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Abstract. In this paper, we study non-null osculating curves of type (n-3) in Lorentzian
n-space E'. We obtain necessary and sufficient conditions for non-null curves to be
osculating curves of type (n-3) in E'. We analyze these curves in terms of their curvature
functions and derive the necessary relations between the curvatures for a curve to be
congruent to an osculating curve of type (n-3) in E'. Moreover, we re-characterize non-null
osculating curves of type (n-3) using harmonic curvature functions in terms of B, ,.
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1. INTRODUCTION

Rectifying, normal and osculating curves are fundamental concepts in differential
geometry. These curves provide a deeper understanding of the local geometric behavior of
space curves, which is essential for both theoretical and practical applications. The rectifying
curve in E® is defined as a curve whose position vector always lies in its rectifying plane [1].
Rectifying curves in Euclidean and Minkowski spaces have been extensively studied in [2-5].
In the same way, a curve whose position vector always lies in its normal plane is called a
normal curve [6]. Studies in literature investigating the concept of normal curve can be found
in [7-10]. Similar to rectifying and normal curves, the position vector of osculating curves
invariably lies within their osculating planes. According to this definition, the position vector
of the osculating curve can be written as

¢(s)=c(s)T(s) +d(s)N(s)

where c¢(s) and d(s) are differentiable functions [11]. Ilarslan and Nesovic defined
osculating curve in [12] as a curve whose position vector always lies in its orthogonal
complement of either B," or B, of the curve’s first or second binormal vector field in
Minkowski space-time. They referred to these curves as first-kind and second-kind osculating

curves, respectively. Later on, Bektas et al. defined osculating curves of type (n-3) as a curve
whose position vector always lies in its orthogonal complement of (n-3) th binormal vector
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field B, in the n-dimensional Euclidean space [13]. In recent years, researchers have
investigated different properties of osculating curves [14-17].

The harmonic curvature functions H; of a curve in n-dimensional Euclidean space is
defined by Ozdamar and Hacisalihoglu in [18]. They examined inclined curves using
harmonic curvature functions in E". Since then, many mathematicians have studied harmonic
curvature functions in relation to various geometric concepts, including specific curves in n-
dimensional spaces [19-23]. We can see from these studies that the known characterizations
of curves can be obtained in simple forms using harmonic curvature functions of curves in n-
dimensional spaces.

Osculating curves have been extensively studied in Euclidean and Minkowski spaces.
However, their counterparts in Lorentzian n-space, particularly regarding curvature and
harmonic curvature functions, have not been thoroughly examined. In this paper, we establish
necessary and sufficient conditions for non-null osculating curves of type (n-3) which are
located in the orthogonal complement of the (n-3) th binormal vector in the Lorentzian n-

space E;. First, we examine non-null osculating curves of type (n-3) with respect to their

curvature functions and obtain necessary and sufficient conditions for any curve to be an
osculating curve of type (n-3). Moreover, we characterize non-null osculating curves of type
(n-3) using harmonic curvature functions in relation to the binormal B, , in Lorentzian n-

space.

2. PRELIMINARIES

Let E' denote the Lorentzian n-space. For vectors X =(x,X,,..,x,) and
Y =Y Yo Yn) in Eln

n
R A U

It is called the Lorentzian inner product. The vector ve E; has one of three causal characters;
it can be spacelike if (v,v))0 or v=0, timelike if (v,v)(0 and null (lightlike) if (v,v)=0 and

v=0. In Lorentzian geometry, curves are classified according to the causal character of their
tangent vectors, which is determined by the Lorentzian metric. A non-null curve is named as a
spacelike or timelike curve if its tangent vector is spacelike or timelike, respectively [24].

Let ¢=¢(s) be an arc-length parametrized non-null curve in E and
{T(s),N(s),B,(s),...,B, ,(s)} be the moving frame along ¢, where the vectors T(s), N(s), B,(s),
B,(s),...,B, ,(s) are mutually orthogonal vectors satisfying

(T.T)=g =41 (N,N)=g,=+1 and (B,B)=4g,=%1 i={L2,.,n-2}.

