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Abstract. Nowadays, as information security is gaining vital importance, we aim to 

contribute to the development of coding/ decoding algorithms. To this end, we will apply 

innovative coding/decoding techniques using 2x2 matrices for Gauss-Fibonacci and Gauss-

Lucas numbers, and 3x3 matrices for Leonardo and Gauss-Leonardo numbers. We will also 

strengthen our system by integrating the mixed model to maximise information security. These 

new algorithms will improve information security while providing high accuracy. 
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1. INTRODUCTION AND PRELIMINARIES 
 

 

Fibonacci and Lucas numbers are defined by the following recurrence relations (see 

[1-2] for more details and applications): 
 

                 
 

with the initial conditions           and 
 

                 
 

with the initial conditions            respectively. The Fibonacci   matrix is defined 

as: 
 

  [
  
  
] 

 

and the   the power of the Fibonacci   matrix is given by: 
 

   [
      
      

]  

 

Gauss Fibonacci numbers     are defined recursively in [3] as: 
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with the initial values              Also, complex Fibonacci numbers are defined in [4]. 

It is clear that these numbers are closely related to Fibonacci numbers: 
 

              
 

where   √    Next, we give a matrix representation of the Gauss Fibonacci numbers [5-6]. 

Let   matrix is defined as follows: 
 

  [
  
    

]    [
  
  
] 

and let    matrix be: 

     
  

 [
  
    

] [
  
  
]
 

 

 [
        
        

]  

 

Similarly, Gauss-Lucas numbers     are defined recursively as: 
 

                    
 

with the initial conditions                 . Subsequently, we provide a matrix 

representation of the Gauss-Lucas numbers [7]. 

  matrix is defined as follows: 
 

  [
       
        

]    [
  
  
] 

 

and    matrix is given by: 

     
  

 [
       
        

] [
  
  
]
 

 

 [
        
        

]  

 

Determinants of the Gauss Fibonacci matrix    and the Gauss-Lucas matrix    are 

given by: 

   (  )                
  (  ) (   ) 

 

   (  )                
   (  )   (   )  

 

Leonardo numbers were introduced and studied by Catarino and Burges in [8-9]. 

These numbers are defined by the second-order inhomogeneous recurrence relation: 
 

                      
 

with the initial conditions          . Also, these numbers can be defined as: 
 

                      
 

Gauss-Leonardo numbers      are defined in [9]: 
 

                   (   )     
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with initial conditions                  . 
The Gauss-Leonardo numbers are closely related to the Leonardo numbers: 

 

                 
 

where     denotes the   the Leonardo numbers and      denotes the   th Gauss- 

Leonardo numbers [10]. 

Let us define the Leonardo   matrix as: 
 

  [
   
   
    

] 

 

and the Leonardo   matrix defined as follows: 
 

  [
   
   
    

] 

 [

         
         
          

] 

then    matrix: 

     
  

 [
   
   
    

] [
   
   
    

]

 

 

 [

               
             
             

]  

 

The Gauss-Leonardo   matrix is given by: 
 

  [
          
         
          

] 

 [

            
            
             

] 

and    matrix is defined as: 

     
  

 [
          
         
          

] [
   
   
    

]

 

 

 [

                  
                
                

]  

 

The determinants of the Leonardo matrices    and the Gauss Leonardo matrices    
are given by: 

   (  )     
             

              (  )
   

   (  )               (    )
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 (  )   (    )   (   )(                  
 

Many researchers have developed coding/decoding algorithms based on various 

number sequences and contributed to the literature [11-25]. Tas et al. introduced a 

coding/decoding algorithm using Fibonacci   matrix [11] that partitions the message matrix 

into     block matrices. Building on this idea, Ucar introduced the `Minesweeper Model' 

[12], which integrates multiple number sequences to establish a more robust coding system. 

This innovative approach offers a novel perspective on coding algorithms and their 

applications. Motivated by these studies, we propose a mixed coding/ decoding algorithm that 

extends Fibonacci, Lucas, and Leonardo numbers into the complex plane. Unlike previous 

approaches [11-12], the proposed method allows the parameter   to be chosen independently 

of the number of block matrices. This flexibility significantly enhances the reliability and 

effectiveness of the coding/ decoding algorithms. 

In this study, we developed coding/decoding algorithms based on four different 

number sequences using a mixed model. The paper is organized into two main sections. In the 

first section, we present an algorithm that partitions the message matrix into     block 

matrices using    and    matrix derived from Fibonacci   matrix. The second section 

introduces an algorithm that divides the message matrix into     block matrices using    
and    matrix derived from Leonardo   matrix. The encoding process uses the printable 

ASCII character set defined in decimal. This approach provides a standardized structure for 

the algorithms, ensuring operational consistency. Additionally, the Minesweeper model 

enhances information security while providing robust protection against data manipulation. 

Furthermore, the proposed method ensures reliable and highly accurate data transmission over 

communication channels. 
 

