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1. INTRODUCTION 
 

 

The Euler-Masheroni constant   is defined as the limit of the sequence 
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is the harmonic sum. Numerically, we have:                 . 

This is an intriguing constant in mathematics. In contrast to other classical constants 

such as  , or  , it is not even known whether it is rational or not. It seems that the reason why 

a proof of this fact has not yet been discovered is that no sequences sufficiently rapidly 

converging to the constant   have been found. 

Consequently, in the recent past, many authors were preoccupied in finding new, fast 

convergencies to  . 

Drinceanu and Mortici [1] have introduced the sequence 
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Mortici [2] modified the last terms of    to introduce the sequences: 
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Both sequences    and    were shown to converge to   as    . Other results were 

published in [3-16]. 

We use here the idea from [2] to define and discuss the sequence: 
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The sequence    is obtained by modifying the middle term     in the classical 

sequence     to            and the logarithm term      to             
 

 

2. A FAMILY OF CONVERGENCIES TO EULER-MASCHERONI CONSTANT 
 

 

We introduce the family of sequences 
 

             
 

 
   

 

   
 

 

   
 

 

   
   

 

  
           

 

where     are real parameters. Remark that              
We are interested in finding the values of the parameters     such that the sequence 

   goes to   with the fastest speed of convergence. 

An important tool for measuring the speed of convergence of a sequence is the 

following consequence of the Stolz-Cesaro lemma: 
 

Lemma 1. Let    be a sequence convergent to zero such that 
 

   
   

               

 

for some real parameter      Then 
 

   
   

       
 

   
   

 

In particular, if    , then this Lemma says that if         converges to zero as 

     then    converges to zero as          
Lemma 1 is of great importance in accelerating some convergencies, or to obtain new 

approximation formulas. For details and further properties, please see [10]. 

In our case, we have 
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By using the standard expansion series of the logarithm function, or directly, by using 

the Maple software for symbolic computations, we deduce that: 
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We see that the more of the first terms in this expansion vanish, the better convergence 

speed of the sequence         is obtained. The fastest possible sequence is obtained for 

parameters     solution of the system: 
 

{
      

               
   

 

that is 

  
 

  
    

 

 
   

 

We can give the following general 
 

Theorem 1. a) If      , then    converges to zero as    , since 
 

   
   

                       
    

 
        

   
          

    

 
    

 

b) If       and         then           converges to zero as    , since 
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c) If       and         then              converges to zero as    , since 
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3. THE ASYMPTOTIC EXPANSION OF    
 

 

As it is known, the harmonic sequence 
 

     
 

 
   

 

 
 

 

is closely related to the digamma function  , i.e., the logarithmic derivative of the Euler-

gamma function: 

               
     

    
       

 

We have         and 
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The digamma function has the following asymptotic representation, as    : 
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     are the Bernoulli numbers. For details, see [3]. 

For the sequence 
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we have: 
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By taking      in (1), we get: 
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By using also the series 
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we get: 
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A complete asymptotic series in terms of Bernoulli’s numbers can be also given. 
 

 

4. SOME ESTIMATES FOR    
 

 

We give the following: 
 

Theorem 2. The following inequalities hold true, for every integer       : 
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where 
 

          
       

       
         

 

(the right-hand side inequality holds true for every integer    ).  
 

Proof: It is well-known that by truncation the asymptotic series (3), under- and upper-

approximations are obtained. We use the following: 
 

     
 

  
 

 

    
            

 

  
 

 

    
 

 

      
   

 

By replacing these estimates in (2), we deduce that 
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Now it suffices to prove that        and         where: 
 

     (
 

  
 

    

      
 

 

  
)

 ((     
 

  
 

 

    
)  

 

  
 

 

  
 
  

 
 

   
   (   

 

 
)) 

and 
 

     (
 

  
 

    

      
 

       

         
)

 ((     
 

  
 

 

    
 

 

      
)  

 

  
 

 

  
 
  

 
 

   
   (   

 

 
)) 

 

We have: 
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It follows that   is strictly increasing and   is strictly decreasing. Moreover, using 
 

   
   

        
   

        

 

we deduce that     and     and the proof is completed. 
 

 

5. NUMERICAL COMPARISON 
 

 

We give in this section a numerical table that shows the superiority of our new 

sequence    over the sequences    and   : 

 
                 

                                       
                                        
                                         
                                           

                                             
 

We can see that the sequence    is of one order higher than    and   . 
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