The Frenet formulas for the curve can be expressed as follows [21]:
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T =¢gkN,

N'=—-gkT +&k,B,,

B/ =—-¢&,k,N +¢,k;B,, (1)
B =—¢&..Ki.Biy + &5k, B,

! —
anz - _gn—lkn—l Bn—3'

The functions k;(s) are called the i-th curvatures of ¢ for i={1,2,...,n-1}. Similar to

the definition in 4-dimensional Euclidean space, osculating curves in n-dimensional
Euclidean space can be defined as curves whose position vectors always lie in the orthogonal
complement of one of their binormal vector fields B,(s),B,(s)....,B, 5(s),B, ,(s). In [13], the

authors introduce the concept of the osculating curve of type (n-3) in n-dimensional
Euclidean space as follows:

Definition 2.1. Let {:1 <R —E" be an arc-length parametrized curve in E". The curve ¢

is called the osculating curve of type (n-3), if its position vector with respect to some chosen
origin consistently lies in the orthogonal complement of its (n-3) th binormal vector field
B,(s). Then, the orthogonal complement of B _.,(s) can be written as

B,s(s)={veE"| (v,B,_;(s))=0} and the equation for the position vector of the osculating
curve of type (n-3) can be expressed as follows:

¢(8) =14 (S)T(8) + 11, (SIN(s) + né:um (8)B;(S) + #4,(S)B, »(S)

with differentiable real functions s, ,, 145, ..., 14, 5, 1, [13].
3. NON-NULL OSCULATING CURVES OF TYPE (n-3) IN E/

3.1. NON-NULL OSCULATING CURVES OF TYPE (n-3) WITH CURVATURE FUNCTIONS

In this first subsection, we characterize non-null osculating curves in terms of their
curvature functions.

Definition 3.1. The curve ¢ :1 cR— E is called a non-null osculating curve of type (n-3), if

its position vector with respect to some chosen origin consistently lies in the orthogonal
complement of its (n-3) th binormal vector field B, ,(s) . Then, the orthogonal complement of

B,_,(s) can be written as B, ,(s)={veE

<v, Bn_3(s)>=0} and the equation for the position
vector of the non-null osculating curve of type (n-3) can be given by

¢(8) =0y (S)T(8) + o, (S)N(s) + sza 1+2(8)B;(8) + 7, () B, ,(s) 2

with differentiable real functions o,,0,,0;,...,0, ,,0,

n-2'~n"
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Let £:1 cR—E be an arclength parametrized non-null osculating curve of type (n-
3) in E]. The position vector of the curve satisfies Eq. (2) for smooth functions
0,,0,,0,..,0,_,,0,. Differentiating Eq. (2) with respect to s and utilizing Eq. (1), we get

T(s) = (01(8) — £k ()0, ()T () + (£,K,(8) 9, (8) + 75 (S) — £,k (S) T3 (S))N (S)

+’§‘2‘<en_,-_lkn_,-_2 ()5, 5(8)+ 07, 1(S) =20 1kn s 1(5)Ts;(S))B, 1 5(5)

+(£,2K,5(8)0,4(5) +0,,(5))B, 4 (5) <

+(&,.4K, 2 (8)0,, 5 (8) — £,k 1 (8) 0, (5))B, 5(8) + 7, (8) B, , ().
From Eq. (3), we obtain

ol —eko, =1, (4)

£,k0, + 0, — &,k,0, =0, (5)

&rj-Kn-j20n 2 T O~ En ik 10 =0, (6)

&, K, 30, 5+0,,=0, @)

&,.K, ,0,,—¢&, K ,0,=0, (8)

o, =0, (9)

where je{2,3,..,n—-4}. Thus, the coefficient functions o, are expressed in terms of the
curvature functions and their derivatives. From Eq. (9), we have

o,=c=constant, ceR. (10)

Using Egs. (6), (7), (8) and Eq. (10), the functions o, _,,, 0, 30:0,31:0440: Onqs and
0,4, Can be obtained as:

