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Abstract. The Landau constants are defined by 
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These constants play an important role in complex analysis. In this paper, we 

establish new asymptotic expansions and inequalities for the Landau constants. 
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1. INTRODUCTION AND MOTIVATION 
 

 

Throughout this paper,   represents the set of positive integers and       { }. 
The Landau constants are defined by 
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which play an important role in the theory of complex analysis. Landau himself [1] studied 

the asymptotic behavior of    and showed that 
 

   
 

 
            

 

Since then, the problem of approximation of the Landau constants has attracted many 

researchers. It is found that the investigation for the approximation of    has two main 

directions: One is to find sharper bounds of   , for all    . The other is to obtain 

asymptotic formulas of    for large    . 

Watson [2] proved the following asymptotic formula: 
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with 
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where   denotes the Euler-Mascheroni constant (see, e.g., [3, Section 1.2]). In what follows, 

   is given in (1.2). 

Diverse sharp inequalities and asymptotic expansions for    have been established 

(see, e.g., [4-28]). For example, Zhao [27, Theorem 1] established the following two-sided 

inequality for all    : 
 

 

 
           

 

       
 

 

          
    

 
 

 
           

 

       
 

 

          
 

 

         
   

(1.3) 

 

which implies Watson's asymptotic formula (1.1) [2]. Mortici [21, Theorem 2] improved 

Zhao's result (1.3) [27]. 

Nemes and Nemes [23] derived full asymptotic expansions of    using a formula in 

[15]. They also conjectured a symmetry property of the coefficients in the expansion. 

Subsequently, Nemes himself [22] proved this conjecture. Nemes [22, Theorem 1.1] proved 

that, for            , the Landau constants    have the following asymptotic expansion: 
 

   
 

 
           ∑

     

      

 

   

         (1.4) 

 

where the coefficients       are given by 
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Here,        denotes Stirling numbers of the second kind defined by the generating 

function [3, p.78]: 
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and the       denotes Bernoulli polynomials defined by the generating function [3, p. 81]: 
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The rational numbers            are called Bernoulli numbers. 

In fact, (1.4) also holds for      . Nemes [22] showed that for            , 

 

             (
 

 
  )                
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which implies 

     (
 

 
)                 (1.6) 

 

Moreover, the case    
 

 
 is investigated in detail in Nemes’ paper [22]. 

Li et al. [19] gave the following recursive formula to determine the coefficients       

in (1.4): 
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(1.7) 

 

In [19, Theorem 1], the coefficients of the expansion (1.4) are given iteratively in an 

explicit manner, and the conjecture of [23] is also confirmed. It is worth mentioning that Li et 

al. [19,20] considered an important special case and proved that 
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for     and     , where             are positive rational numbers, given explicitly in an 

iterative manner [20, Lemma 1]. The inequality (1.8) can be written as 
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 (1.9) 

 

for all      and    . The first few coefficients     are 
 

   
  

   
     

    

      
    

     

       
     

       

          
    

    
         

           
      

              

               
     

            

             
  

 

Inequality (1.9) implies that 
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Noting that (1.6) holds, we obtain from (1.4) and (1.10) that 
 

     (
 

 
)                 (1.11) 

 

Using the computer program MAPLE 11, we find, as    , 
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)     (1.12) 
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From a computational viewpoint, the formula (1.12) is better than the formula (1.10). 

The first aim of the present paper is to determine the constants    and    such that 
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There are bounds of other types involved. For example, Alzer [4, Theorem 1] gave the 

upper and lower bounds for the Landau constants in terms of the digamma function      
 , namely 

   
 

 
             

 

 
                

 

with the best possible constants 

  
 

 
                       

 

Based on the above result of Nemes [22], Chen [8] obtained the following full 

asymptotic expansion: 

      
 

 
 (  

 

 
)  ∑

     

      

 

   

          (1.14) 

 

with the coefficients      ,     given by 
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(1.15) 

 

where       are the Bernoulli polynomials and       are given in (1.5). 

