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Abstract. In this study, we investigate the geometric properties of Riemannian
submersions endowed with quarter-symmetric non-metric connections. We focus specifically
on the M-projective curvature tensor and the conformal curvature tensor, providing an
analysis of the behaviour of these tensors. We emphasize how these curvature tensors interact
with totally umbilical fibers in the setting of Riemannian submersions. We explicitly compute
the relevant curvature tensors and examine how the totally umbilical condition influences
their relations. This clarifies the connections among the tensors and shows how they affect the
geometric structure of the submersions.
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1. INTRODUCTION

The study of connections is central to differential geometry and has broad relevance
across many scientific disciplines. Among the various types of connections, quarter-
symmetric non-metric connections are particularly notable due to their distinctive structural
properties. The notion of a semi-symmetric linear connection was introduced by Friedmann
and Schouten in 1924 [1]. This idea was later extended by Hayden, who introduced the
concept of a metric connection on a Riemannian manifold in 1932 [2]. The first systematic
study of the semi- symmetric metric connection on Riemannian manifolds was first
introduced by Yano [3] in 1970. Since then, many authors have developed and refined this
line of research [4-6], contributing to a deeper understanding of both semi- symmetric and
non- metric connection structures [7].

The concept of submersion has long been a foundational tool in the development of
differential geometry, especially in the study of smooth manifolds and maps between them.
Many important contributions to this area can be found in the literature (see [8-11]),
highlighting its central role in the theory of manifold structures. The notation of Riemannian
submersions, which are specific types of maps between Riemannian manifolds that preserve
the length of horizontal vectors, was first formalized in the influential works of O’Neill [12]
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and Gray [13]. Their pioneering research provided a solid foundation for subsequent studies,
including those involving manifolds endowed with more general differentiable structures.

Over time, the theory of Riemannian submersions has become an active research area,
with applications in various branches of geometry and mathematical physics. Many
researchers have continued to explore this topic (see [14-20]), with particular emphasis on
submersions equipped with various types of connections. For example, Akyol and Beyendi
studied Riemannian submersions in the context of semi-symmetric non-metric connections
[21], while Sar1 investigated semi-invariant Riemannian submersions involving related
connection types [22]. Additionally, Demir and Sar1 examined the behaviour of Riemannian
submersions under semi-symmetric metric connections [23].

In 1975, Golab introduced the concept of a quarter-symmetric connection on
differentiable manifolds [24]. Building on this idea, Demir and Sar1 extended the study of
Riemannian submersions to quarter-symmetric non-metric connections. In their 2021 work,
they investigated the associated tensor fields and computed relevant curvature quantities in
detail [25].

Curvature tensors are fundamental tools in both mathematics and theoretical physics,
as they describe the geometry of space and, in particular, the gravitational field. The
Riemannian curvature tensor is the most familiar example, but related objects such as the
Ricci tensor and the scalar curvature are also of significant importance. Moreover, new
curvature structures like the concircular curvature tensor, introduced by Mishra [26], and the
M- projective curvature tensor, studied by Pokhariyal, Mishra [27], and Ojha [28], have
enriched the classification of Riemannian and semi-Riemannian manifolds. The theory of M-
projective curvature tensors has been further developed by several authors, including
Jawarneh and Tashtoush [29].

In recent years, Ayar and Akyol [30] have focused on the study of new curvature
tensors in the context of Riemannian submersions. Their contributions are important in
understanding how curvature behaves under submersion maps and in exploring the
geometrical effects of these mappings under various connections.

Motivated by this line of research, the present study first reviews the basic notions of
Riemannian submersions and quarter- symmetric non- metric connections, and their
interaction. Within this context, we carry out detailed computations for several types of
curvature tensors, with a particular focus on M-projective and conformal curvature tensors.
We also examine the behavior of these tensors when the fibers of the submersion are totally
umbilical, thereby providing a geometric analysis of this special case.

2. PRELIMINARIES
Let M, be a differentiable manifold equipped with a linear connection V. The
connection ¥ is called symmetric if its torsion tensor T, defined by
T(XLXZ) = ‘7X1X2 - WX2X1 — [X1, X2],
vanishes for all vector fields X; and X, on M;. If the torsion does not vanish identically, the
connection is non-symmetric [3].

Let (My, g;) be an n-dimensional Riemannian manifold. A linear connection ¥ on M,
is called a quarter- symmetric connection if its torsion tensor T satisfies

T(XLXZ) =n(X2)eX; —n(X1)eX,,
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where n is a differentiable 1-form and ¢ is a (1,1)- type tensor field. Furthermore, if the
connection ¥ also satisfies

(Px,91) (X2, X3) = 0,

for all vector fields X;,X,,X; € ['(TM,), then the connection is referred to as a quarter-
symmetric metric connection [24].
Now, consider the linear connection V defined by

‘7X1X2 = Vy, Xo+t n(X2) X, (2.1)

where V denotes the Levi-Civita connection associated with g,, and the 1-form 7 is defined
via the relation n(X,) = g, (U, X,) for a vector field U, € I'(TM,). Using equation (2.1), the
torsion tensor associated with ¥ is computed as

71()(1')(2) = n(X2) X, — n(X)eX;,. (2.2)

Furthermore, the non-metricity of ¥ is characterized by the identity

(7X191)(X2'X3) = —n(X2)91(9X1, X3) — n(X3)9: (X2, ©X1), (2.3)

which also follows from equation (2.1). Therefore, the connection V defined by (2.1) is
referred to as a quarter-symmetric non-metric connection, as the connection V satisfies both
(2.2) and (2.3) [24,25].

A differentiable transformation f: M; — M, between Riemannian manifolds (M, g,)
and (M,, g,), with dimensions m, and m,, respectively, is termed a Riemannian submersion
if the following conditions are satisfied:

I.) f has maximal rank,
i.) The transformation f,,, preserves the lengths of horizontal vectors X,, € I'(3{,) at each
pointp € M;.

On the other hand, for g € M, f~1(q) is (m; — m,) dimensional submanifold of M,.
The submanifolds f~*(q) is called a fiber of the submersion. A vector field on M, is termed a
vertical vector field if it is always tangent to the fibers; if it is orthogonal to the fibers, it is
called a horizontal vector field. If the vector field X; is horizontal on M; and X; is f —related
to the vector field X;’ on the manifold M,, then X, is called the fundamental vector field [31].

Lemma 2.1.1. Let (M,, g,) and (M, g,) be Riemannian manifolds, and let f: M; — M, be a
Riemannian submersion. In this case, the following expressions hold:

1) 91(X1, X2) = g.(X1, X5') o f,

ii.) For the fundamental vector field h[X,, X,], fih[X1, Xo] = [X1, X, o f,

iii.) The fundamental vector field h(Vy, X,) is f —related to (V;(1,X2’) where ¥ and V' are the
Levi-Civita connections on M; and M,, respectively,

iv.) For any vertical vector field U, [X;, U] is vertical,

where X, and X, are basic vector fields that are f —related to X;" and X, , respectively [32].

The distribution V corresponds to the foliation of M; by setting V, = kerf,, for any
peM,. At each point p, V, is defined as the vertical space, where V represents the vertical
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distribution. The sections of V are referred to as a Lie subalgebra y¥(M;) of the tangent
bundle y(M,).

The complementary distribution of V determined by the Riemannian metric g, is
denoted by 7. Hence, for any peM;, the orthogonal decomposition T,,(M;) = V,,@H,, holds,
where F{,, is referred to as the horizontal space at p. Given any vector field E € y(M,), we
denote its vertical and horizontal components by vE and hE, respectively [32].

O’Neill tensor fields are determined by a Riemannian submersion f: M; = M,. The
fundamental tensor fields are defined as follows:

TF = hV,zvF + vV, hF, (2.4)
CAEF = vVhEhF + thEvF, (25)

for any E,F € y(M;), where v and h represent the vertical and horizontal projections,
respectively. Moreover

Vy, Uy = Ty, Uy + vVy Uy, (2.6)
Vy, X, = Ty, X1 + hVy Xy, (2.7)
Vy, Uy = Ay, Uy + Wy Uy, (2.8)
Vy, Xy = Ay, X; + hVy X;, (2.9)

where X, X, € y"(M,); U;,U, € xV(M,). Furthermore, if X, is a basic vector field, then,
hVU1X1 = hVXlUl = c/q,X1U1. We note that TU1U2 = TUZUI [31]

Definition 2.1.2. Let (M,, g,) be a Riemannian manifold with Levi-Civita connection V. In
this case, the Riemannian curvature tensor R is defined by

R(X, Y)Z = VXVYZ - Vvaz - V[X,Y]Z’

where X, Y, Z are vector fields on M;.
At a point p € My, the sectional curvature K,, of the Riemannian manifold with metric

91, i1s defined as follows:

K. = g1 (R(X1,X2)X5, X1)
P IX 121X, 112 = g1 (X1, X2)?

(2.10)

Furthermore, the Ricci curvature, denoted as Ric, is characterized as follows:
m
Ric: €' (TMy) ~ C§(TMy) by Ric(Xy, X;) = > gy (RCK, e)es, Xo).
i=1

Thus, the scalar curvature 7 is obtained as
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T= Z Ri(ej, €¢)) = Z Z g1 (R(e;, €)ej, €;), (2.11)
= Y.

j=1 i=1

where {e;, e,, ..., e, } denotes any local orthonormal frame for the tangent bundle TM;. [33].
In this work, S(X;, X,) is used to denote Ric(X;, X3).

Definition 2.1.3. Let (My,g,) be a Riemannian manifold. A local orthonormal frame
{Xi, Ui}i<isni1<j<r ON My is called an f —adapted frame if each vector field X; is horizontal
and each U; is vertical. [32].

Lemma 2.1.4. Given two Riemannian manifolds (M,,g;) and (M,,g,), let f be a
Riemannian submersion between them. Then we have:

n T
z 91(Ty, X0, Ty, X;) = Z 91(70,U;, 7, U)), (2.12)
i=1 j=1
Di=1 91 (Ax, Xiy Ax, X)) = ;=1 91(Ax, U;, Ax, Up), (2.13)
Di=1 gl(c/lxlXi,TulXi) = §=1 gl(c’leUleulUj)! (2.14)

where X;, X, € y"*(M,), Uy, U, € x*(M,), and {X;, U;} is an f —adapted frame on (My, g;)
[32].

Definition 2.1.5. Let (M, g;) be a Riemannian manifold and let {U;} be a local orthonormal
frame of the vertical distribution. In this case, we introduce the horizontal vector field V' on
(My, g,), defined as follows [32]:

T
N = Z T,U. (2.15)
j=1
Let us write
ﬁxlxz = Vx Xz + n(X2)eXy, (2.16)

where X, X, are any vector fields on M;, n isa 1 —form, and ¢ is a (1,1)-type tensor field.
Note that throughout this paper, we abbreviate the Riemannian submersions endowed
with quarter-symmetric non-metric connections as Q-SNMC.
Theorem 2.1.6. Let f: M; —» M, be a Riemannian submersion from a Riemannian manifold
M, to a Riemannian manifold M, equipped with a Q-SNMC. In this case, expression (2.16)
yields
T(E,F) = JzF = T;F + n(vF)he(VE) + n(hF)ve(vE), (2.17)
A(E,F) = AgF = AgF + n(hF)ve(hE) + n(vF)he(hE), (2.18)

for tensor fields of type (1,2) T and A on M,, with respect to ¥, where E, F € y(M,) [25].
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Corollary 2.1.7. Consider (M;, g,) and (M,, g,) as Riemannian manifolds, and let V denote a
Q-SNMC. Furthermore, suppose f: M; — M, is a Riemannian submersion mapping from a
Riemannian manifold M; to another Riemannian manifold M, endowed with a Q-SNMC. In
this case, the following equations are obtained:

Ty, Uz = Ty, Uy + n(wUx)he (vU,) — n(vUy)he(vUy), (2.19)
Ty, X1 = Ty, Xy + n(hX)ve(wU,), (2.20)

JinXZ = —cﬁxle + n(hX)ve(hX,) + n(hX))ve(hX,), (2.21)
Ax, Uy = Ax, U; + n(vUy)ho(hX,), (2.22)

where U;, U, € x¥(M,), X1, X, € x"(M;) [25].

Theorem 2.1.8. Let (M;, g,) and (M,, g,) be Riemannian manifolds, with f:(M;,g,) =
(M,, g,) a Riemannian submersion. Then, from equation (2.16) the following equations are
derived:

Vy, Uy = Ty, Uy + Vy, Uy, — (U (Uy), (2.23)
Vy, X1 = Ty, X, + RV X, + n(X)ve(Uy), (2.24)
Vx, Uy = Ax, Uy +vVx U + n(Uhe(Xy), (2.25)
Vi, Xo = Ax Xy + hVx Xy + n(X)ve(X,), (2.26)

Where Ul' UZ € XU(Ml) ’Xl'XZ € Xh(Ml) y and ﬁull]z = Uﬁule [25] and [34].