Kk, k_

Oh2 ™= C[ kn; J =0Onh20 (kn: j’ Oy20 =6 (11)

&, [ K, , k. , £,
O, 3= CF_;[F_;} = O-n—3,l [ kn_z ] ' O-n—3,0 = 07 O-n—S,l = _CF_z7 (12)

kni kni ’ kni "

On_a =O0nh_4p [ kn-z ]"’ Ohnay [ kn-i ] +0, 42 ( kn-i J ) (13)

K. Enobns| 1 , Enobna| 1
Oha0 = Ck—s, Ona1 = C%[k_j ) Oha2 ™~ C%(k_J (14)

n-4 n-4 n-3 n-4 n-3
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Then, from Eq. (6), we determine

iz 9 [k, :
o, = Eo o o ) 1<j<n-2. (15)

At once, the functions o;, can be given by

&

- - = oo
Oh 20 =6 On30=0, Oq31=—C K
n-3
_gn—j+1 k !
Onjo = K Ensjs1fnsjr1On-je2,0 ~ Onojato )
n—j
E .
_ “n-j+l ’
Onjt = K (gn—j+1kn—j+lo-n—j+2,[ Ot _O-n—j+1,[—1)! (16)
n-j
. Cnja /
Onjjs=" K On_j+1,j-4 TOn_jirjs )
n-j
_ gn—j+l
Onjja2=7" K n-j+L,j-3
n—j

where te{l,2,...,j—4} and je{4,..,n—1}. Then, using Eqg. (15) in Egs. (5) and (6), we obtain

k(s o (k) &fnws o (k)

— 3 i _ 3 — | = 17

727, (tzoa‘“ as‘[kn2 j] |\ &% e kL)) 4
_k2 -5 o km1 £, k3 -6 ot kn—l & ns ot knfl ' 18

e (go% 85‘(kn_2n k3% k) k&% k)] | (18)

by substituting Egs. (10), (15), (17) and (18) into Eqg. (2), the position vector of the non-null
osculating curve of type (n-3) can be written as:

(s (k. )) glk(w o (k) afw o (k)
—| £ P n _ 2| _35 P n __S P n T
i [EO% 85‘(kn_2 k|| S ok, ) Tl 3% etk
k(s & (k) afws & (k)| wzfriz & (k.
b SR i N I e 1 5] N A S |
’ kz(go Tat 65‘[kn_2 B | 57 5k YA S Tk,

According to Egs. (4)-(9), we state the next theorem.

(19)

B, +CB, .

N——

Theorem 3.1. Let {:1cR—E] be an arc-length parametrized non-null curve in E! with
non-zero curvatures. Then, £(s) is congruent to the non-null osculating curve of type (n-3) if
and only if
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']
K, [ ns o [k K, [ nes d' [k
= > Out 2t = = 2 Out =1 =
k. (s (K k=0 ™ 0s |k, k,lt=0 ™ 0s | k,_,
K[y O (K| 2 _ _ 20
K, E) O34 st | K K, &k, =1 ( )
. n-2 &

el k)| el (k)

v_vith o;, represented by Egs. (16).

Proof: Let £(s) be a non-null osculating curve of type (n-3). Then, substituting Egs. (17) and
(18) in Eq. (4), we obtain Eg. (20). Conversely, suppose that Eq. (20) holds. Then, we define
the vector g(s) € E]' which is specified by

g(s)=;(s)—al(s)T(s)—%(s)N(s)—"jil‘a,-+z(s>8j (s) -5, (5)B, ,(5) (21)

with o, (s)=c=constant and o,(s), 1< j<n-2 given by Egs. (15), (17) and (18). By taking
the derivative of Eq. (21) with respect to s and applying Eq. (1)

k(ows o (k el k(s o (k efns o (k)
l— _2 = n-1 __2 _3 = n-1 __3 - n-1

K, [tzo T3 o8t [knz Jj K, [kz (.zo Tat gt (knz D K, (t;) 73 o8t [knz B }

k(s o (k)] &fes o (k)
+&k k—3 Yoy — L= O3 —7 1
o \ =0 05 kn72 k2 t=0 0s kn,z

gives g'(s)=0. Then, g(s) is a constant vector and ¢(s) is congruent to the non-null

osculating curve of type (n-3).
Now, assume that all the curvature functions kj,k,,....k, , of non-null osculating curve

of type (n-3) are non-zero constants. Then, we present the following theorem.