Noting that [29, p. 804, (23.1.8)] 
 

                              
we obtain 
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We find from (1.15) that 
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Noting that [1, p. 805, (23.1.21)] 
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the formula (1.16) can be written as 
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The choice   
 

 
 in (1.14) yields 
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Using (1.17), we give the first few coefficients    (
 

 
) as follows: 
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Using the computer program MAPLE 11, we find, as    , 
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(1.20) 

 

From a computational view point, the formula (1.20) is better than the formula  (1.18). 

The second aim of the present paper is to determine the constants    and    such that 
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We now define the sequence         by 
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We are interested in finding the values of the parameters    , and   such that         

is the fastest sequence that converges to zero. This provides the best approximations of the 

form: 

      
 

  
                         (1.23) 

 

Our study is based on Lemma 1 below, which provides a method for measuring 

convergence speed. Based on the approximation formula (1.23), we establish a sharp double 

inequality. This is the last aim of the present paper. 

The numerical values given in this paper have been calculated by using the computer 

program MAPLE 11. 
 

 

2. LEMMAS 
 

 

Let   be the set of all real numbers. 
 

Lemma 1 ([30,31]). If the sequence         converges to zero and if there exists the 

following limit: 

   
   

                        (2.1) 

then 

   
   

       
 

   
   

 

Lemma 1 provides a method for measuring the speed of convergence. 
 

Lemma 2 ([32]). The following continued fraction formula holds true: 
 

[
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)

      
]

 

 
 

     
  

     
  

     
  

      

  
(2.2) 

 

In 1654, Lord William Brouncker found the remarkable continued fraction formula 

(2.2). Formula (2.2) was not published by Brouncker himself, but first appeared in [32]. 

Formula (2.2) follows, for example, from Entry 25 in Chapter 12 of Ramanujan's notebook 

[33], which gives a more general continued-fraction formula for quotients of gamma functions 

and has several proofs published by different authors. Very recently, Granath [18] derived the 

asymptotic expansions for the Landau constants and related inequalities by using Brouncker's 

continued fraction formula. 

By (2.2), we have the following inequality [18, p. 742]: 
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Lemma 3. For    , the following double inequality holds: 
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Proof: The inequality (2.4) is obtained by considering the functions      and      defined, 

for    , by 
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Differentiation yields 
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where 

                                                        
                           

and 

                                                     

                         
 

Clearly,         and         hold for    . Hence, the function      is strictly 

decreasing on      ,      is strictly increasing on      , and we have 
 

        
   

                         
   

                     

 

The proof of Lemma 3 is complete.□ 
 

 

3. MAIN RESULTS 
 

 

Theorem 1. As    , the Landau constants have the following asymptotic expansion: 
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where    and    are given by a pair of recurrence relations 
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for    , with    
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. Here    (

 

 
) can be calculated using (1.5) or (1.7). 

 

Proof: In view of (1.12), we can let 
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as    , where    and    are real numbers to be determined. It follows from (1.10) and 

(1.11) that 
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Equating coefficients of the term (  
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,  on the right sides of (3.4) and (3.5), we 

obtain 
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Setting        and        in (3.6), respectively, yields 
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For    , from (3.7) and (3.8) we obtain 
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We then obtain the recurrence relations (3.2) and (3.3). 

The proof of Theorem 1 is complete. □ 
 

Here, we give explicit numerical values of some of the first terms of    and    by 

using (3.2) and (3.3). This shows how easily we can determine the constants    and    in 

(3.1). 
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Remark 1. The constants    and    in (1.13) are given by 

 

               
 

  
      

 

The few constants    and    are 
 

   
  

   
        

    

    
     

        

           
        

            

            
  

   
                       

                         
 

   
                                      

                                     
  

 

We note that the values of    and    (for        ) above are equal to the constants 

appearing in (1.12). 