 

2. MIXED CODING/ DECODING ALGORITHM 
 

 

2.1. A MIXED CODING/ DECODING METHOD USING   MATRIX AND   MATRIX 
 

 

In this section, we introduce a mixed coding/ decoding algorithm using Gauss 

Fibonacci and Gauss Lucas numbers. We embed the message into a square matrix   of size 

      and partition it into     block matrices, denoted by   (     
 ), proceeding 

from left to right. 

We define the symbols and matrices utilized in the proposed coding method as 

follows. The matrices             and    are given by: 
 

   [
  
   

 

  
   

 ]     [
  
   

 

  
   

 ] 

   [
    
    

]     [
    
    

] 

   [
    
    

] 

 

In this context,   represents a positive integer, and the characters correspond to the 

printable characters defined in the decimal representation of ASCII. 
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MIXED MODEL 

 

Coding Algorithm 

Step 1.                                           (     
 )  

Step 2.           

Step 3.                          
 (     ) for             

Step 4.           (  )      
Step 5.                            [     

 ]         

Step 6.                   
 

Decoding Algorithm 

Step 1.                        
Step 2.                        
Step 3.             

      
    

  for               
Step 4.             

      
    

  for              
Step 5.             

      
    

  for               
Step 6.             

      
    

  for              

Step 7.       (  ) (   )     
 (    

      )    
 (    

      ) for          

     
Step 8.        (  )   (   )     

 (    
      )    

 (    
      ) for          

   
Step 9.                 

   
Step 10.               
Step 11.                                          . 

Step 12.                 .  
 

Example: Let us consider the message matrix for the following message text: 
 

“CODING+DECODING#“ 
 

Using the message text, we get the following message matrix M: 
 

  [

    
    
    
    

] 

Coding Algorithm 

Step 1. We partition the     message matrix   into     block matrices, denoted by 

  (     ), proceeding from left to right: 
 

   [
  
  

]     [
  
  

] 

   [
  
  
]     [

  
  

] 

 

Step 2. For     we utilize the decimal values of the printable ASCII characters: 
C O D I N G + D 

67 79 69 73 78 71 43 68 

E C O D I N G # 

69 67 79 68 73 78 71 35 
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Step 3. The elements of the block matrix   (     ) are given by: 
  
       

       
       

     
  
       

       
       

     
  
       

       
       

     
  
       

       
       

     
 

Step 4. Next, we compute the determinants    of each block matrix   : 
 

      (  )        
      (  )       
      (  )      
      (  )        

 

Step 5. Using Steps 3 and 4, we construct the encoded matrix F: 
 

  [

           
          
         
           

] 

Step 6. End of algorithm. 
 

Decoding Algorithm 

Step 1. First, we compute the matrix   : 

   [
       
      

]  

Step 2. Then, we compute the matrix   : 

   [
        
       

]  

 

Step 3. If   is an odd number, we use the Gauss Fibonacci   matrix. We compute the 

element   
   for       in order to construct the matrix   : 

 

  
           
  
           

 

Step 4. If   is an even number, we use the Gauss-Lucas   matrix. We compute the element 

  
   for       in order to construct the matrix   : 

 

  
           
  
           

 

Step 5. If   is an odd number, we use the Gauss Fibonacci   matrix. We compute the 

element   
   for       in order to construct the matrix   : 

 

  
           
  
           

 

Step 6. If   is an even number, we use the Gauss-Lucas   matrix. We compute the element 

  
   for       in order to construct the matrix   : 
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Step 7. If   is an odd number, we use the Gauss Fibonacci   matrix. We compute the 

element     for       to construct the matrix   : 
 

(   )(  ) (    )   
(        )[(   )   (   )  ]  (        )[(    )   (   )   

       
(   )(  ) (   )   

(        )[(   )   (   )  ]  (        )[(    )   (   )  ] 
       

 

Step 8. If   is an even number, we use the Gauss-Lucas   matrix. Now we compute the 

element     for       to construct the matrix   : 
 

 (   )(  ) (    )   
(        )[(    )   (   )   (   )      )[(    )   (    )  ] 

       
 (   )(  ) (     )   

(        )[(    )   (   )  ]  (        )[(    )   (    )   
       

 

Step 9. We substitute the recovered values of    as follows: 
 

     
     

     
     

     
     

     
     
 

Step 10. We reconstruct the block matrices     
 

   [
    
    

]     [
    
    

] 

   [
    
    

]     [
    
    

] 

 

Step 11. Finally, we obtain the original message matrix    
 

  [

        
        
        
        

] 

 [

    
    
    
    

] 

Step 12. End of algorithm. 
 

 

2.2. A MIXED CODING/DECODING METHOD USING   MATRIX AND   MATRIX 
 

 

In this section, we introduce a coding/ decoding algorithm using Leonardo and Gauss-

Leonardo numbers. We embed our message into a square matrix   of size      . Then, 
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we divide the message matrix   into block matrices, denoted by    for (      ), of 

size    , proceeding from left to right. 