’

T (22)

Theorem 3.2. For odd n, there exists no non-null osculating curve of type (n-3) with non-
zero constant curvatures and for even n, every curve with non-zero constant curvatures is an

osculating curve of type (n-3) in E;.

Proof: Consider that there exists a non-null osculating curve of type (n-3) with its non-zero
constant curvatures. The Egs. (11), (12) and Eq. (13) give

0,,=C Koy , 0,,=0, o,, =CM.
kn*Z I(n—4kn—2
For je{4,..,n-1} Eq. (6) becomes
gn—'+l ’
O-n—j = k—J(gn—j+1kn—j+10-n—j+2 - O-n—j+l)'

n—j
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By induction, we conclude that

m
Ukn—2j+1
=cL=

n-2m m

H I(n—2j

=1

O-n—Zm—l = 0 " (23)

(o}

If Eq. (23) is correct for me{L,2,..,M}, then Egs. (23) for m=M +1 can be generalized
by

&
_ Enam1 o
Onom-2 = (gn—ZM—lkn—ZM—lo-n—ZM Gn—ZM—l)
n-2M-2

kn—lkn—3 " 'kn—ZM +1kn—2M =

kn—z kn—4 " 'kn—ZM kn—2M -2

Enam-2 (

!
Ohom-3 = Enom2Kn2m 200 2w 1 _anszz)

n-2M-3

_ gn—ZM—Z (C I(n—lkn—a‘“kn—ZM +lkn—2M—lJ — 0

kn—2M—3 kn—2kn—4"'kn—2M kn—2M—2

When n is odd, with the aid of (23), Egs. (5) and (6) give

kK K ..k
o, =0, o, =c—Lnstz 24
2 Pk K ek, (24)
Then, using Egs. (24), Eq (4) takes the following form [c%] =1. However,
n-2"n-4""""1
if all curvatures are assumed to be non-zero constants, we get a contradiction.
When n is even, using (23), Egs. (5), and Eq. (6) give
k K ..kk
=C n-1"'n-3 53, :0”
7 Tk kK, % (25)
. KooK gokokoky & o
Then, using Egs (25), Eq. (4) can be rearranged as —tn=531 2 Since the

K, K ..k, c
curvature functions satisfy Theorem 3.1, £(s) is congruent to the non-null osculating curve of

type (n-3).
We now present examples verifying that Theorem 3.2 holds for the special cases n=5
and n=6.

Example 3.1. Let us consider the unit speed timelike curve in E;given in [25] parametrized
as

a(s) = (\/3sinh's,\/3coshss,sins, s, coss).

Then, the tangent, normal, first binormal, second binormal and third binormal Frenet
vectors of the curve are given, respectively, by
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T(s)= (\/§cosh s,\/§sinh s,C0SS,1,—sin s),
N(s)=¢, [gsinh s,gcosh s,—%sin s,O,—%cos sj,

B,(s) = 1 (—3\/§cosh S, —3\/§sinh s,—5c0ss,—4,5sin s),

N7

B,(s)=4 —lsmhs 1coshs 35|n50—§coss
2 2 2

B,(s)=4 ( J_coshs \/_smhs\/70055 \/7 (sms}

where A =+1 and the curvature functions are given by

k(s)=2, k,(s)=+14, ks(s>=\/§. k4(s)=ﬁ.

It can be easily verified that («,B,) =0, which means that a is not an osculating curve
in E;.