Following the same method as was used in the proof of Theorem 1, we can prove the 

following Theorem 2. We here omit the proof. 
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Theorem 2. As    , the Landau constants have the following asymptotic expansion: 
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for    , with    
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Noting that (1.19), we here give explicit numerical values of some first terms of    

and    by using (3.10) and (3.11). 
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Remark 2. The constants    and    in (1.21) are given by 
 

               
 

  
      

 

The first few constants    and    are 
 

   
 

  
        

   

   
     

    

       
        

     

     
  

   
          

            
        

              

              
   

 

We note that the values of    and    (for        ) above are equal to the constants 

appearing in (1.20). 
 

Theorem 3. Let the sequence         be defined by 1.22). Suppose also that 
 

  
 

 
   

   

  
   

   

   
  (3.12) 

Then 
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The speed of convergence of the sequence          is given by the order estimate 

       as    . 
 

Proof: Using the representation (see [18, p. 739], [2, p. 218]) 
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We write the difference         as the following power series in    : 
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According to Lemma 1, the three parameters     and  , which produce the fastest 

convergence of the sequence          are given by (3.15) 
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that is, by (3.12). We thus find that 
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Finally, by using Lemma 1, we obtain the desired assertion (3.13). 

The proof of Theorem 3 is complete. □ 
 

We then find that 
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is the best approximation among all approximations given by (1.23). 



New Asymptotic Expansions and Inequalities… Shun-Wei Xu, Chao-Ping Chen, Cristinel Mortici                                                                    

ISSN: 1844 – 9581 Mathematics Section 

117 

The formula (3.16) has motivated us to propose the following question: What is the 

largest number α, and what is the smallest number   such that the following inequality: 
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holds true for all     ? Theorem 4 answers this question. 
  

Theorem 4. For all     , the following sharp bounds hold true: 
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where the constants 
 

                            
   

   
             

 

are the best possible, in the sense that the first (the second) constant cannot be replaced by a 

larger (smaller) value, respectively. 
 

Proof: The upper bound in (3.17) is obtained by considering the sequence         defined by 
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Using (3.14), (2.3) and (2.4), we obtain that for    , 
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Clearly,         holds for    . Therefore, the sequence         is strictly 

increasing, and we have 
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This means that the right-hand side of (3.17) holds for     . 

The right-hand side of (3.17) can be written as 
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Using (1.10), we find 
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Hence, the right-hand side of (3.17) holds for     , the constant 
    

    
 is the best 

possible. 

The lower bound in (3.17) is obtained by considering the sequence         
 defined 

by 
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where 

                          
 

Direct computation would yield 
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Hence, for    , the equal sign on the left-hand side of Theorem 4 holds. 

Using (3.14), (2.3) and (2.4), and noting that       , we obtain that for    , 



New Asymptotic Expansions and Inequalities… Shun-Wei Xu, Chao-Ping Chen, Cristinel Mortici                                                                    

ISSN: 1844 – 9581 Mathematics Section 

119 

        
 

 
(
 (  

 
 
)

      
 )

 

 
 

  
  (

   
 
    

   
     

       
 
 

       
   
  

       
)

 
 

 
(
 (  

 
 
)

      
 )

 

 
 

  
  (  

              

                    
)

 
 

 

                                 

                                         

 
 

  
  (  

              

                        
)   

 

 
      

(3.18) 

where 

     
                                 

                                         

 
 

 
  (  

              

                        
)  

 

Differentiation yields 
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Clearly,         holds for    . Hence, the function      is strictly increasing for 

   , and we have 

        
   

                  

 

We see from (3.18) that,         holds for all    . Direct computation would 

yield 

                                       
 

Hence, the sequence         is strictly decreasing for    , and we have 

 

      
   

                

 

Therefore, the left-hand side of (3.17) holds for all     . Noting that the equal sign 

on the left-hand side of (3.17) holds for    , we see that the constant           is the best 

possible. The proof of Theorem 4 is complete. □ 
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