We define the symbols and matrices utilized in the proposed coding methods as 

follows. The matrices          and    are given by: 
 

   [

  
   

   
 

  
   

   
 

  
   

   
 

],    [

  
   

   
 

  
   

   
 

  
   

   
 

] 

   [

      
      
      

],    [

      
      
      

] 

 

In this context,   represents any positive integer, and the characters used correspond to 

the printable characters defined in the decimal representation of ASCII. 
 

MIXED MODEL 

 

Coding Algorithm 

Step 1.                                                    (     
 ). 

Step 2.           
Step 3.                                            . 
Step 4.             (  )    . 

Step 5.                              [     
 ]
                 

   

Step 6.                   
 

Decoding Algorithm 

Step 1.                        
Step 2.                        
Step 3.            for             . 

 

  
      

      
      

  
  
      

      
  

  
      

      
      

  
  
      

      
      

  
  
      

      
  

  
      

      
      

  
  
      

      
      

  
  
      

      
  

  
      

      
      

  
 

Step 4.            for             
 

  
      

      
      

  
  
      

      
  

  
      

      
      

  
  
      

      
      

  
  
      

      
  

  
      

      
      

  
  
      

      
      

  



A Mixed Coding/Decoding Algorithm Based on... Mustafa Asci and Talat Ayturk Adalioglu  

ISSN: 1844 – 9581 Mathematics Section 

13 

  
      

      
  

  
      

      
      

  

 

Step 5.          for               
 

   (  
      ) |

  
   

 

  
   

 |  (  
      ) |

  
   

 

  
   

 |  (  
      ) |

  
   

 

  
   

 | 

 

Step 6.          for             
 

   (  
      ) |

  
   

 

  
   

 |  (  
      ) |

  
   

 

  
   

 |  (  
      ) |

  
   

 

  
   

 | 

 

Step 7.            for      
   

Step 8.               
Step 9.            . 

Step 10.                 . 
 

Example: Let us consider the message matrix for the following message text: 
 

“MINESWEEPERfor:GaussLeonardoNumbers” 
 

Using the message text, we get the following message matrix M:  
 

  

[
 
 
 
 
 
      
      
      
      
      
      ]

 
 
 
 
 

 

 

Coding Algorithm 

Step 1. We divide the message matrix   of size     into block matrices, denoted by 

  (       proceeding from left to right, where each block is of size is    : 
 

   [
   
   
   

]     [
   
   
   

] 

   [
   
   
   

]     [
   
   
   

] 

Step 2.      
Step 3. The numerical representations can be shown as follows: 

 

   [
      
      
        

]     [
      
       
       

] 

   [
        
        
        

]     [
        
        
         

] 

 

Step 4. Next, we calculate the determinants    of the blocks     
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      (    )         
      (    )                 

      (    )         
      (    )                  

 

Step 5. Using Step 3 and Step 4, we obtain the encoded Matrix    
 

  [

                        
                                

                            
                                     

] 

 

Step 6. End of algorithm. 
 

Decoding Algorithm 

Step 1. First, we compute the matrix   : 

   [
      
     
    

]  

Step 2. Then, we compute the matrix   : 
 

   [
                 
               
             

]  

 

Step 3.    for               
 

   [
            
            
            

] 

   [
            
            
            

] 

 

Step 4.    for             
 

   [
                              
                              
                              

] 

   [
                              
                              
                              

] 

 

Step 5. Solve    for               
 

        
(         )(      )  (         )(      )  (        )(      ) 

        
        

(         )(     )  (         )(       )  (        )(      ) 
        

Step 6. Solve    for             
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 [(          )  (      )  ]  (            )
 [          )  (     )  ]  (             )
 [(          )  (    ]  ]  (            ) 

        
               

 [(          )  (      )  ]  (            )
 [(          )  (     )  ]  (              )
 [(          )  (    )  ]  (             ) 

         
 

Step 7. We substitute the recovered values of    as follows: 
 

     
     

     
     

     
     

     
      
 

Step 8. We reconstruct the block matrices   : 
 

   [
      
      
        

]     [
      
       
       

] 

   [
        
        
        

]     [
        
        
         

] 

 

Finally, we obtain the original message matrix    
 

  

[
 
 
 
 
 
            
             
               
                
                
                 ]

 
 
 
 
 

 

[
 
 
 
 
 
      
      
      
      
      
      ]

 
 
 
 
 

 

 

Step 9. End of algorithm. 
 

 

3. COMPARISONS AND CONCLUSION 
 

 

In this section, we discuss the differences between the proposed method and existing 

approaches. First, in previous studies [11-12], the value of the parameter   depends on the 

number of block matrices, whereas in our method,   can be chosen independently. 

Additionally, while other methods generate custom character tables based on  , our approach 

utilizes the decimal structure of ASCII. This provides the algorithms with a standardized 

framework and ensures more consistent operations. Furthermore, extending the recurrence 

relations to the complex plane has significantly strengthened the coding/ decoding algorithm, 

making it more flexible and robust. 
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