Example 3.2. Let us consider the unit speed timelike curve in E;given in [26] parametrized
as

7(5):(25inhs,2coshs,25inZ 20052 ,25In— > 2cosij

V2' T 2)

Then, the tangent, normal, first binormal, second binormal, third binormal and fourth
binormal Frenet vectors of the curve are given, respectively, by

T(s)= (Zcoshs 2sinhs, cos \fcos\/_ fsm\/_]

.S S
. > cos>  2sin—= 2
4sinhs 4coshs smz 0052 st COS,/

NO="Bl T Tl Ve Ve e |

§)=——— 17J§coshs,—17\/§sinhs,—11\/§cos§,—11\/§sinE,—23cosi,—23sinij,
%) J—( 2 y R BN

S
B,(s) = 58sinh s,58cosh s, 385|n 38cos ,97sin—,97cos—
() \/4217( 2’ 2' j

775
1

B.(s) = —=—| —coshs,—sinhs,—12cos> 125|n S 52c0s—— 5\/_sm j
1 S

B,(s) = sinhs,coshs, 24sm 24005 —10sin—,10cos

<) \/677( 2’ 2’ JE JE]

where the curvature functions are given by
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k(s)_ﬂ’ a(8) = \/@ K(8)= \/81707 K(8)= 15\]130661 k()= \/g

It can be easily verified that (»,B,)=0, which means that y is an osculating curve in

E..
Theorem 3.3. Let {:1 cR—E be an arclength parametrized non-null osculating curve of
type (n-3) in E;" with non-zero curvatures. Then, the following expressions are obtained:

(i) The (n—2)th binormal component of the position vector of the curve is given by
(¢,B,,) =Cé, =constant.

(if) The (n—4) th, (n—5)th, j-th, second, first binormal, normal and tangential components of
the position vector of the curve are given, respectively, by

<§l Bn—4> = an—z ( ::nl j;

n-2

g £ k
,B n-3n-2 -1 ,
<§ n5> k [knz}

n-3

n-i- o [k,
<§'Bj> Ei2 IZ%) j+2,tg[k 1]1
ky(ns 0" (K &ns 0 [k
Ny=g,| = S LU I 9| o
(§:N)=2, kz([_og“" as‘(kn_zn K, (an“ ast{kn_JJ
k(s & (K | k(e 2 (K ¢ o (k.
T=g |2 Ok ||_&| K O [ K 3
(&T)=4 kl(;éo-g‘tast[kanJ k, kz[tzog‘“ast[k“] kz(tzo 3‘85‘(k D

where 1< j<n-6 and o are introduced by Egs. (16).

!

Conversely, if £(s)is an arc-length parametrized non-null curve in E] with non-zero
curvatures and the situations (i) and (ii) hold, then ¢£(s) is congruent to the non-null
osculating curve of type (n-3).

Proof: Suppose that £(s) is an arclength parametrized non-null osculating curve of type (n-3)
in E/. Taking the inner product of the two sides of Eq. (19) with B ,,B,,.B,;,...B,,B,N,T,
we obtain the situations in (i) and (ii).

Conversely, suppose that (i) and (ii) are given. Differentiating (¢,B, ,) =ce, =constant
with respect to s and by utilizing Eq. (1), we obtain <§, Bn_3>:0, which implies that £(s) is
congruent to the osculating curve of type (n-3). Similarly, differentiating

<§,Bn4>:cen2(::“] with respect to s, we get <§,Bn73>:0, then ¢£(s) is a non-null
n-2

osculating curve of type (n-3).
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3.2. NON-NULL OSCULATING CURVES OF TYPE (n-3) ACCORDING TO HARMONIC
CURVATURE FUNCTIONS

In this part, we reformulate the characterizations of non-null osculating curves of type
(n-3) in terms of harmonic curvature functions.