Theorem 2.1.9. Let (M,,g,) and (M,, g,) be Riemannian manifolds, with f:(M,,g,) =
(M,, g,) a Riemannian submersion. Let R, R’ and R be the Riemannian curvature tensors of
M;, M,, and the fiber (f~1(x), §,,) With respect to a Q-SNMC, respectively. Hence, we
obtain

91(R(U1’ U)Us, U4) = 91(ﬁ(U1' Uy)Us,U,) — 91(77(‘7112 U)o (Uy),Uy) + 91(701702 Us,Uy)
+91 (U(Tuz U3)WP(U1)' U4) - 91(‘7U177(U3)90(U2)' U4) + 91(77(‘7U1 Us)p(U,),Uy) (2 27)
_gl(TuszulUs' U4) - gl(U(TU1U3)U<P(U2); U4) + 91(‘7U277(U3)<P(U1): U4) .
+9:(mU3)@([Uy, U,)), U,),

gl(ﬁ(ul! U)Us, X,) = gl(Tull?UzU&Xl) - gl(n(?ung)w(Ul).XJ + g1(hVy, Ty, U3, X,)
_91(‘7U177(U3)<P(U2)'X1) - 91(TU2 |?Ul U3'X1) + 91(71(‘7U1U3)§0(U2)'X1)
_gl(hﬁuzfulus:xl) + 91(7U271(U3)<P(U1)'X1)

_gl(ff[ul,uz]Us'Xl) + 9:(mU3)e([Uy, U], X1),

(2.28)

91 (R(X1, X5)X3,X,) = g1(R' (X3, X2)X3, X4) + 92 (Ax, Xay Ax, X3) = 92 (Ax, X, Ax, X3)
+g1(n(cﬂX2X3)h<p(X1),X4) - !]1(71(C'qX1X3)h‘P(X2)'X4) + 91(‘7X177(X3)77‘P(X2)'X4) (2.29)
_gl(VXZU(X3)WP(X1).X4).
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91(§(X1'X2)X3' U1) = 91(17‘7)(10‘1)(2)(3: U1) + 91(04X1h‘7X2X31 U1)
+91 (n(hﬁXZXg)v(p(Xl), Uy + 91(‘7X17I(X3)17§0(X2): Ui) — 61 (Vﬁxzcﬂxlxy U,) (2.30)
—91(04)(2}1‘7)(1)(3: U1) — 01 (U(hﬁX1X3)VQ0(X2); U1) - 91(WX277(X3)17(P(X1), Ul) l
—g1(mX3)ve([X1, X21), Uy),

gl(ﬁ(Xlt UXs, Uz)
= 91(V‘7XITU1X2’ U,) + 91(cﬂxlh‘7U1X2: U,) + 91 (m(hVy X)ve(X,), Uy)
+g1(‘7x177(X2)WP(U1)' Uz) - 91(‘?U10‘ZX1X2: Uz) + 01 (n(cﬂxle)q)(Ul), Uz) (2.31)
_91(Tulh|7xlxz' U,) — U(hﬁxlxz)%(WP(Uﬂ; Uy)
_91(‘70177(X2)V<P(X1): U;) — gl(T[Xl,Ul]XZJ Uz) — 91 (mX)ve((X,, U;]), Uy),

91(§(X1rX2)U1»X3)
= 91(h(‘7xlcﬂxz UI'X3) + 01 (C"I)QVVX2 U1'X3) + 91(77(17‘7)(2 UDho(X,), X3)
+91 (ﬁxln(Uﬂh(P(Xz)'Xﬂ — g1 (hﬁxzv‘lx1 Uy, X3) — 91(0‘1)(2”‘7)(1 U1'X3) (2.32)
_91(77(1"7)(1 U1)h§0(X2):X3) - 91(‘7X277(U1)h€0(x1);x3)
—01 (u‘l[XLXZ]Ul,X3)—g1(n(U1)h(p([X1,X2]),X3),

91(§(X1' UU,, U3)
= gl(Vﬁxlﬁuluz' U3) - gl(cﬂxlU&TUle)
+ 91Ty, Ux)ve(Xy), Us)
_gl(ﬁxlﬂ(Uz)fp(Uﬂ, U3) + 91(7U1U3: c/‘leUz) - gl(n(cﬂxle)WP(Uﬂ’ U3)
_5]1(‘7U117‘7X1 U;, Us) + 91(77(17‘7)(1 Uz)‘P(Uﬂ' U3) - 91(\7uln(Uz)h<P(X1), U3)
—91(|?[X1,U1]U2' Us) +9: m(U)([X4, U]), Us),

(2.33)

where Uy, Uy, Us, Uy € x°(My) , X1, X5, X3, X4 € x"(M,) [25] and [34].

Proposition 2.1.10. Let (M,, g;) and (M, g,) be Riemannian manifolds, with f: (M;, g;) =
(M,, g,) a Riemannian submersion. Let §, S and S be the Ricci tensors of M;, M,, and the
fiber (f~1(x), §1,) With respect to a Q-SNMC, respectively. Hence, we get

5‘(U1, U,) = §(U1, U;) — 91(ﬁ;TU1U2) + gl(n(ﬁ)UfP(Uﬂ' Uz)

+ ) =0:0(Fu V) e WU, Us) =01 (Fu WUy, Uz)
+91((Vy,U:) (@ UY), Uy) + g4 (T4, Ui, Ty, Uz) — g1 (T, Ui ) (U)), Uy)
+91(VynUD e U1, Us) + g1 (U@ ([Us, Ui]), Up)} —
%) 191 (v, 70, %, U2) (2.34)
—01 (cﬂxjuz' h|7U1Xj) + 91(77(h|7U1Xj)WP(Xj)' Uz) + 01 (\7Xjr](Xj)v<p(U1), Uz)
—91 (‘7U1CAX]-XjJ Uz) + 01 (77 (c/lXij) 91(p(Uy), Uz)) +9: (TUIUZ' hl7X].Xj)
—01 (77 (hﬁXij) g1(ve(Uy), Uz)) - 91(‘7U177(Xj)17‘/’(xj)' Uz) — 01 (T[Xj,UI]Xj' Uz)
—g:(n(X;)vo([X;, Us]), U2)},
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§(X1:X2) =S5'"(X1,X3) o f + 91(]\[' hl7X1X2) - Z,{gl(vVXlTUiXZ' Ui)
L
~91(Ax, Uy, hVy X2)+g:(n(hVy X2 Jve(X1), Up) + g1 (Vi n(X2)ve (U, Us)
=91 (Vu,Ax, X2, U) + 91(1(Ax, X2 )0 (U)), Us) — g1 (n(hVx, X2 )vo (U), Uy)
_gl(VUiU(Xz)WP(Xl)» Ui) - gl(jin,Ul-]XZ' Ui) — g1(m(X)ve((X,, U:D, U} (2.35)
) (=01 ( A X A, X;) = 91 (A X, Ay X1 (1 (A X)) hep (K1), X, )
]
~91(n(Ax, X )ho(X;), X2) + 91 (Ve n(X; v (X)), X2)
—g: (7x,1(X)vo (X1, X, )},

S(Xy,Uy) = z {91(V‘7X1cﬂxixi: U1) - gl(CAXl Uy, hﬁXiXi)
l
+ 1(n(RVx X v (X1), Uy) i
+gl(VX177(Xi)V(p~(Xi)r Ul) - gl(UVXic’le){ir U1) + 01 (cﬂXiUp hVXlxi)
—gl(ﬁ(hvxlxi)WP(Xi); Uy — 91(‘7Xi77(Xi)V(P(X1); U1)
-9 (mXDve([Xy, X;], U} + z _ {91 (Vﬁxl‘?ujuj' U1) (2.36)
J

=91 (Vx,n(Uj)0(U)), Us) + g4 (TUle'd‘lxlUj) = 91(n(Ax,U;)ve(U;), Uy)
_gl(ﬁUjVle Uj, Up) + 91(77(77‘7)(1 Uj)(p(Uj)' U1) - 91(‘7Uj77(Uj)h§0(X1); Uy)
—01 (ﬁ[xl,uj] U, Up) + 91(77(Uj)<P([X1» Uj]' U1)
—g1(IV, Ax, Uy) + g:(n(W)vep (X)), Uy)},

where, Uy, U, € x°(M;) , X1, X, € x"(M,) , NV = =1 TU].U]-, and {X;, U;} is an f —adapted
frame on (M4, g1) [34].

Theorem 2.1.11. Let (M4, g;) and (M,, g,) be Riemannian manifolds, with f: (M, g,) —
(M,, g,) a Riemannian submersion. Let %, t, T denote the scalar curvatures of M;, M,, and
the fibre (f ~1(x), §1,). respectively, and let {X;, U;} be an f —adapted frame on (M;, g,).

Then, the scalar curvature of the Riemannian manifold M; with a Q-SNMC ¥ is as follows
[34]:

f = T’ o f + f_gl(ﬁ,N) + Z {gl(N) hﬁXiXi) - gl(vﬁXiTUiXi' Ul)
L
~_ gl(dq'XiUi' h'VUiXi) _ R
+g:(n(hVy, X )ve (X)), U;) + 91(‘7xi77(Xi)17<P(~Ui), U;) — g1(Vy,Ax X:, Up)
+9: (1(Ax X))o U1, Up) — g1 (n(hVx X;)vp (U), Uy)
—g1(Vun(XDve (X)), U;) — g1 Tix,ugXi Up)
~ g ODVRX UDUDY+ ) (=01 (A Xy, Ax X)) = 91 (Ax X Ay X @3)
i.j
+1 (1 (Ax, %) ho (X, X;) = 91 (n(Ax X hep(X,), X.) + g1 (T (X Jveo (X7), X,)
—g1 (7, n(X)ve (X0, X;) = 9: 1 (P, U)o (U)), Up) —
gl(‘?an(Ui)(p(Ui)' Up+
91 (77 (‘?UjUi) o), Uj) + 91 (TU,-Ui»TUin) — g1 (77 (TU]'UL') v (U;), U})
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+01(Tu,nWD@(U)), Up) + g1(nWe([U;, Ui]), Up3
- Z { g1(vVy -TUij» Uj) — g1 (‘AX-Uj: hﬁUij)
+g: (n (n¥y,X )wp(X) Up) + g1 (7, n(%)v0(U)), Uy) = g1 (P, A, X, Uy)
+9: (1 (Ax,%) 0 (V). U;) + g1 (W, 1P, %) = g1 (n (P X; ) vo (1)), U))
(7

—g1 (Vy; ’I(X 0o (X,),0;) = 91 (Tix,01%5, Us) — 91 (n(X:)ve ([x;, U], 1)
+9, m(N)ve(U;), UD}.

3. COMPUTATION OF CERTAIN CURVATURE TENSORS IN RIEMANNIAN
SUBMERSIONS ENDOWED WITH A QUARTER-SYMMETRIC NON-METRIC
CONNECTION

This section is devoted to investigating the relationships of the M —projective and
conformal curvature tensors among the total space, base manifold, and fibers on a Riemannian
submersion. Furthermore, we get a corollary for the specific case in which the fibres are
assumed to be totally umbilical.

3.1. M —PROJECTIVE CURVATURE TENSOR IN RIEMANNIAN SUBMERSIONS
ENDOWED WITH A QUARTER-SYMMETRIC NON-METRIC CONNECTION

Let M; and V™ be an n- dimensional manifold and space, respectively. For every
X1, X5, X5 € x(M,;), the M-Projective curvature tensor field of M; is

1 S(X2 X3)X1 — S(X1, X3) X
2(n-1) [+ 91 (X3, X3)QX, — g1(X1, X3)0X3 |

VT/(X1'X2)X3 = ﬁ(Xsz)Xs - (3.1.1)

where, Q,R and S denote the Ricci operator, Riemannian curvature tensor, and Ricci
curvature tensor, respectively [27].
We proceed by presenting the principal theorem of this section.

Theorem 3.1.1. Let (M4, g,) and (M,, g,) be Riemannian manifolds, with f: (M;,g,) =
(M,, g,) representing a Riemannian submersion endowed with a Q-SNMC, and let R, R’ and
R be the Riemannian curvature tensors; S, S’ and S be Ricci tensors of M;, M, and the fiber
(f1(x), §1,) respectively. Then, for every U, U,,Us, U, € x*(M;) and X;,X,, X5, X, €
x™(M;), we have the following relations for M-Projective curvature tensor:

91(W(X1,X2)X3:X4) = g1(R'(X1, X3)X3,X,) + g4 (ﬂX2X4’cﬂX1X3)
—91(c'4x1X4,cﬂx2X3) + 91(77(C/ZX2X3)h<P(X1)»X4) - 91(77(0‘1X1X3)h<ﬂ(xz),x4)
+91 (‘7X177(X3)17<P(X2)'X4)_91(|7X277(X3)V<P(X1):X4) -
s [ (XL X)L S (X3, X3)of + g1 (I, hPx, Xs)

- Z,{gl(v‘?XzTUi X3,U) — 91 (cﬂxz Ui, hﬁuixz) + g1 (U(hﬁui)%)v‘ﬂ(xz), Ui)
l

(3.1.2)
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+91(|7X277(X3)U(P(U) U;) — gl(ﬁulﬂX2X3, U; ) + 91(71(04X2X3)<P(U) U)
_91(77(h‘7X2X3)WP(U) U) gl(VU n(X3)ve(Xy), U) 91(T[X2 X3,U)

~G (Ko (X UDLUD) + . (=61 (Ax Xy A, )
—91 (CAXZX&“/QX]-XJ') + g1 (77 (cﬂX,-Xj) h(P(Xz);X3)
~9:(n(Ax, X )ho(X;), X3) + 91 (Vx,n(X;)ve(X;), X3)
— 91 (VX]-U(Xj)WP(Xz);XQ}]
—91(X2, X4) [S’(X{,Xé)of + 91(N’ h7X1X3) - Zi{gl(v ‘7X17UiX3’ Ui)
—J1 (cf‘lx1 U, hﬁUiXS) +g1(n (hﬁUiX3)v<p(X1), U;)

