirling’s 

formula is: 
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By using the asymptotic formula: 
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(see, e.g., [1, Rel. 6.1.41], it results that    converges to zero as    . 

In consequence, the Stirling’s formula is an approximation of order      We show that 

our new formula is much more accurate, being of order      
 

 

3. THE RESULTS 

 

 

Now let us denote by 
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the associated sequence of the approximation (1). Thus 
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After some direct computations, using the standard series of logarithm function, or 

simpler by using the Maple software, we deduce that: 
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According to Lemma, the fastest sequence    is obtained together to the fastest 

possible sequence          This case is obtained when the first three coefficients in the 
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asymptotic expansion of         vanish. Namely, the variables       should be any 

solution of the system: 

 

{
 
 

 
    

 

 
  

 
 

 
      

 

 
    

 

 
  

    
 

 
            

 

 
  

 

 
   

 

 
   

 

 
  

   

 

This system has three solutions: 
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As we are interested in finding an approximation formula of simple form, we will 

discuss next only the rational solution    ,      ,      . From the natural condition 
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we deduce that   √    Now the formula (1) is completely justified. The associated 

sequence 

 

     
 (   )

√  (
     

 
 

  )

 
  

 
 

 

has the difference sequence 
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We have 
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and by Lemma 1, 
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In consequence, our new approximation (1) is of order      
 

 

4. A MONOTONE FUNCTION AND SOME INEQUALITIES 

 

 

In this section we need the following under- and upper approximations of the 

trigamma function: 
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Recall that the digamma function is the logarithmic derivative of the Euler’s gamma 

function: 
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The well-known inequalities (4) are obtained by truncation the classical asymptotic 

series of the trigamma function: 
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    are the Bernoulli’s numbers). For details see, e.g., [1]. 

We are in a position to give the following: 

 

Theorem 1.  

a) The function 
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is strictly decreasing on     ). 

 

b) The following inequality holds true, for all    : 
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where the constants     and    
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         are sharp. 

 

Proof: a) We have 
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Using (4), we obtain: 
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It follows that   ( )  is strictly increasing, with         ( )   , so   ( )    on 
    )  Thus  ( ) is strictly decreasing. 

 

b) The required inequality follows by exponentiating the inequality  ( )   ( )   ( )  
where  ( )    and 
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The proof is completed. By using the Maple software, we found that 
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We are entitled to give the following: 

 

Theorem 2. The following inequalities hold true, for all    : 
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Proof: To prove Theorem 2, it suffices to show that  ( )    and  ( )     for    , where 
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Note that 
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it suffices to show that the function  ( ) strictly increasing and  ( ) is strictly decreasing for 

  1. Direct computation yields 
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Using the following inequalities: 
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Direct computation yields 

 

  ( )   
 ( )

    (        ) 
         ( )  

 ( )

     (        ) 
           

 

where 

 ( )          (   )      (   )      (   )  

     (   )     (   )  

and 

 ( )            (   )        (   )  

       (   )        (   )       (   )      (   )   
 



 New Bounds and Estimates for the Gamma Function Shun-Wei Xu et al.  

www.josa.ro Mathematics Section 

654 

Hence, the function  ( )  is strictly decreasing and  ( )  is strictly increasing for 

   , and we have, for      
 

 ( )     
   

 ( )                        ( )     
   

 ( )                 

 

Thus, we obtain that 

 
 

The proof is completed. 
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