Definition 3.2. Let {:1 =« R— E]' be an arclength parametrized non-null curve with non-zero
curvatures k; (j=12,..,n=1) in E'. The harmonic curvature functions H,:1—»R in terms of

B, , for the non-null osculating curve of type (n-3) are defined by

0, for j=0,

H. = Ce, L&, :”‘1 : for j=1 ceR, . (26)

n-2

5n-j-1{5 k_jH,,—H/,}, for j=23..,n-2

n—j+1"n—j

n—-j-1

Corollary 3.1. Let £:1 cR— E be an arc-length parametrized non-null osculating curve of
type (n-3) with non-zero curvatures. Then, the coefficient functions o(s), 1<j<n-2 and
o,(s) according to the harmonic curvatures of £(s) are calculated as follows:

(i) o =0=0,(s)=c, ceR,

£ .
H _ “n-j+l '
(”) Onhj = (gn—j+lkn—j+lo-n—j+2 _Gn—j+1)’

Kk, .,H

n—j+2n—j+1

j73_H;72):gn7jgnHj,11 ZSJSn—l.

Theorem 3.4. Let {:1 <R — E' be an arc-length parametrized non-null curve with non-zero
curvatures. Then, £'(s) is congruent to the non-null osculating curve of type (n-3) in E| if
and only if

H, ,(s)— &k (S)H, 5(s) = &5, . (27)

where H;, jefl2,.,n-2} are differentiable harmonic curvature functions of £(s) .

Proof: Let ¢:1 cR— E be an arclength parametrized non-null osculating curve of type (n-3)
with non-zero curvatures. Then, from Corollary 3.1, we have

O-2 = 323n H n-3? O-l = glgn H n-2* (28)

Substituting Eg. (28) in Eqg. (4), we obtain Eq. (27). Conversely, suppose that Eq. (27)
is satisfied. Let us define the curve 7(s) with

1(8) =£(8) = 01 (S)T(8) = 3, (S)N(8) = 3(8) By(S) —... = 7, ,(8) B, 4 (8) — 6, () B, ,(5) (29)
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where o,,0,,0,,..0, ,,0, are differentiable functions. Differentiating Eq. (29) with respect to
s and utilizing Eq. (1) and (i-ii) in Corollary 3.1, we get 5'(s)=0. Hence, 7(s) is constant and
£'(s) is congruent to the non-null osculating curve of type (n-3) in E;".

Corollary 3.2. Let {:1 cR—E be an arclength parametrized non-null osculating curve of
type (n-3) with non-zero curvatures. Then, the position vector of £(s) is

£(s) =en[slHn2 GT )+ &Hy (ONE) + Z2,.H, (9B, <s>j+can<s) (30)

where H;, are differentiable harmonic curvature functions of £(s).

Corollary 3.3. Let {:1 cR— E be an arc-length parametrized non-null curve with non-zero
curvatures. Then, the following statements are equivalent.
(i) <(s) is the osculating curve of type (n-3).

(ii) H,_,(8) — &k, (S)H, 5(s) = &.&,.

(K, (s & (k_ B t
2 ZO- | nd & n-6 8_ kn—l
N kl (t—o ot 8St kn72 k2 t§0 O-4xt ast kn,z
(iii) |~k T
I LY S L P ) Y = i . _&fns 0 (K
K, {kz [E) O | s Pl s | 3%k,

whereH , jefl2,..,n—2}are differentiable harmonic curvature functions of non-null

osculating curve of type (n-3) and o, are introduced by Eqgs. (16).

Theorem 3.5. Let {:1 cR— E' be an arc-length parametrized non-null curve with non-zero
curvatures and the harmonic curvature function H_,(s)=0. Then, £(s) is a non-null
osculating curve of type (n-3) if and only if

n-2

3 &, 1 aH ] (8) =22, [H, ,(s)ds.

(31)

Proof: Let £ (s) be a non-null osculating curve of type (n-3) in E. Then, from Theorem 3.4,
we have

H! ,—&kH, ,=¢¢,. (32)
Since gH,_,(s) =0, multiplying Eq. (32) with ¢H__,(s), we obtain
gH, H! ,=¢H, ,+eekH, H, . (33)
Also, using Eqg. (26), we get
&0 i1k jaH =60k H L —Hi, 2<j<n-2. (34)