+91(‘7X17I(X3)17<P(E]i)» U;) - gl(‘?UiC’qX1X3fE]i)
+91(U(04X1X3)(P(Ui)' Ui)_gl(n(hVX1X3)v(p(Ui)' Ui) — g1 (VUiU(X3)V<P(X1)' Ui)

_91(7TX1,Ui]X3: U;) — 91 (m(X)ve([Xy, UD, U} + Zj{_g1(d‘lX1Xj:dqx3Xj)
— g1 (Ax, X5 A, %) + g1 (0 (Ax, %) ho (K1), X3 ) = 91 ((Ax, X)) hp (X,), X3)
+gl(‘7X1n(Xj)v§0(Xj)'X3) - 91(‘7X,-TI(X]')V§0(X1);X3)}] + 91Xz, X3)[S' (X1, X3)of
R R SRR PAC/ R AT
—01 (cﬂxl Ui, hﬁUint) +9:(n (hﬁUinL)WP(Xﬂ, U;)
+91(‘7X177(X4)U(P(U) U) 91(‘?U Ax X4, Uj ) + 91(77(c/1X1X4)<P(U) U')
_91(77(hVX1X4)U(P(U) U) gl(VU n(X)ve(X,), U) gl(Txl X4,U)
~1 (1 (XD ([Xs, Ui, UD} + Z{— 1 (Ax, X, Ax, X)) — 61 (CAX1X4,CAXj)<j)
+1 (1 (Ax X)) ho(X1), X4) = 91 (1 (A, Xy o (%), X,)

+ g1 (ler)(Xj)vqa(Xj),X4)
—9J1 (‘7Xj77(Xj)WP(X1)'X4) — 91(X1, X3)[ S (X3, Xy )of + g1 (W, h‘7X2X4)

- Zi{gl(v ‘7XZTUiX4: Ui) — 91 (cﬂxz Ui, h\7UiX4) + g1 (U(hﬁuinL)WP(Xz), Ui)
+91(‘7X277(X4) v (U;),U;) — gl(ﬁuicﬂxzxtp U + 91(U(AX2X4)§0(U') U;)
~91(1(WVx, X4)vo Uy, U) — g1 (Vyn (X )ve(X2), Up) = 91Tix, w1 Xa Up)

—g: (X )ve([X,, U, U} + Z,-{‘ 9:(Ax, X Ax, X;) = 91 (ﬂX2X4. Ax,X;)
+91 (1 (Ax, X)) ho(X2), X2) = 9 (n(Ax, X))o (X;), X,.)
+91(Vx, (X )vp (X)), Xa) — g1 (Ve (X)) ve (X2), Xu)31,

91(@7()(1')(2))(3, U) = (U(~‘7X10‘1X2X3’ U,) + 91(cﬂX1h‘7){2X3' Uy)
+91(77(hVX2~X3)U<P(X1)' U1) + g}(VXITI(Xs)WP(Xz)' Uy) - gl(vVch’le)(B' U1)
_91(CﬂxthX1X3» Up) — gl(’l(hVX1X3)V‘P(X2) Uy) — 91(‘7X277(X3)WP(X1) Uy)
1
=91 (M(X3)ve([X,, X2, Uy) — 2(n—1) 191 (X2, X3)[ Z {gl(vvxlcﬂxlxu Uy)

—9J1 (dqxlyp hﬁXiXi) + 91(77(h|7xin)V§f(X1); U + 91 (Yx1 n(X)ve(X;),U;)
—01 (vVXiJlxle-, U + g1 (cﬂinl' hVX1Xi) — g1 (n(thlXi)w(Xi), U1)

(3.1.3)
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—91(‘7xi77(Xi)V(P(X1)’ Up) — g1 (mXDve([Xy, X1, U} + Z]{ ‘91(17‘7)(1 ﬁUjUj' Up)
~g1(Vx,n(U;)@(U;), Ur) + 91(Ty,Us, Ax, Up) = g1(0(Ax, U; Jve(U;), Uy)
—01 (ﬁujlﬁxl Uj: U1) + 91 (U(VﬁxlUj)(P(Uj)' Uy) — 91(‘7UjU(Uj)h§0(X1)' Uy)
—91 (‘?[xl,uj] Uj, U1) + g1 (U)o ([X1, Uj], Ur)} = g1 (W, Ax, Uy)

1 (o), U} = 0161, X)L (930 Prol i, U)

—01 (c/lxz U1, hﬁxixi) + 01 (n(hﬁXiXi)vtp(Xz), Uy + gl(ﬁxzn(Xi)WP(Xi), U1)
_:91(U‘7Xic/lxzxi' U1) + gl(c’quult hﬁXZXi) - 91(77(h‘7X2Xi)WP~(Xi2' Uy)
=91 (Vxn(X)ve(X2), Us) — g1 (X v ([X2, X, U} + X i{ 91 (vVx, Vi, Uj, U)
—91(17x2n(Uj)<p(Uj). Up) + gl(TUjUpcﬂszj) - 91(77(6/4X2Uj)17<P(Uj)' U1)
1 (00,9703, Us) + 91 (0 (7,0} 0 (U}), Us) = g1 (F,1(U; ) hep (), Us)
—91 (ﬁ[xz,uj] Uj, U1) + g1 (U)o ([X2, U], UL
_91(]7' quzul) + 91(77(]\7)77@()(2): Uil}

91([7'7()(1» U)Xz, Uz) =01 (V?XlTulle Uz) + 91(04X1h‘7U1X2’ U,)
+91 (n(hVUle)v(p(Xl), U,) + gl(Vxll?(Xz)WP(Uﬂ' U;) _:91(‘7U104X1X2' U,)
+91(77~(04X1X2)‘P(U1): Uz) - gl(Tuth)qu» Uz) - 91(U(hVX1X2)v<P(U1)' U,)
—91(Vy,n(X2)ve(X1), Uz) — 91 (Tix, u,1X2, U2) — 91(n(X)ve([Xy, Us]), Us)
1 _ -
oy 91 U U)IS (KL, X)0f + g1V, WP o) = ) {910 P Tya, U
l
_91(043(1 Ui, hVy X3) + g1 (U(hVUii(z)VGD(Xﬂ, Ui)
+91 (Vxln(Xz)WP(l{i); Uip) — 91(Vy,Ax, X2, Uj)
+g1(7l(cﬂxlxz)‘ﬁ(Ui)’ Ui) - 91(77(h(VX1X2)V§0(Ui): U;) — 91(‘7Ui77(X2)77€0(X1); U;)
—91Tx,,00X2, U)) — g1 (mX2)ve([Xy, Ui]), U} + Z {=91(Ax, Xj, Ax, X))
j

_91(04X1X2:qujxj) + g1 (77 (quij) h(P(X1)'X2) — 01 (U(ﬂxlxj)h‘P(Xj)'Xz)}
+gl(‘7X177(Xj)v(p(Xj)'X2) - 91(\7XjU(Xj)U<P(X1);X2)]}
+91 (X1, X2)[S(Uy, Uy) — g4 (WY, Tule) + g.(n(V)ve(Uy), U,)
+HZi{—91((Vy,U)U,), Uy)
—g1(Vy,n(UDeUY, Uy) + g1 (n(Vy,Uy) @ (U)), Uy)
+91 (j:ulUi'TUiUz) - gl(n(ful Ui)ve(U)),Uy)
+91(‘7Ui77(Ui)<P(U1)r Uy) + g1(mUpe([Uy, U;D), Uz)}

= 10 (v, 70,5, Uz) = 92 U 170, X)) + 91 (10T, X, )00 (X)), Uy)
]
+91 (ﬁXjn(Xj)v(p(Ul)r Uz) — 1 (ﬁuldqxjxj: Uz) + 91 (77 (cﬂXij) @ (Uy), Uz)

+91 (Tule' hﬁxjxj) — 91 (7) (hﬁXij) v (U,), Uz) — 01 (|7U17](Xj)17(p(Xj), U;)
=91, 01X U2) = 91(n(X;)vep ([X;, U1 ]), U233,

(3.1.4)

91 (W(Up Uy)Us, U4) = 91(§(U1’ Uy)Us, U4) — 91 (U(ﬁuz Us)p(Uy), Uy)

2 - . 3.1.5
+91(Ty, Ty, U3, Us) + g1 (W(TUZ U3)WP(U1); Uy) — g1 (Vy,n(U3)e(U), Uy) ( )
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+91 (U(ﬁU1U3)<P~(U2), Uy) — 91Ty, Ty, U3, Uy) — 91(U(TU1 Us)ve(U,), Uy)
+91(VU277(U3)§0(U1)» U4) + 91(m(U3)o([Uy, U;]), Uy)

1 . — ~
—m{gl(l]p U)[S(Uz, Us) — g1 (W, Ty, Us) + g1 (N ) v (U,), Us)

+ Zi{— g1((Vy,U;)o(Uy), Us) — g1 (Vy,n(U)e(U;), Us)
3 +91(Tl(ﬁU2Ui)<P(Uj)' Us) 3
+9:(Jy, Ui, Ty, U3) — gl(n(TUZUi)WP(Ui)' Us) + gl(VUiU(Ui)q’(Uz): Us)
+9:(mUDo([U,, U;]), Us) — Zj{gl( vﬁXjTUZX]" Us) — g1 (UquUsl h|7U2Xj)
+91 (n(hﬁUZXj)mp(Xj), U3) + 91(‘7Xjn(Xj)U<P(U2)’ Us) — g1 (‘?UZUquXj' Us)
+9:(m (d‘lx,-Xj) ©(Uy),U3) + g, (Ty,Us, hﬁXij) — 01 (TI (hﬁxjxj) v (Uy), U3)
=91 (Vu,n(X;))ve(X;), Us) = g1 (Tix;,0,1X;. Us) — 91 (n(X;)vee([X;, U2)), Us)
—91(Us, U4)[-§(U1» Us) — gl(ﬁ’ TU1U3) + 91(77(]\7)17(P(U1): Us)
+ ) = 9.7, U)W, Us) = 9 (7,0 U9 (U, Us)
3 + 91 (77~(ﬁU1Ui)<P(Ui)' Us) 3
+91(TU1Ui'TUiU3) — 01 (n(TUlUi)v(p(Ui), Us) + g1(Vy,n(Up)e(Uy), Us)
+9:(mUDe([Uy, U;]), Us) — Z]{ 91 (Uﬁijulxj' Us) — gl(c’quU3f hﬁulxj)

+g1(77(h‘7U1Xj)U(P(Xj)' Us) + 91 (\7x,-n(X,-)v<p(U1), U3> — 01 (ﬁUlc’quXj' U3)
+9:(m (C’quXj) pUy),U3) + gl(TU1 Us, hﬁXij) — 91 (77 (hVXij) v (Uy), U3)
_gl(ﬁuln(Xj)vw(Xj)' U3) U (T[Xj,Ul]Xj; U3) — 9 (U(Xj)V(P([Xj: Ul]); Us)
+91(Uy, U)[S(U, Uy) — g1 (V, Ty, Us) + 91(77(]\7)174’([]1); Us)
+ ) o)W, Uy = g:(FunWe(U), Us)

_ +9.0(V,U)eU), Us) i
+91(Ty, Uy, Ty,Us) — 91Ty, UDveU;), Uy) + g1 (Vy,n(Up)e(Uy), Uy)

+9: (MU e([Uy, U;D, Us)} — Z ,{ 91(V‘7X,-TU1X]" Uy) — 91 (fﬂijm h|7U1Xj)
j

+9:(n(hVy, X )vo(X;), Us) + g (WX,-U(X]')V(P(UQ» U4) - gl(ﬁuldqxjxj: Uy)
+91 (77 (dqxjxj) o (Uy), U4) + 91Ty, Uy, hﬁXij) —9:(n (hWXij) vp(Uy), Uy)
=91 (Tu,n(%)v0 (X;), Us) = 91 (Tix,0,1%;. Us) = g1 (n(X))ve (X5, U] ), U )3
— 91 (U1, U){S(U,, Uy) — g1 (W, Ty, Us) + g1 (n(WV)ve (U,), Us)

+ ) = 9:((Fu, U)o W), Us) = 1P, (UDe (U, Uy)
‘|‘91(77(‘7U2 Ui)‘P(Ui); U4) + 91 (Tu2 UirTUiU4) — 01 (W(TUZ Ui)V‘P(Ui): U,)
+91(|7Ui77(Ui)§0(U2): Uy) + 91(mUpDe([Uz, U;]), Uy)} — zj{ 91(V|7XjTU2Xj' U,)
—91(Ax;Us, hVy,X;) + g1 (n(hVy, X )ve(X;), U + 91(WX,-77(X]')V(P(Uz): Uy)
_gl(ﬁuzfﬂx,-xj' Uy) + 91 (77 (CAXij) o U,), U4) + 91Ty, Uy, hﬁXij)
~—01 (77 (h|7Xij) v (Us), U4) - 91(|7U27I(Xj)17‘P(Xj): Uy) — gl(j-in,Uz])(j’ Uy)
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— g1 (n(X;)ve(1X;, U2]), U3,

91(W(Q1' l{z)U3'X1) = 91(?01‘702 Us, X1) — 91(77(‘?UZL{3)§0(U1):X1)
+9.(hVy, Ty,Us, X1) — g1 (VUJZ(UE)(P(UZ)'XJ ~ 91 Ty, Vy,Us, X1)
+91 (U(VU1U3)<P(U2),X1) - gl(flVUZTul Us, X1) + g1(Vy,n(U3)@(U,), X1)
— 91Ty, u,1Us X))+
1 ~
91(m(U3)p([Uy, U]), X1) — 21 {91(Uz, U3)[Xi{g1 (v Vi, Ax,Xi» Uy)
—91(Ax, ~U1: hﬁXiXi) + g1 (n(hﬁXiXi)mf)(Xl), U + g1 (?Xln(xi)vfp(xi)r U,)
—91 (UVXiC’lexi' U + g1 (C’quUll hVX1Xi) — 91 (n(hVXlXi)v(p(Xi), U1)
_91(|7Xi77(Xi)WP(X1); U1) — g1 (mXDve([X,, X;],Up) + Z { 91(17\7)(1 |7UjUj; U1)

j
_gl(ﬁXln(Uj)QD(Uj)' Up) + 91Ty, Uy, Ay, Up) = gl(’l(d‘lxlUj)VQD(Uj): U1)
_91(|7Uj17|7X1Uj' Ui) + 91 (n(v|7X1Uj)<p(U]-), Uy) — gl(ﬁUjT](U]’)h(p(Xl)' Uy)
—91 (ﬁ[xl,uj]Uj' Uy + 91(77((]1‘)(/’([)(1' Uj]' U) — 91 (]\7' Ax Uy) (3.1.6)
+ 91 (VN )ve(X1), Uy)
—91(Uy, Us)[zi{ 91 (v|7X1c/le.Xi, Uz) — 91(Ax, Ua, hﬁXiXi)

T4 (TI(hVXiXi)WP(Xp Uz)~ 3
+91(Vx n(X)ve(X), Uy) — g1 (WVx,Ax, Xi, Up) + g1 (Ax, Uz, RVx X;)
_91(77(h‘7X1Xi)U(P(Xi): Uy) — gl(ﬁxin(Xi)vfp(Xl), U,)

— g1 (MXDve([Xy, X;], Uz)}
+ 2 ,{91(17‘7)(1 ‘?Uj Uj, Uz) — 91 (len(Uj)w(U,-), Uz) + 91Ty, Uz, Ax, Uj)

j
_91(77(04)(1 Uj)V‘P(Uj)' Uz) — 91 (ﬁujv‘?xl U, U;) + 91(77(77‘7)(1 Uj)‘P(Uj)' U,)
_gl(ﬁan(Uj)h(p(Xl)' U;) — 91(|?[X1,U,-] Uj, Uz) + g4 (n(U]-)ql([Xl, Uj])! U,)
—g1(V, Ax,Uy) + 91(77(]\7)17(.0()(1)’ U1}

gl(W(X1:X2)U1»X3) = gl(h‘?ch’quUer3) + 91(0‘1X1U‘7X2U1'X3)
+g1(77(17‘7x2 Uy )ho(Xy), X3) + 91(Vx, n(UDhe(X;),X3) — g1 (hVx,Ax, Uy, X3)
—91(04X217|7X1U1'X3) - 91(77(17‘7)(1 U1)h§0(X2);X3) - 91(‘7XZTI(U1)h<P(X1);X3)
_91(04[X1,X2]U1’X3) — 91U he([X1, X2]), X3)

1 - _

- m {9:(Xy, Xs)[z .{91 (vVch/lXi X, Uy) — g1 (d‘lxz U1, hVXiXi)
l

+9:(m (hVXiXi2v¢(X2)r Uy + Q1(VX2U(Xi)V¢(Xi); U1) ~— 4 (vVx, Ax,Xi, Ur)

+g1(cﬂin1r hVXZXi) - 91(77(hVX2Xi)V§0(Xi); U1) — 91 (VXiU(Xi)V(P(Xz): Uy)

—g:(mXDve([X,, X;],Uy) + Z]{ g1 (Uﬁxz ﬁUjUjr Uy) — 91(\7x277(Uj)<P(Uj). Uy)
+91 (:TUlelquzUj) - gl(n(c/leU]-)vw(U]-), Uy) — .91(7U]-77‘7X2Uj: U1)
+gl(77(17|7X2Uj)(p(Uj)' Ul) — 01 (ﬁUjW(Uj)h(P(XZ): Ui) — 91 (ﬁ[xz,uj] U;, U1)
+91(77(Uj)§0([X2: Uj]' U1) - 91(]7: Ay, U} + gl(n(ﬁ)V(P(Xz), U1)]
_91(X2;X3)[Zi{91(17 ﬁxlfﬂxixi: Uy) — g1(fflx1 Ui, hﬁxiXi)

+ g1 ((hVx, X )ve (X1, Up)

(3.1.7)

ISSN: 1844 — 9581 Mathematics Section



822 On the Behaviour of Total Umbilical Fibers Under Quarter-Symmetric... Esra Karatas et al.

+gE(WX177(Xi)v(p(Xi): Uy) ~ G (Vﬁxicﬂxlxi: Up) + g1(Ax, Uy, hVy X;)
—91(77(h‘7X1Xi)WP(Xi): Uy - 91(VX1-77(Xi)WP(X1), Uy) — g1(mXDve (X, X1, Uy)

+ Z {9 ("7‘7)(1 ‘?UjUj' U1) - 91(|7X1U(Uj)<ﬂ(Uj)' Uy + 91(TU,-U1’U‘ZX1U]')
j

—91(77(04X1Uj)V(P(Uj)' Ul) — 01 (ﬁujVle U;, U1) + 91(77(17‘7)(1 Uj)(p(Uj)' U;)
_91(‘7Uj77(Uj)h<P(X1): Uy) — 91(‘?[X1,U]-] Uj, Ui) + g1 (n(Uj)(p([Xl' Uj]' U1}
—g1(V, Ax,Uy) + 91(77(]\7)17(/7()(1), U1}

Proof: For X;, X,, X3, X, € x"(M,), if the equation (3.1.1) is multiplied by X,, then we have

[S~(X2,X3)gl (X1, X4)

~ _ 1
gl(W(X1.X2)X3;X4) = 91(R(X1, X2) X3, X4) — 2(n—1)

—8(X1, X3)91 (X2, X4) + 91 (X2, X3)S$ (X1, X4) — 91 (X1, X3)S (X2, X4)]-

By explicitly substituting equations (2.29) and (2.35) into the expression above, we
obtain the desired result, completing the proof of equation (3.1.2). The verification follows
directly from straightforward algebraic manipulation and the relevant definitions. Analogous
methods allow equations (3.1.3)—(3.1.7) to be verified straightforwardly. Their derivations
rely on the same basic relations, and hence the details are omitted for brevity.

It is worth noting that if the tensor 7,V = g,(U,V)H, where H denotes the mean
curvature vector field of the fiber and U, Vel'(kerf,) [35], then the Riemannian submersion
has totally umbilical fibers. In this case, it follows that V' = 0. Moreover, as established in
the work of Dogru [36], the condition ' = 0 further implies that &' = 0.

Without providing a detailed proof, we now present the following corollary related to the case
of totally umbilical fibers.

Corollary 3.1.2. Let (M4,g,) and (M,, g,) be Riemannian manifolds, with f:(M;, g;) =
(M,, g,) representing a Riemannian submersion endowed with a Q-SNMC. If the Riemannian
submersion has totally umbilical fibers, then the M —projective curvature tensor is given by

91(W(X1,X2)X3'X4) = g1(R'(X1,X3)X3,X,) + g4 (U‘ZXZXAL’U‘ZXlX?,) — g1 (a‘lX1X4, ‘AXZX3)
+91 (n(c/lXZX3)h<p(X1),X4) - 91(77(04X1X3)h§0(xz)'x4) + 91(‘7X177(X3)U(P(X2)'X4)
_ 1 -
~01 (P (X)v0 (X0),X4) = 505 (910 XIS (63, X3)0f = ) {91 (vFi, Ty, X5, Uy)
l

—91(0?)(2 U;, hﬁUiX3) + gl(n(hﬁung)vq)(Xz). Ui) + 91(‘7)(~Z7I(X3)V§0(Ui); Ui)
_gl(YUi‘/leX& Ui) + gl(n(o‘lszg)fp(Ui), Ui) - .91(77(h|7X2X3)V§0(Ui)' Ui)
_gl(VUiU(Xs)WP(Xz)J Ui) - gl(g—in,Ui]X& Ui) — 91(mX3)ve([X,, U, U}

+ Z {=91(Ax, X, Ax,Xj) — 91 (CAXZX&CAXJ-Xj) +9:(m (CAXij) ho(X3), X3)
j
~g1(n(Ax, X;)ho (X)), X3) + 91V, n(X; v (X)), X3) — g1 (Vi n(X; )v(X2), X3)3]
—91(X2, X )[S' (X1, X3)of — Z_{gl(v l7){1:TUL-X3' Ui) — 91 (cﬂxlUi' hﬁUiX3)

+91(77(h|7UiX3)V§0(X1); U;) + glgﬁxlﬂ(XﬂVQU(Ui); U;) - 91 (|7Uicle1X3, Ui)
+91(77(AX1X3)(P(U1')' Ui) - gl(U(hVX1X3)WP(Ui); Ui) - .91(VU1-7I(X3)17<P(X1); Ui)
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—9J1 (T[Xl,ui]Xs: U;) — g1 (m(X2)ve([Xy, UD, U} + Zj{—éh (Ax, Xj, Ax,Xj)

— g1 (Ax, X5 A, %) + g1 (0 (A, %) ho (X0), X3 ) = 91 ((Ax, X )hp (X,), Xo)
+g1(|7X117(Xj)v(p(Xj),X3) - 91(‘7Xj77(Xj)V(P(X1),X3)}] + 91(X2, X3)[S' (X1, X4)of
- Zl{ 91(VﬁxlTUiX4: Ui) - 91(04)(1 Ui, hVUiXA}) + g1 (n(hﬁUiX4)v(p(X1), U;)
+91(‘7X177(X4)17<P(Ui)' Ui) - 91(‘7Ui0‘lX1X4: Ui) + g1 (TI(U‘ZX1X4)(P(Ui)' Ui)
_91(77(hﬁX1X4)U(P(Ui)' Ui) - 91(|7Ui77(X4)U<P(X1): Ui) — g1 (T[Xl,Ui]Xél-' Ui)
~g1 (1 (XD ([Xy, UiD), UD} + Z{— 1 (Ax, X A, X)) — g1 (Ax, X Ax X;)
+1 (1 (Ax X)) ho (X0, X4) = 9. (0(Ax, X))o (X)), X4) + 91 P, 1 (X Jvep (X;), X,)
—g1 (7, 1(X) v (X1, X, ) — 91 (X1, X5)[ ' (X3, Xy)of — Zi{gl (v T, T Xa, UD)
_gl(dqxz U, hWUinL) + 91(7I(h|7uiX4)V€0(Xz); Ui) + 91(‘7XZTI(X4) v (U;),U;)

—01 (?Uidqxzxzp Ui) + g1 (n(cleZX4)<p(Ui), Ui) — 91 (Tl(hﬁXZXAl)v(p(Ui)' Ui)
_gl(VuiU(XzL)WP(Xz), Ui) — g1 (g-iXZ,Ui]Xéh U;) — g1(m(X)ve([X,, U], Uy}

+ ) 01 (A X ) = 91 (A Ko A X,) + 11 (1, o 06, K
_91(77(d4X2Xj)h(P(Xj):X4) + 91(‘7X277(Xj)77€0(xj):X4) - 91(‘7XjTI(Xj)WP(X2);X4)}]}.

91 (M:V/(Xl,XZ)Xg, Ul) =0 (U(~17X10‘1X2X3: Ul) + gl("leh‘?)iZX& U,)
+91(77(hVX2~X3)WP(X1)' Ul) + 9~1(VX177(X3)17<P(X2)' U1) ~ 91(UVXZC"ZX1X3» Uy)
_91(cﬂxthX1X3: Up) — gl(n(hVX1X3)V<P(X2)» Ui) — 91 (VXZU(X3)WP(X1)' Uy)

1 -
—91(M(X3)ve([Xy, X2]), Uy) — m{91(X2rX3)[Z_{91(V\7x1cﬂxixir Uy)
l
—91 (qulyl' hVXiXi) + gl(rl(hVXiXi)U(/j(Xl)» Uy + g1 (Yxln(Xi)WP(Xi); Uy)
_91(V‘7xicﬂxlxi' Uy + 91(0‘1in1' hVXle-) - gl(n(thlXi)vw(Xi), U1)

RAUTICOIICONARFACCOITCRSUNED W EACAAD
~g1(Va,n(U)) 0 (U)), Ur) + 91 (Ty;Us, Ax,Up) = g1(n(Ax, Uy v (U;), Uy)
~9 (ﬁujvﬁ)ﬁ Uj, Ul) + 91 (TI(”WXl Uj)ﬁ"(Uj)' Uy - 91(‘70]-77((]]')}1(.0()(1), Uy)
_91(|7[X1,Uj]Ujr Uy + 91(77(Uj)§0([X1: Uj]: U1)} — 91 (X1»X3)[Zi{91(v szdqxixi’ Uy)

—g1(Ay, L~I1, hﬁXiXi) + 91 (U(hﬁxixi)vff’(xz)' Uy + 91(?XZTI(Xi)V<P(Xi): U1)
_:91(U‘7xic/qxzxi; U1) + 01 (cﬂinp hVy,X;) — g1 (U(hVXZXi)U‘PSXi} U1)