If we write j+1 instead of j in Eq. (34) and putting j=1, we obtain
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H; = gn—jkn—j—lH j-1 _gn—j—an—j—ZH j+l 1<j<n-3 (35)
H =-¢, 3K, sH,. (36)
Then multiplying Egs. (35) and (36) with ¢,_, ,H,(s) and &, ,H,(s) respectively, we
have
EniaHiH =66, K i GH L H; —&, a6, 5 K, .HH L, (37)
£, ,HiH{ =—¢, ,¢, )k, ;HH, (38)
and for

j =2, gnszzHé = gnfzgnfsknszle _gn—3gn—4kn—4H2H3’
j=3, e, HH; =€, 58, K _H,H;—¢, &, K _sHH,,

(39)
j =n-3, &H, H ,=¢¢ekH, H, ,—&ekH, H, ,
Then, using Egs. (33), (38) and (39), we conclude that
& ,HH +¢& HH +. . +&H H . +gH ,H ,=¢H_ ,. (40)
By integrating Eq. (40), we can easily see that
”}ijgnfjlef =2¢,[H,_,ds. (41)

Conversely, suppose that Eq. (31) is satisfied. Taking the derivative of Eq. (31), we
get

&, HH +&, HH, +...+&,H, H .+gH H ,=gH, ,. (42)

Substituting Egs. (38) and (39) into Eq. (42) and using H, ,(s)#0, we get
H ,—-&kH, ,=¢g¢,. Thus, Theorem 3.4 implies that £(s) is congruent to the non-null
osculating curve of type (n-3).

Special case for n=4

In this part, we will see that the results obtained for the general theory confirm the
characterizations for n=4 which is examined in [12] for the non-null second kind osculating
curves, and we will characterize these curves according to the harmonic curvature functions
of the curve in E/.

The arclength parametrized non-null second kind osculating curve £(s) in E} is
expressed as follows:

¢ () = A(S)T () + 1(S)N(s) + () B, (S) - (43)

where A(s), u(s),v(s) are differentiable functions. Differentiating Eq. (43) with respect to s,
we have
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T = — gk )T + (e,k A+ )N + &, (k, 1t —k,0)B, +U'B, . (44)

Then, by using the harmonic curvature functions of the curve £(s) given in Eq. (26),
the functions
(i) =0=v=c,
(1) kyp—ko=0= u= C% =¢&,&,H,,

2
(i) sk A+ /0= A=, /I:_=_84T'*1=3184H2,
1
(V) A'—gkpu=1=H},—s,kH, =ss¢,

are easily obtained.

Corollary 3.4. Let £(s) be an arc-length parametrized non-null curve in E; with non-zero
curvatures. Then, the following relations are equivalent.
(i) ¢(s) is anon-null second kind osculating curve.

(ii) H;(s) — &,k (S)H,(s) = &.¢,.

[ﬁl + &k ﬁ=—l, ceR.
C

o &)
m) —
(i) 32| & | e

1

Corollary 3.5. Let £(s)be an arclength parametrized non-null second kind osculating curve
in E; with non-zero curvatures. Then, the position vector of £(s) is

§(s) =&, (&H,(S)T(s) +&,H,(S)N(s)) +CB,(s)

where H;, je{L 2} are differentiable harmonic curvature functions of £'(s) .

4. CONCLUSIONS

This study examines some characterizations of non-null osculating curves of type (n-
3) in terms of their curvature functions and harmonic curvature functions in Lorentzian n-
space E;. We have determined necessary and sufficient conditions for non-null curves to be

congruent to non-null osculating curves of type (n-3) according to their curvature functions in
E;'. On the other hand, examining the osculating curves is considerably more complex in
high-dimensional spaces. For this reason, we have used harmonic curvature functions to
recharacterize the non-null osculating curves of type (n-3), thereby allowing us to express our
calculations and characterizations more simply. We have characterized non-null osculating
curves of type (n-3) according to the harmonic curvature functions in terms of B, in E'. Our

results provide insights into the geometry of non-null osculating curves in n-dimensional
Lorentzian space. The results of this study may be extended to other alternative spaces, and
the generalized ruled surfaces can be constructed using these curves. Moreover, the
mathematical characterizations developed in this study could provide a theoretical foundation
for future applied research.
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