— 91 (Ve n(X)ve(X2), Us) — g1 (X v ([X2, X1, U} + X i{ 91 (vVx, Vi, Uj, U)
_91(VX277(Uj)<P(Uj); Ui) + g1 (Tujupdqxz U) — 91(77(04X2 Uj)WP(Uj): U1)
—01 (‘?Uj'?ﬁxz Uj: U1) + 91(77(77‘7)(2 Uj)(p(Uj)' U1) - 91(‘7Uj77(Uj)h<P(Xz), Uy)
=01 (Vi) Up Un) + 91 0(U) @ ([X2, U], UL,
91(W(X1' UXa, Uz) = 91(V‘7X17U1X2: Uz) + 91(cﬂxlh‘7ulxz’ U,)

+91(77(h‘7U1X2)V<P(X1); Uy) + 91(‘7X117(X2)WP(U1); U;) —:91(‘?0104)(1)(2; U,)
+91 (U(qulxz)fp((h)' Uz) - 91(TuthX1X2; Uz) - gl(n(thle)vw(Ul). U,)
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_gl(ﬁuln(Xz)WP(Xl)' Uz) — 91 (T[Xl,Ul]XZ' U;) — 91 (m(X)ve([X1, UL]), Up)
1 _ _
+ m{gl(ljl: U)[S" (X1, X3)of — Z.{gl (v Vx, Ty, X2, U) — 91(Ax, Uy, hVUl-Xz)
l

+91 (n(hﬁUin)mp(Xl), U + gl(?xlrl(xz)vq)(Ui)' U) — 93(7Uia‘lX1X2, U;)
+91(n(Ax, X2)0U), U;) — g1 (n(h(Vx X2 )vo(U), Uy) — 91 (Vy,n(X)ve(Xy), Uy)

=01 Gt 0 U) = 910K op (0, UDLUD) + . (=61 (A, X3 A, )
91 (Ax, X2, Ax X)) + g1 (0 (Ax X ) hp (X0, X;) = 91 (n(Ax, X, )hep (X,), X2)}
+g1(‘7X17)(Xj)V§0(Xj)»X2) - 91(‘7XjTI(Xj)V§0(X1);X2)]}
+91(X1’X2)[§(U1: Uy) + zi{—gl(n( ﬁuiUi)GD(UD; U;) — gl(ﬁulrl(Ui)(P(Ui)’ U,)

+gl(n(‘?U1Ui)§f(Ui)' Uz) + gl(flei,TUiUz) - 91(77(TU1U1')WP(U1'), Uy)
+91(Vyn(UDeU1), Uz) + g1(m(UDe([Uy, UiD), Uy)}

= 191 (7, 70,%,,U2) = 91 (A U 75, %) + 9 (170,500 (X,), Uy)
j
+91 (ﬁXjU(Xj)WP(Uﬂ' U;) — 91(‘7U1cﬂijj' Uz) + 9:(m (‘AX]-Xj) pUy),Uy)
+91(TU1U2' hﬁijj) — g1 (77 (hﬁijj> v (Uy), Uz) - gl(ﬁum(Xj)Wp(Xj), U,)
—01Tjx, 01X U2) — 91 (X )veo([X;, Us]), U2D313,

gl(VT/(({l' U)Us, U4) = 91(?(111» Uy)Us, U4) - gl(’lgﬁuz U3)eU,),U,)
+gl(TU1ATU2 Us, Uy) + gl(U(Tuz U3)7i(P(U1): Us) — 91(VL£1U(U3)(P(U2), Uy)
+g1(77(‘7U1U3)<P~(U2): Us) — 91Ty, 9y, U3, Uy) — 91(77(TU1 U3)U<P(Uz); U,)
+91(Vu,n (U)oU), Us) + g1(n(U3)p([Uy, U5]), Us)
1 A _
=Ty 9 U UDSW U + ) (=110 ) (U), Us)

2(
3 —91(‘7U277(Ui)<ﬂ(gi), Us) + gl(n(ﬁuzUi)(PSUi): Us)
+91 (TU2 Ui'TUiU3) - 91(77(TU2 Ui)V(P(Ui)' U3) + 91(VUL-77(U1')<P(U2)' Us)

+9,(1UY@([Uz, Ui]), Us) — Z},{ga vPx Ty, X;, Us) — g1 (A, Us, h7y, X;)
+9:(n(hVy, X, )ve(X;), Us) + g1 (WXjU(Xj)WP(Uz); Us3) — g1 (ﬁuzﬂxjxj' Us)
+91 (77 (‘AX]-X]) @(Us), U3) + 91Ty, U3, hWXij) — 91 (77 (hﬁxjxj) vp(Us,), U3)
=91 (Vu,n(X;)ve(X;). Us) — 91Uix 00X, Us) = g1 (n(X; ) v (|X;, Uz ]). Us)
—91(Uy, U [ S(U,, Us) + zi{_ 91(U(|?UiUi)¢(U1); U3)

3 —91(‘7U177(Ui)<ﬂ(l~fi), Us) + 91(77(‘?U1Ui)<.0~(Ui); Us)
+g1(TU1Ui'TUiU3) — 01 (W(TUIUi)U(p(Ui)' Us) + g1(Vy,n(Up)e(Uy), Us)
+9: (U e([Uy, U;]), U3) — Zj{ 91 (vﬁXjTulxj: Us) — gl(aq'XjU3’ h‘7U1Xj)

+g1(77(h‘7U1X}')WP(Xj)’ Us) + g1 (VXjU(Xj)WP(Uﬂ: U3) — 01 (ﬁUlquij' U3)
+91 (77 (‘AX]-X]) Uy, U3) + 91Ty, Us, hWXij) — g1 (77 (hﬁxjxj) v (Uy), U3)
~91(Vu,n(X))ve (X)), Us) — g1 (T[X,-,Ul]Xj» Us) — 9:(n(X;)ve([X;, U1]), Us)3]

WWW.josa.ro Mathematics Section



On the Behaviour of Total Umbilical Fibers Under Quarter-Symmetric... Esra Karatas et al. 825

+91(U,, U3)[S(Uy, Uy) + Zi{—g1(77(l7uiUi)(P(U1); U,)

=01V nWe WY, Uy) + g1(n(Vu, U@ (U), Us)
+91 Ty, Ui, Ty, Us) — g1 Ty, UDve Uy, Uy) + g1 (Vyn(UpDeUy), Uy)

+9:(MWUDe([Uy, U;D, Uy} — Z ,{ 91(V\7X,-TU1Xj' Uy) — 91(0‘1ij4' h\7U1Xj)
j

+g1(77(h|7U1Xj)V‘P(Xj): U4) + 01 (ﬁXjW(Xj)VQO(UQ: U4) - gl(ﬁuldqxjxj: U,)
+91 (77 (dqijj) pUy), U4) + 91Ty, Us, hﬁXij) —-9:(n (hﬁxjxj) vo(U,),U,)
=91 (Vy,n(X))ve(X;), Us) — g1 (T[xj.ul]Xj' U4> = 91(n(X;)ve([X;, U1]), Un)
—9:1(Uy, Us){f(Uz' Uy) + Zi{— 91(77(‘7UiUi)<P(Uz)' U4) — g1 (|7u2n(Ui)<p(Ui), U,)
+91(’I(‘7U2 U)oU), U,) + gl(Tuz UifTUiUél) — 01 (U(Tuz U)ve(U)),Uy)
+0 oUW, U + g UGV UD,UDY = ) (93,7, U
—91(Ax; U, hVy, X)) + g1 (n(hVy, X )ve(X;), Us) + 91(\7x,-n()(j)17<p(Uz), Uy)
_91(‘?0204)(,-)(]' Uy + 91 (77 (CAX]-Xj) o (Usy), U4> + 91y, Uy hﬁXij)
=91 (n (hPx,X; ) v (U2), Us) = 91 (Pu,n (X )v(X,), Us) = 91 Ty 11Xy Us)
~91(n(X;)ve (X5, Ua]), UDID},

gl(W(Ulr Uz)U3»X1) = 91(TU1ﬁU2U3’X1) - 91(77(17U2U3)(P(U1)’X1)
+g1(h|7U1j=U2 Us, X1) — gl(ﬁulﬂ(Us)(P(Uz)»Xﬂ - 91(TU2 \?Ul Us, X1)
+91(TI(‘?U1U3)<P(U2)'X1) — g1(hVy, Ty, U3, X1) + g1 (Vy,n(Us)(Uy), X;)
~01(Tlu, v Us X0+ 91 (1(U)@ (U1, Uz1), X1) = 525 (91 (U, U [Zid g1 (v x, A, Xi, Un)
—91(Ax, Uy, hﬁXiXi) + g1 (n(h?XiXi)wp(Xl), Uy) + gl(Vxln(Xi)vw(Xi), Uy)
_gl(UVXic’lexi: Uy) + gl(cﬂinp h‘7X1Xi) - 91(77(h‘7X1Xi)V(P(Xi)’ Uy)

_91(|7Xin(Xi)V<P(X1): U1) - g1 (mXDve (X, X;], Uy) + Z { g1 (Vﬁxl |?U]-Uj; Uy)
j
_91(‘7X1U(Uj)§0(Uj): Up) + 91Ty, Uy, Ay, Up) — 91(77(04X1Uj)17§0(uj)’ U1)
_91(VU,-V‘7X1 Uj, Ui) + 91 (77(17‘7)(1 Uj)‘P(Uj): Uy) — 91(VUjTI(Uj)h§0(X1); Uy)
_gl(V[Xl,Uj]l]j’ Up) + 91(77(Uj)<P([X1: Uj]: U}
—91(Uy, U3)[Z _{ 91 (v|7X1c/le.Xi, Uz) — 91 (dqxl U, h\7Xin-) + g1 (U(hﬁxixi)v‘P(Xp U;)
l

+g~1(‘7X177(Xi)U(p(Xi)' U,) tgl(vﬁxicﬂxlxi' U,) + g1(Ax, Uy, h\7X1Xl-)
~91(n(hVx, X;)vp(X), Uz) — g1 (Vx n(X)ve(X1), Uz) — g1 (X v ([X1, X1, Uo)}

+ 2 _{91(77‘7)(1 ‘7U]- Uj, Uy) — 91(17X177(Uj)<P(Uj); Uz) + 91(Ty, Uz, Ax, Uj)
j

—91 (n(cﬂxl Uj)WP(Uj): U,) — gl(ﬁUjvﬁXl Uj, U,) + 91(77(17‘7)(1 Uj)‘P(Uj)» U,)
_91(‘7U,-77(Uj)h¢’(x1)’ Uz) — 91 (ﬁ[xl,uj] U, U,) + 91(77(Uj)§0([X1v Uj])' U1},

91(Y|7(X1,X2)U1'X3) = 91(hl7xlcﬂX2U1’X3) + 91(cﬂxlv‘7X3U1,X3)
+g1(77(vi3U1)h<P(X1),X3) + g}(Vxln(Uﬂh‘P(Xz)'Xﬂ _~g1(hVX2C'qX1U1:X3)
_91(04)(217‘7}(1 U1'X3) - 91(77(177)(1 U1)h<P(X2):X3) - gl(VXZU(U1)h(P(X1):X3)
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~91 (A, x,1U1, X3) — 91 ((UDho([X1, X,]), X3)
1_ = ~
— z(n _ 1) {gl(Xp X3)[ E .{gl(vVdequ Xii Ul) - -gl (c/qXZ Ul' hVXiXi)
L

+9:(n(hVx X )vp (X), Us) + 91 (Ve,n(X)vp (X)), U) — g1 (vVx,Ax, X, Un)
+g1(0‘lin1' hVXZXi) - 91(77(hVX2Xi)WP(Xi)' Up) — 91(inTI(Xi)WP(X2); U1)

—g1(mXDve([Xy, X;],Up) + Z { g1 (Vﬁxz ‘7U,-Uj: Uy - 91(‘7X277(Uj)</7(Uj)’ Uy)
j
+91 (TU]-UL C'qxz Uj) - 91(77(“4)(2 Uj)V(P(Uj)» Ul) - 91(‘?U]-V\7X2 Uj» U1)
+g1(77(77‘7X2Uj)fP(Uj); U1) - gl(ﬁan(Uj)h(p(Xz): Ui) — 91 (ﬁ[XZ,Uj] Uj, Uy)
+g1(n(Uj)(p([X2, U; ])» U1) - 91(X2:X3)[z_{91 (v ﬁxlﬂxixi, U;)
l

~ —J1 (qul U, hﬁXiXi) + gl (m (hﬁXiXi)V(P(Xﬂ; U1) _
+91(VX177(Xi)V§0(Xi)' Uy) ~ G (VVx, Ax, Xi, Ur) + 91(Ax, Uy, hVx X;)
—91 (r](hVXle-)vgo(Xi), Uy) — 91(‘7XL-77(XL')77€0(X1): Up) — g1(mXDve([X, X1, Uy)

+Z _{91 (Vﬁxl‘?ujuj' U1) - gl(ﬁxln(Uj)fp(Uj), Uy) + 91(TUjU1;cﬂX1Uj)
j

—91(77(04X1Uj)v¢’(uj): U1) — 01 (\?UjvﬁxlUj» U1) + 91(71(77‘7X1Uj)<ﬂ(uj)' U1)
_91(‘7Uj77(Uj)h<P(X1)' Uy) — gl(ﬁ[xl,Uj] Uj» Ui) + g1 (U(Uj)fp([Xp Uj]' Ul))}]}

for every Uy, U,, U3, U, € xV(M,) and X;, X,, X3, X, € x"(M,).
3.2. CONFORMAL CURVATURE TENSOR

Let M, be an n- dimensional manifold. In this context, within the n- dimensional space
V, forevery X,Y,Z € y(M,), the conformal curvature tensor field of M; is defined as follows:

CX,Y)Z=R(X,Y)Z — o i D) [S(Y,Z2)X —S(X,2)Y — g,(X,Z)QY
+9:(Y,2)QX] (3.2.1)
T
+ -1 =2) {9.(Y,2)X — 9:(X,2)Y},

where Q, R and S denote the Ricci operator, Riemannian curvature tensor, and Ricci curvature
tensor, respectively [27].

Theorem 3.2.1. Let (M, g,) and (M,, g,) be Riemannian manifolds with f:(M;,g,) =
(M,, g,) representing a Riemannian submersion endowed with a Q-SNMC, and let R, R" and
R be Riemannian curvature tensors, S, S’ and S be Ricci tensors of M;, M, and the fiber
(f~1(x), G1), respectively. Moreover, let £ be scalar curvature tensor of M,. Then for any
Uy, Uy, Uz, Uy € x*(M;) and X;, X,, X5, X, € x"(M;), we have the following relations for
the conformal curvature tensor:
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g1 (C(X1:X2)X3:X4)
= g1(R'(X1, X2)X3,X,) + 91(04X2X4: c"ZXIX3) — g1 (Ax, Xy Ax,X3)
+g1(77(0‘lX2X3)h(P(X1)'X4) — 01 (n(o‘lxlX3)h<p(X2),X4)
+ 91 (Vx n(X3)ve(X,), X,)

- 1 -
—91(Vx,n(X3)ve(X1), X,) — m{gl (X1, X [S'(X2, X3) o f + 91 (W, hVx, X3)

- Z{ 91(U‘7XZTUL-X3' Ui) — 01 (U‘lxz Ui, hﬁUiX3) + 91(77(h7UiX3)17(P(X2); Ui)
L
+g1(VX271(X3)WP(Ui): U;) — 91(V(~1icﬂxzx3' U;) + 91(77(04}(2)(3)90((]1')» U;)
—91(77(h‘7X2X3)WP(Ui)' Uy — gl(VuiU(X3)U<P(X2), Uy — 91(7"[X2,Ui]X3’ Uy)
—g1(mX3)ve([X,, U, Uy + Z .{_gl(cﬂxzxj;cﬂxg,xj) — 91(Ax, X3, UquXj)
j

+91 (TI (C’quXj) h¢(X2):X3) — 01 (n(c/lXZXj)hqo(Xj),X3)

_ + gl(szn(Xj)vw(Xj).Xg) _
_91(VXjTI(Xj)V§0(X2):X3)] — 91X, X)[S' (X1 X3") o f + g1 (W, hVy, X3)
- Z{ 91(V|7X1TUiX3: Up) — 91(04X1 Ui, hﬁUiX3) + g1 (U(hﬁUiX3)V§0(X1)’ U;)

l
+91(‘7X177~(X3)17(P(Ui)' Ui) - 91( Vyicﬂxlx& Ui) + 91(77(6/4X1X3)<P(Ui)» U;)
—gl(n(thng)vfp(Ui). Up) — 91(‘7Ui77(X3)17(P(X1)’ U) — 9 (T[Xl,Ui]X3' Ui)
—91(M(X3)ve([Xy, U], Uy) + z {=91(Ax, Xj, Ax, X;) — 91 (Ax, X3, Ay X))
j

+9:(m (d‘lx,-Xj) ho(X1),X3) — 91(U(04X1Xj)h(ﬂ(xj):x3) (3.2.1)
+ 91 (Vxln(Xj)vw(Xj).Xs)
—01 (WX]-U(XJ')VQD(XQ;XQ — g1 (X, X)[S' (X Xy) o f + g1 (I, hﬁX2X4)
-2d% (VWXZTUL-XA}' Up) — 91(Ax,U;, hﬁUin;) +9.:(m (hWUinL)V(P(Xz); U;)
+91(‘7X277(X4)V(P(Ui)r U;) — 91(‘7uifﬂxzx4; Uy + 91(77(04X2X4)§0(Ui); Ui)
—91 (Tl(hﬁXZXzL)WP(Ui)’ Uj) — 9 (|7Ul.77(X4)17(p(X2), Uj) — 9 (T[XZ,UL-]X4: Uy)
~G XKV (D UD,UD + ) (=0 (Ax X A, X) = 3 (A K x )

+91(n (Ax, X;) hop(X2), Xa) — 9 (0(Ax, X )hep (X,), X o)

+ 91 (Vx,n(X; )y (X;), Xa)
_91(|7Xj77(Xj)V<P(X2);X4)] + 91 (X2, X3)[S' (X1 Xy ) o f + g1 (I, h|7X1X4)
-2 g1 (VﬁxlTUiX@ Up) — 91(Ax, U, hﬁUiXL}) + 91 (U(hﬁUin;)U(P(Xl), U;)
+91(Vx,n(X)veUY), U;) — 91(‘?UicﬂX1X4' Up) + 91(77(04X1X4)<P(Ui)’ U;)
—9:(M (hWX1X4)V§0(Ui)r U — 91(‘7Ui77(X4)WP(X1), U) — 9 (T[Xl,ui]sz Uy)

—9: (X Dve (X, U;], U;) + Zj{_gl( Ax, Xj) Ax, X;) — g1(Ax, Xa, c/lx,-Xj)

+91(n (Ax, X;) hop(X1), X4) — 1. (1 (A, X;)p (X7), Xo)
+ 91 (Vx,n(X;)ve (X)), Xa)
_91(ij71(Xj)U<P(X1):X4) + m{91(xz'x3)g1(x1:x4) -
91(X1, X3)g1(X2, X4),
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91(?(X1'X2)X3' U1) =01 (v?xld‘lxzx& U1) + 91(04)(1’1‘7)(%)(3; U1)
+91 (U(hvxzxs)V(P(X1)' Uy + 9~1(VX177(X3)17§0(X2): U1) jgl(vvxzﬂxlxw Uy)
_gl(‘/quhVX1X3v Uy) — 91(U(hVX1X3)V§0(X2)r U1) — 91 (Vin(X3)vq0(X1), Uy)

1 .
10V, Xa), Ur) — oo {3 (o X)L 01 (0 P A K, Uy)

—91 (ﬂxlyp hﬁxixi) + g1 (Tl(hﬁxixi)mf(xﬂf U + g1 (?Xln(xi)vfp(xi)’ U,)
—gl(vVXic/lxl)fi, Uy + .91(04in1' hVX1Xi) - 91(7I(h‘7X1Xi)V§0(Xi); U1)
— 91 (Vx n(Xve(X1), Uy) — g1 (n(Xve (X1, Xi], Uy)
+ z _{91(1"7)(1 ‘7Uj Uj,Uy) — gl(ﬁxlrl(Uj)(P(Uj)» Uy)
J

+91 (TU,-UL Ax, Uj) — 91 (U(cﬂxlUj)WP(Uj)' Uy) — gl(ﬁUjvﬁXl U;, Uy)
+g1(7’(v‘7X1Uj)§0(Uj)' Ui) — 91 (VUjU(Uj)h¢(X1): Uy) — 91(V[X1,Uj]Uj» U1)

+91((Uj)o([X1, Uj], U1)} = g1 (W, Ax, Up) + g1 (W )vep(X,), Uy)

—g1 (X1, X3)[Z ,{91 (v ﬁXZC"lXiXi: Up) — 91(Ax, Uy, hﬁXiXi)

L

+ 9:((hVx X )ve(X2), Uy) i

+91(VX271(X1')17(P~(X1'); U1) — 01 (vVXquXZ){i; U1) + 91(0‘1in1; hVXZXi)
—g1((hVx, X )vp(X), Uy) — g1(Vx n(X)ve(Xy), Uy)
—g1(mXDve([X,, X, Up) + Z _{91(77 ‘7X2 ﬁUjUj: Uy)
j

~01 (T, n(U))0(U), U1) + g1 (T, Us, A, U; ) = 91 (n(Ax, Uy v (U;), Uy )
_91(‘7U]-17‘7X2 Uj, Uy + g4 (U(VWXZUJ')QD(Uj): U1)
_91(7U,-77(Uj)h§0(x2)» Ui) — 91 (‘7[X2,Uj] Uj, Uy)
+9:(n(U) o ([X2, U;]), U1)} = 91(W, Ax, U + g1 (W )ve(X2), UD]},

(3.2.3)

91(€(U1: Uy)Us, U, )
= 91(§(U1; U)Us, U4) - gl(ﬂ(ﬁuz U3)‘P(U1); U,)
+ 01 (Tulffu2 Us, Uy)
+g1(77(j=u2 U3)17<P(U1): U4) - 91(‘7U177(U3)<P(U2), U4) + 91(77(‘7U1 Us)(P(Uz)' Uy)
_91(TU2TU1 Us, Uy) — gl(ﬂ(ful Us)VQU(Uz): Us) + 91(|7U27I(U3)§0(U1)' U,)

1 A ~
+9:(mU3)@([Uy, U], Uy) — m{%(l]p U [S(U,, Us) — 91(N» TUZ U3)

(T U),Us) + ) (= 9:0(Fu U)oU), Us)
= 91(Vu,n U@ (Uy), Us) i (3.25)
+91 (U(VUZ Ui)(/j(Ui): Us) + gl(TUZ Ui'TUiU3) — 01 (U(TUZ Ui)ve(Uy), Us)
+ g1 (VynWUpe(U2), U3) + g:(m(U)e([Us, U;]), Us)

- Zj{gl(vﬁXjTUZXj ,Uz) — gl(qujan h|7U2Xj) + 91 (U(hﬁUZXj)WP(Xj)J Us)
+g1(‘7X1-77(Xj)WP(Uz); Us) — g1 (ﬁuzﬂxjxj: Us)
+01((Ax, X)@(U2), Us) + g1 (Ty,Us, hVx X)) — g1(n (W X; ) v (U), Us)
_91(‘7U277(Xj)V‘P(Xj)' Us) — g1 (T[Xj,Uz]Xj' Us) — 91(77(Xj)17‘ﬂ([xj' Uz])' Us)
—91(Us, U[S(Uy, Us) — g1 (I, TU1U3) + g1 (n(N)ve(U,), Us)

WWW.josa.ro Mathematics Section



On the Behaviour of Total Umbilical Fibers Under Quarter-Symmetric... Esra Karatas et al. 829

+ ) =g @(PuU)eW, Us) = g (FunWe(U, Us)

3 +91(U(‘7U1Ui)<P(U~i)' Us) 3
+gl(TU1Ui'TUiU3) — 01 (n(TUlUi)vgo(Ui), Us) + g1(Vy,n(Up)e(Uy), Us)

+9:(mUDe([Uy, U;]), Us) — Z]{ 91 (V‘7X,-TU1X1" U3) = g1(Ax,Us, hVy X))
+9: (7, X;)ve(X;), Us) + g1 (Vx;1(X; v (U1), Us) — g1 (Vy, Ax X;, Us)
+91 (77 (C’QX]-Xj) o (Uy), U3) + 91Ty, Us, hﬁXij) — 91 (U(hﬁXij)WP(Ul)' Us)
_gl(ﬁUln(Xj)vw(Xj)' U3) — 01 (T[xj,ul]Xj: U3) - 91(77(Xj)17§0([Xj: Ul]); U3)}]
—9g1(Uy, U3)[~§(U2' U,) — 91(ﬁ' TU2U4) + 91(U(ﬁ)v¢(U2); Uy)

+ ) 1=0:01(70,0)0(U2), Us) = 91 (Fu,n U)o (U, Us)
+91(TI(‘?U2 Ui)(p(Ui); U4) + 91 (TU2 UirTUiU4) — 01 (U(TUZ Ui)”‘P(Ui); U,)
+g1(‘7ui77(Ui)(P(U2); U4) + 91U ([U,, U], Uy) — Zj{91 (UﬁXjTUZXj Uy)

—01 (cﬂXjUzp h|7U2Xj) + 91 (n(hWUZXj)v(p(Xj), U4) + 91 (ﬁXjU(Xj)V(P(Uz)' U4)
_gl(ﬁUzc’quXj: Uy +9:(n (d‘lijj) p(Uy), Uy)
+91(Ty, Uy, hﬁXij) —-9:1(n (hﬁXij) vp(Usy), Uy)
_91(|7U277(Xj)v(P(Xj); U4) — 01 (T[Xj,UZ]Xj» U4) - 91(77()(j)U‘P([Xj» Uz])' Uy}l
+g, (U, U3)[§(U1: Uy — 1 (]\7: Ty, U4) + 91(77(]\7)1”!’((]1)' U4)
+ ) = 0:0(F0 V)P WD, Us) = 9:(FunUe(U, Uy)
+91 (T’I(‘?U1 Ui)(P(Ui)' U4) + 91(TU1Ui'TUiU4) | (U(Tul Ui)WP(Ui): U4)
+91(VunWDeWU1), Us) + g1 (U ([Uy, U;]), Up)} = Zj{g1 (VﬁXjTulxj Uy)

1 (Ax,Us 175, %) + g1 (n(hP0, X )vep (X;), Us) + g3 (P, (X Jvep (U2, U )
_91(‘7U104X]Xjr Uy +9:(n (CAX]-X]') @ (U1),Us) + 91 (Ty, Uy, hﬁXij)
—g1(n (W7, X;) vo(U1), Us) = g1 (Fu,n(X;)ve (X)), Us)

—01 (T[Xj,Ul]Xj» Us) — 91 (r](Xj)vgo([Xj, Ul])r Us)}]

+ (n_l)fT_z){gﬂUz' U3)g,1(Uy, Uy) — g1(Uy, U3) g1 (Uz, Un},

91(5(111' Uz)U3:X1)
= 91(TU1‘7U2 Us, X1) — 91(77(ﬁU2U3)<P(U1):X1)
+ g1 (h‘?UlTU2 Us, X1)
_91(|7U177(U3)Q0(U2)rx1) - 91(TU2 ‘7U1U3»X1) + 91(77(1?U1U3)<P(U2):X1)
—gl(hﬁuzfulu&xﬂ + 91(17U277(U3)<P(U1)'X1) - 91(T[U1,U2]U3:X1) (3.2.6)
—01 (T[Ul,UZ]U&Xl) + 91(M(U3)p([Uy, U,D), X1)

1 - ~
- —(n —2) {9:(U, U3)[ § _91(V‘7X1c'qxixi: Uy - 91(04X1U1: hVXiXi)
l

+gl(n(h7Xin-)~v<p(X1), Uy) + gj(ﬁxln(Xi)v(p(Xi), U1) —~g1(v‘7xicﬂxlxi' Uy)
+91 (c/linp hVy, Xi) — 91 (n(thlXi)vq)(Xi), Uy — 91(‘7Xi77(Xi)V(P(X1)’ Uy)
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—g91(mXDve([Xy, X;],Up) + Zj{gl (v, ﬁU,-Uj’ Uy)

= 91(7x,n(U))e(U;), U1)

+91 (TUjuli"leUj) - 91(77(dqx1Uj)v<P(Uj): U1) - 91(7Uj17|7x1 Uj, Uy)
‘*‘91(77(17‘7)(1 Uj)‘P(Uj)' Up) — 91(‘7Uj77(Uj)h<P(X1)' Uy) — 91(ﬁ[x1,uj] U, U1)
+91 (n(Uj)(p([Xl, Uj])' U} — 91(]\71 c/‘leUﬂ + 91(71(]7)17‘,0()(1)' U1)]
—g1(Uy, U3)[Zi{g4( Vﬁxldqxixi» Uy) — 61 (cﬂxl U, h\7Xin-) +
91 (Tl(hﬁxixi)WD(Xﬂ; U;)
+91(‘7X177(Xi)v‘.0(xi): Uz) — 91 (Vﬁxicﬂxlxi» Uz) + 91 (dqinz» h\7X1Xi)
=91 ((hVx, X )ve (X)), Uz) — g1 (Ven (XD v (X1), Uz

— g1 (mXDve([X1, X;]), Up)

+ ) (010,00, 02) = g3 (T,n(0)0(0). 02) + 91 (7,02, A3, )
_91(Tl(cﬂX1Uj)V§0(Uj): Us) — 91 (‘7U,-17|’7X1 Uj, Uy) + 91(77(17‘7)(1 Uj)q)(Uj): U,)
-1 (WUjU(Uj)hfﬂ(Xﬂr Uz) - gl(ﬁ[xl,uj] Uj, Uy) + 91(77(Uj)(P([X1: U]D: U,)}

—g1(V, Ax Uz) + 91(77(]\7)1”/’()(1), U1}

91(?(X1»X2)U1'X3) = 91(h?X1ﬂX2U11X3) + 91(AX1U‘7X2~U1:X3)
+91(77(17‘7X~2U1)h(ﬂ(x1),x3) + g}(Vxln(Ul)mp(Xz),Xg) _~91(h‘7xzcﬂX1U1»X3)
—91(0‘1X2VVX1U1'X3) - 91(TI(VVX1U1)h<P(X2)»X3) - 91(‘7x277(U1)h<P(X1)'X3)
_gl(fﬂ[xl,xz]Ust) — g1(MUDhe([X1, X2]), X3)
1 -
=2 {91(X1'X3)[Zi91 (vVx,AxXi, Ur)

. Th (Ax, U1, hVy X;) + 91 (m (hVXin-)vqo(Xz), U1) 3
+g1(VX277(Xi)WP~(Xi): Uy) — gl(vVXic’qu){it Uy) + g1(Ax, Uy, hVy, X;)
—gl(n(thin)vfp(Xi), U1) - 91(in77(Xi)U<P(X2), Ul)

— 91 (mXDve([X2, X;1), Uy)
+ Z _{91 (Vﬁxz ‘?UjUj' Up) — 91(‘7)(277([]])@([]]), Up) + 91(TUJ-U1: cﬂxz Uj)
j
~91(1(Ax,U)ve(U;),Uy) — 91(Vy;vVx,U;, Up) + g1 (n(vVy, Upe(U;), Uy), (3.2.7)
_91(VUJ-77(Uj)h<P(X2); Uy) — 91(V[X2,U,-] Uj, U + g4 (n(Uj)<p([X2, Uj])' U}
—01 (]\7' Ay, Up) + gl(’l(]\?)vfﬂ(xz): Ul - 91(X2:X3)[Z,91 (V(ﬁxld‘lxi Xi,Uq)
l
—9J1 (cﬂxl Ui, hVXiXi) + @(U(hvxixi)l’(ﬂ(xﬂ; Uy) + 9~1(|7X177(Xi)17§0(xi): Uy)
—ga(vVXic/leXi, Uy + 91(0‘})([-(]1' hVy Xi)
—01 (U(hvxlxi)mp(xi): Uy — 91(inU(Xi)v<P(X1), U1)
—9:(mXDve([X1, X;]),Uy) + Z .{91 (Uﬁxl ‘?UjUj' Uy) — 91(‘7X177(Uj)<P(Uj)» Uy)
j

+91 (TUle'Cﬂxlu') - 91(7I(c/lxlUj)WP(Uj)' U1) — 91 (ﬁujvﬁxlUj' U1)
+9:((vVx, Uj)e(U;), Ur) = g1(Vy;1(U; ) he (X1), Up)
_gl(ﬁ[Xl,Uj] Uj» Uy) + 91(77(Uj)<P([X1» Uj]): U} — 91 (]\7' C"lx1 U;)
+91 (77(]\7)1740()(1); Uplk
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Corollary 3.2.2. Let (M,,g,) and (M,, g,) be Riemannian manifolds and f:(M,, g;) =
(M,, g,) be a Riemannian submersion endowed with a Q-SNMC. If the Riemannian
submersion has totally umbilical fibers, then the conformal curvature tensors according to
certain vector fields are given as follows:

91(C(X1'X2)X3'X4) = g1(R'(X1, X3) X3, X,) + 91(cAX2X4'cAX1X32 - 91(CAX1X4»04X2X3)
+g1(n(o‘lX2X3)h<p(X1),X4) - gl(n(c/lxlX3)h<p(X2),X4) + 91 (Vy,n(X3)ve(X2), X4)

- 1 -
—01 (VXZU(Xs)VQU(XJ;XU - (n—_z){g1(X1:X4)[S’(X£rX§) of — Zi{ gl(vVXzTUiX3' Ui)

—9J1 (cﬂxz Ui, hﬁuixs) + 91(U(h‘7uix3)vﬁ0(xz): U + 91(‘7X277(X3)V<P(Ui)» U;)
-1 (‘Zuif/lxzxsl Uy + 91(U(C€X2X3)§0(Ui); Ui)
—91 (U(th2X3)U(P(Ui); Up) — 91(Vui77(X3)V<P(X2); Ui)

_gl(g-in,Ui]X& U)) — 9g1(n(X3)ve (X2, UD, Up) + Z .{_91(04X2Xj' cﬂxng)
j

—91(Ax, X3, Ax X)) + g1 (0 (A, X;) hp(X,), X; )
—gl(n(u‘lXZXj)h(p(Xj),X_—,;) + 91(‘7X2U(Xj)v¢(xj)'x3)
—91(ﬁxj77()(j)V(P(X2);X3)] —g1(X2, X)[S' (X, X3") o f = i gl(vﬁxlTuiX& Ui)
_91(04)(1 U, hﬁuixs) + 91 (n(hﬁUng)v(p(Xl), U;) + 91(‘7X177(X3)V<P(Ui)' U;)
—1( ‘7Uiqu1X3; U;) + 91(77(04X1X3)<P(Ui)» Ui)
—gl(n(leXg)vfp(Ui), Up) — g1 (‘7Ui77(X3)V(P(X1): U;)

—J1 (T[Xl,Ui]X3' U) — g1(m(X3)ve (X, U], Up) + Z .{_91(ﬂX1Xj’cﬂx3Xj)
J

—01(Ax, X3, Ax X)) + 910 (Ax X;) hp(X1), Xs)
_gl(n(qulxj)h(p(Xj))X3) + 91(‘7X1U(Xj)v¢(xj)'x3)
_gl(ﬁxjn()(j)vfp(xl)'xﬂ — 91X, X3)[S' (X,  X,) o f — i 91(U‘7XZTUL~X4' Ui)
—91(Ax, U, hﬁUinL) + 91(U(h|7uiX4)v<P(X2); U;) +91(\7x277(X4)17§0(Ui); U;)
—gl(ﬁuia‘lsz@ Up) + g1 (U(UQXZX4)<P(Ui); Ui)

—01 (1 (hVx, X4 )ve(U), Up) — g1 (Vyn(X)ve(X,), Up)

— 91 Tix, 01X UD) — g1 X Dve([X2, U;D, Uy) + Z {=9:1(Ax, Xj, Ax, X))
j

—91(Ax,Xs, Ax Xj) +9:(n (UquXj) ho(X3),X,)

—9J1 (n(cﬂXZXj)hqo(Xj),X4) + g1 (szn(Xj)vqo(Xj),Xd
_91(|7X,-71(Xj)17(/’(xz):x4)] + 91(X2, X3)[S' (X1 Xy") o f — X 91(”‘7X17Uix4' Up)
—91(Ax, U, hWUint) + 91(77(h‘7UiX4)V§0(X1); U;) +g1(|7X177(X4)WP(Ui), U;)
_91(‘7UicﬂX1X4’ Up) + 91 (U(cﬂX1X4)§0(Ui): U;)
—g:((hVx, X )Jvo(U), Up) — g1 (Vyn(Xve(X1), Uy)

=91 Tix, v1Xe Up) — g1 (XD ve([X,, U;D, Uy + Z {=9:1(Ax, Xj, Ax, X))
j

—91(0‘1X1X4»04ijj) +9:(n (UquXj) ho(X1),X4)
-9:1(n (cﬂxlXj)hQ(Xj): X4) + g1 (Vxln(Xj)vqo(Xj), X4)
=91 (Tx (X))o (X0), Xa) + o {91 (X2, X3)91 (X1, Xa) = 91 (X1, X3) 91 (K2, Xo),
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91(?(X1;X2)X3' U1) =01 (v‘?xlvqxzx& U1) + 91 (UlehﬁXaXB' U1)
+91 (U(hvxzxs)mp(xﬂ; Uy + .gj(VXJI(Xs)VQD(Xz); U1) _~91(V‘7X2cﬂX1X3' Uy)
—01 (d‘lxthX1X3' Ui) — 9 (n(thle)vqo(Xz), Ui) — 91 (VXZW(Xs)V‘P(Xﬂ; Uy)

1 -
910V, Xa1), Ur) = oo (93 (o X)) 91 (0 P Al K Uy)
—91(Ax, U1, hVy X;) + g4 (Tl(hﬁxiXi)WP(Xﬂ: Uy) + 91 (Vx n(X)ve (X)), Uy)

—J1 (Vﬁxif/leXi: Up) + g1 (dqxi Ui, h|7X1XL') — 01 (n(h|7X1Xi)vgo(Xi), U1)
~g T OVP(6), U) = gy OXIvp (10, X U) + ) (10T, B, 0, )
=01 (Vx,n(Up)0(U)), Us) + 94 (TU,-UlrfﬂxlUj) = 91(n(Ax, Uj)ve (U;), Us)
_gl(ﬁujvﬁxluj' Uy) + g1 (v, U;)o(U;), U)
—91 (Vujn(l]j)hfp(xﬂ’ Uy — 91(‘7[X1,Uj]Uj: Uy)
+g1(77(Uj)‘P([X1' Uj]' Ul)} — 91 (X1:X3)[Zi{g1(v ﬁxzd‘lxixi» U1) — g1(Ax, Uy, hﬁXiXi)
+91(7I(h‘7xixi)v¢(xz); U1) + 91(‘7X2U(Xi)U(P(Xi), U1) - 91(Vﬁxiﬂxzxi' Ul)

+g1~(0‘lin1' h\7X2Xi) - gl(n(hﬁXZXi)V(p(Xi)' Uy)
_gl(VXiU(Xi)WP(Xz)’ Uy) — g1 (mXDve([X2, X;], Uy)

+ Z _{91 (v l7x2 ‘?UjUj' U — 91 (szn(Uj)fp(Uj), Uy + 91(TUJ-U1' Ay, Uj)
]

_91(77(04X2Uj)v(P(Uj)' Ui) — 91 (ﬁUjVﬁxz U;, Uy) + 91(77(1”7)(2 Uj)(p(Uj)' U1)
~91(Vy n(Uj)ho(X2), Up) = g1 (Vix,w U Un) + g1 (n(Up) 0 ([X2, U;]), UL)3,

91(~C~(X1' U)Xz, Uz) = 91(”‘?X17U1X2r Uz) + 91 (ﬂxlhﬁulxz, U,)
+91 (Tl(hvulxz)VQD(Xﬂ: U;) + 91(‘7X17~7(X2)77§0(U1); U,) —g1(VU1ﬂX1X2; U,)
+g1(77~(<ﬂX1X2)(P(U1)» Uz) — 91 (TU1h7X1X2' U;) — 91(77(hVX1X2)U<P(U1); U;)
_91(‘7U17](X2)WP(X1): Uz) — 91 (:Tin,Ul]XZI Uz) — 9:(m(X)ve([X1, Ui]), Up)
1 ! ’ ! 4
T AU BIC(CR ALY PACL X R AT
l
_91(04X1Ui' hVUiXZ) + 01 (Tl(hVUiXZ)V(P(Xl); Ui) + 91(‘7X1U(X2)V§0(Ui). Ui)
—9J1 (Yuifﬂxlxz' Ui) + g1 (n(C’qj{lXZ)(P(Ui); U;)
_91(7I(h‘7X1X2)WP(Ui); Ui) - 91(VUiT7(X2)V(P(X1), Ui)

=91 (TixywaX2, Ui) = 910X v ([X1, Ui]), U + Z_{ = 91(Ax, Xj, Ax, X))
—91(Ax, Xz, Ax X)) + g:1(n (d‘lijj) ho(X1), X>)
— g1 ((Ax, X )ho(X;), X2) + 91V, n(X;) v (X)), X2)
_91(|7X,-TI(X}')V§0(X1)'X2) + g1 (X1:X2)[§(U1: Uy) + Zi{_ g1 (U(ﬁuiUi)fp(Ul)’ Uz)

_91(17U177(Ui)¢(l{i); Uz) + 91(77(‘7U1Ui)(P~(Ui)' Uz) + 91 (Tul Ui'TUiUZ)
_gl(U(Tul U;)ve(Uy),Uy) + g Vyn(UDeUy), Uy)

+ WD UD,U) = D (91 (v, T0,%,V2)

—9J1 (cAXjUz' hﬁulxj) + 91(77(hl7U1Xj)WP(Xj): Uz) + 91 (WXjU(Xj)WP(UQ’ U,)
_gl(ﬁulfﬂxjxj' Uz) +9:(n (quij) ¢ (Uy),Uz) + 91 (Ty, Uy, hﬁXij)
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—91 (77 (hﬁXij) v (Uy), Uz) - 91(|7U17I(Xj)~v§0(xj)' Uz) — 0 (T[Xj,ul]Xj: Uz)

T
—91(77()9)(”%0([)(}’ U1D: U} - n—1Dn—2) 91(X1,X3)91 (U1, Uy),

91(C(U1, Uz)yy U4) = 91(§(U1' Uz)UsL' U4) — 91 (Tl(ﬁuz U3)‘P(U1); U,) + 91(TU17:U2 Us, U,)
+91 (TI(TUZ U3~)V<P(U1): U,) — .91~(‘7U177(U3)§0(U2): U,) + (9~1(77(‘7U1U3)§0(U2); U,)
—91 (TUZTU1U3» Uy) — 91(77(TU1 U3)U<P(Uz)’ U + 91 (VUZTI(U3)(/)(U1)' Uy)

1 A
+9:(MU3)o([Uy, Uz]), Uy) — m{gl (U1, U)[S(U, Us) +

2. (= 9:0(FuU)eWs),Us) = g:Fo,n W), Us)
+91(U(‘?U2Ui)¢’(Ui); Us) + gl(j:UZUi'TUiUS) - gl(n(TUz Ui)ve(Uy),Us)
+0: onUIPWU),U3) + g1 U@, U, U3) = . (91 (v, X, Us)
—01 (dqij3: h\7U2Xj) + gl(n(hﬁusz)WP(Xj), U3) + 91 (VXjU(Xj)U(P(Uz)» U3)
—9J1 (ﬁuquxjxj' Us) + gl(n(v‘lijj)qo(Uz), Us)
+91(Ty, U3, hﬁXij) —-9:1(n (hﬁxjxj) v (U,), Us)
_91(‘7U277(Xj)17‘.0(xj)' Us) — g1 (T[xj,uz]Xj» Us) — g1 (n(Xj)vgo([X]-, Uz])' Us)}]
—91(Uz, Uy) [S(Up Us) + Zi{_ 91(77(‘?Uiui)<ﬂ(u1), Us) — 91(‘7U177(Ui)<ﬂ(ui)' Us)

+91 (n(ﬁUl Ui)‘e(Ui)' U3) + 91(TU1Ui»TUiU3) - gl(U(TulUi)VQD(Ui); U3)
+g1 (VULT’(UL)()D(UI)' US) + g1 (TI(UL)(P([Up Ui]); U3)

_ Z,-{ 910V Ty, X}, Us) — g1 (A, Us, h7y, X))
+91(Tl(h‘7U1Xj)V(P(Xj)r Us) + 91(‘7XjU(Xj)V§0(U1): Us) — 91(|7U104Xij’ Us)
+91 (1 (Ax, X)) 9 (UL, Us) + 91Ty, Us, hFx, X;) = g1 (n(h¥x XY vep (U, Uy)
=91 (Vu,n(X;)ve(X;),Us) — g1 (T[xj,Ul]Xj' Us) — 9:((X;)vo([X;, U1]), Us)}]
=91 (U1, U3)[S(Uz, Uy) + Zi{—gl (Vo U)p(U2), Us) = 91 (T, n U9 U, Us)

+91 (TI(‘?U2 Ui)‘/i(Ui); U4) + 91(7.4U2 U, TUiU4) - 91(U(TU2 Ui)V(P(Ui)» U4)
+9:(Vyn(UD@U,), Us) + 9: (U o([U,, U;]), Uy)

- Zj{glcvﬁx,.fuzx,- U,) = g1 (A, Us, B3, X))
+g1(7l(h‘7U2Xj)V<P(Xj)' U,) + 91(‘7Xj77(Xj)v§0(U2)' Us) — .91(‘?sz/4ij;'; U,)
+91(n (Ax, X;) 9(U2), Us) + 91Ty, Us hx X)) = g1 (n (WP, X;) v (U3), Us)
_91(7U2U(XJ)V‘P(XJ)' U4) — 01 (T[Xj,UZ]Xj' U4) — g1 (U(Xj)wl’([xj' UZ])' U}l
01U, UDS W3, UD + ) (= 011(T0 U)o, U9 = 1 (o, nUDp (U, Us)

+91 (U(‘7U1 Ui)ﬁf(Ui)' U,) + gl(TUlUi'TUiUAL) - .91(77(%1 U)ve(U)),U,)
+91(VUiTI(Ui)<P(U1); Uy) + 91U e([Uy, U:D, Uy}

= {0 P T, X, U) = 1 (A, Uss by, X))
J
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+91 (n(hﬁulXj)v(p(X]-), U,) + 91(‘7Xj77(Xj)17§0(U1): Us) — 91(|?U1ﬂXij: Uy)
+9:(m (c/lxjxj) ©Uy),Us) + g1(Ty, U, hﬁXij) —-9:(n (hﬁXij) v (Uy),U,)
~91(Vy,n(X;)vo (X)), Us) = 91 (Tix;u,1%5, Us) — 91(n(X;)ve([X;, Us]), U3

{91(U, U3) g1 (U, Uy) — 91(Uy, U3) g1 (Uz, Uy},

T
Th-Dm-2)
gl(C(Ul' Uzﬂ{3'X1) = 91(7~1U1‘?U2U3'X1)~_ 91(77(‘7U2 U3)‘P(U1)'X1) + gl(hﬁUlfUZU&Xl)

_91(VU1U(U3)§0(U22:X1) - 91(TUZVU1U§;X1) + 91(TI(VU1U3)<P(U2);X1)

—9J1 (’~l‘7UZTU1 Us, X1) + 91(VU277(U3)(P(U1):X1)
—01 (~T[U1,U2]U3»X1) + 9:(mU3)e([Uy, U], X1)

1 . -
- m {g:(U, U3)[Z 91 (vVXlo‘le.Xi, U — (c/‘lx1 U, hVXiXi)
l

~+91(77(h‘7xixi)v(ﬂ(X1), U1) j‘ 91(WX177(X1')17<E(X1'), U1)
_gl(UVXic’lexi: Uy + gl(cﬂinp hVy Xi) — 91(77(hVX1Xi)V(P(Xi); Uy)

—gl(ﬁxin(Xi)vw(Xl), Uy) — g1 (mXDve([Xy, X;], Uq) + zj{g1(m7x1 ‘7UjUj' Uy)
=01 (Vx,n(Up)0(U)), Us) + g4 (TU,-Uljd‘lxlUj) = 91(n(Ax, Uj)ve(U)), Uy)
~91(Vy vVy, U;, Uy) + g1 (n(vVx, U; ) (U;), Uy)
_91(‘7Uj77(Uj)h<P(X1)' Uy) — 91(\?[X1,Uj] Uj, Uy)
+g1(77(Uj)<P([X1' UjD' U} — g:(Uy, Ug)[zig1(v‘7xlcﬂxixi' U;) — 91(0‘1)(1 U, hﬁXiXi)
+91(7I(h|7xixi)v‘.0(x1); Uz) + 91(|7X171(Xi)1790(xi)' Uz) - 91(Vﬁxiﬂxlxi' Uz)

+91(Ax, Uz, h\7X1Xi) —9:(m (hﬁxlxi)U(P(Xi)' U,)
_91(|7Xi77(xi)17‘.0(x1); Uz) — g1(MXDve([Xy, X;], U,)

+ zj{g1(17|7xl ﬁUjUj' U,) — gl(ﬁxln(Uj)qo(Uj), Uz) + 91Ty, Uz, Ax, Uj)
—91(77(04)(1[]]')77‘/’([]]‘)' Uz) — 91 (ﬁUijXl U, Uy) + gl(n(vﬁxlUj)(p(Uj), Uz)
—g1 (7un(U)ho (), Uz) = 91 (P, 0 U U2) + 9: (U)o ([X0, Uj]), UL,

91(~C(X1;X2)U1;X3) = 91(h?X1ﬂX2U1:X3) + 91(cﬂX1U‘7X2~U1'X3)
+g1(77(vi3U1)h<P(X1),X3) + Q1(VX177(U1)h<P(X2)'X3) _~g1(hVX2C'qX1U1:X3)
—01 (UQXZUVX1 Uy, X3) — 91(77(VVX1U1)h(P(X2)'X3) - 91(VX2U(U1)h(P(X1):X3)
_91(cA[X1,X2]U1rX3) — g1(MUDhe([X1, X2]), X3)
1 ~
- m{%(}(pxﬁ[ziﬂl (vVx,Ax Xi, Ur)
_ —91 (cﬂxz Uy, hWXiXi) + Q1 (m (hWXiXi)WP(Xz), U1) _
+‘9~1(VX271(Xi)WP(Xi): Uy) _~91 (VVXL'CAXZXD U + g1 (C'qinp hVy,X;)
—g:1(n(hVy, X )vo(Xy), Uy) = g1 (Vxn(XDve(X,), Uy) — g1 (n(X)ve([X,, X;1), Uy)

+ z {91 (V‘7X2 |7U,-Uj' U — 91 (WXZU(U]')@(U]’): Up) + 91Ty, Us, Ax, Up)

]
~g1((Ax,U;)vo(U;), Uy) = g1(Vy, vV, U, Ur) + g1 (n(vPx, U (U;), Uy),
—91 (WUJ-U(Uj)hfp(Xz)r Uy) — 91(‘7[X2,Uj]Uj: Uy + g1 (U(Uj)(P([le Uj])' Uil
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—91(X2'X3)[Z_91(V(‘7X1ﬂxi XpU) — 9 (dqxl Uy, hﬁXiXi) + 91(77(h‘7XiXi)WP(X1)' Uy)
l

+g1(|7X177(Xi)v<p£Xi), U,) - 91(V‘7xicﬂxl)fi» U;) + 91(Ax, Uy, AV, X;)
—9J1 (n(thlXi)vw(Xi), Uy) — 91(‘7Xi77(Xi)v<P(X1): Uy)

—9:(mXDve([X1, X;1),U;) + Zj{g1(17‘7x1 ‘?UjUj' Uy)

~01 (T, (V) (U), U1) + g1 (T, Us, Ax, U; ) — 91 (n(Ax, Uy v (U;), Us )
_gl(ﬁuj””ﬁxl Uj, Ui) + g1 (77(77\7)(1 Uj)‘P(Uj); Uy) — 91(\7u,n(Uj)h<P(X1), Uy)
-1 (‘?[Xl,uj] U;, Uy) + g:(n(U)e([X1, U;]), UDNL,
where U, U,, Us, U, € x"(M,) and X;, X,, X3, X, € x"(M,).

4. CONCLUSIONS

In this paper, we have investigated Riemannian submersions endowed with quarter-
symmetric non-metric connections, with particular emphasis on the M- projective and
conformal curvature tensors. We derived the fundamental relations between the base manifold
and the fibers for the Riemannian curvature tensor, the Ricci tensor, and the scalar curvature.
We analyzed the special case where the fibers of the Riemannian submersion are totally
umbilical. By applying the condition that the horizontal vector field ' vanishes (N = 0) in
the presence of totally umbilical fibers, we derived simplified corollaries for both the M-
projective and conformal curvature tensors. These results provide a deeper insight into how
the geometric structure of the fibers and the choice of connection influence the curvature
characteristics of the total space. This work opens new directions for future studies on
Riemannian submersions with non-metric connections, particularly in the context of
generalized curvature tensors and special classes of fibers.
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