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Abstract. The Landau constants are defined by

n
1 /2k\?
G, = 2_16" ( ; ) , neNy=NU{0}; N:={123,..}.
k=0

These constants play an important role in complex analysis. In this paper, we
establish new asymptotic expansions and inequalities for the Landau constants.
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1. INTRODUCTION AND MOTIVATION

Throughout this paper, N represents the set of positive integers and No: = N U {0}.
The Landau constants are defined by

n 2
1 2k
Gn:ZI6k<k) » nENo,
k=0

which play an important role in the theory of complex analysis. Landau himself [1] studied
the asymptotic behavior of G,, and showed that

G, ~—Inn, n- oo,
s

Since then, the problem of approximation of the Landau constants has attracted many
researchers. It is found that the investigation for the approximation of G, has two main
directions: One is to find sharper bounds of G,, for all n € N. The other is to obtain
asymptotic formulas of G,, for large n € N.

Watson [2] proved the following asymptotic formula:
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1 1 1
angln(n+1)+co—m+0(ﬁ), n — o (11)
with
1
Co = p (y +4In2) = 1.0662758532089143543451101966157 ..., (1.2)

where y denotes the Euler-Mascheroni constant (see, e.g., [3, Section 1.2]). In what follows,
co is givenin (1.2).

Diverse sharp inequalities and asymptotic expansions for G, have been established
(see, e.g., [4-28]). For example, Zhao [27, Theorem 1] established the following two-sided
inequality for all n € N:

1 5
i+ 1) 192n(n + 1)2
1 5

1
;ln(n+1)+co— < Gy

3
+ + ,
4n(n+1) 192n(n+1)? 128(n+ 1)3

(1.3)

1
<;ln(n+1)+co—

which implies Watson's asymptotic formula (1.1) [2]. Mortici [21, Theorem 2] improved
Zhao's result (1.3) [27].

Nemes and Nemes [23] derived full asymptotic expansions of G,, using a formula in
[15]. They also conjectured a symmetry property of the coefficients in the expansion.
Subsequently, Nemes himself [22] proved this conjecture. Nemes [22, Theorem 1.1] proved
that, for 0 < h < 3/2, the Landau constants G,, have the following asymptotic expansion:

gr(h)

— 1.4
ey T (4

1
Gn~Eln(n+h)+co—

where the coefficients g, (h) are given by
k

w0= 3 (B - Do) Lm) s

Here, S(j, m) denotes Stirling numbers of the second kind defined by the generating
function [3, p.78]:

e*— 1™ xk
et kz SCm) 7
=m

and the By, (t) denotes Bernoulli polynomlals deflned by the generating function [3, p. 81]:

ZB(t) , lzl < 27,

The rational numbers B, = B, (0) are called Bernoulli numbers.
In fact, (1.4) also holds for h = 0. Nemes [22] showed that for0 < h < 3/2,

3
gk(h) = (=¥ gy (E - h), for k €N,
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which implies
3
9ok-1 (Z) =0, for k € N. (16)

Moreover, the case h = z is investigated in detail in Nemes’ paper [22].

Li et al. [19] gave the following recursive formula to determine the coefficients G, (h)
in (1.4):

(s = 2)%g;_s(h) = (—1)5{25 ~2 1NN+

e

4
£=1

+Z{(2—zk>( )+ Z#(ft 22 () j)}g )52 3

In [19, Theorem 1], the coefficients of the expansion (1.4) are given iteratively in an
explicit manner, and the conjecture of [23] is also confirmed. It is worth mentioning that Li et
al. [19,20] considered an important special case and proved that

(1.7)

-1
1 3 1
A e O R e e . 18)

for I € N and n € Ng, where (—1)5*t1p,. are positive rational numbers, given explicitly in an
iterative manner [20, Lemma 1]. The inequality (1.8) can be written as

2m 2m-—1
1 3 1 Bos 1 3
Eln<n+z>+C0+EZ 3 < < Gy <—ln(n+4>+co+ Z—B 25 (1.9)
=1 (n + Z) t(n+g)
for all n € N, and m € N. The first few coefficients S, are
11 1541 63433 _ 9199901
Pr=To7:  P+="Tysg0r P~ 87536 P2~ “T006632960
317959723 14849190321163 717209117969

B =17716720006" P2 = T281206257233920° P ~ 3298534883328
Inequality (1.9) implies that

1 3 I Bos
Gn~;ln<n+z>+co +;Zﬁ , N — 00, (110)
=i(n+3)

Noting that (1.6) holds, we obtain from (1.4) and (1.10) that

3
—7Tg21( ) ﬁz[ ) £=>1. (111)
Using the computer program MAPLE 11, we find, as n — oo,
1 3
Gu ~~In (n 4 Z) + ¢ (1.12)
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11 89684299
1 192 18166579200
i n? 43542901 T3 719149947443
2"t 7080 (" +37 + 631377264960)
30646942297456278196487
4 3845170466901385543680000

+
{nz +§n n 14513829897086081062862741419735820039}5
2 8804153875127221148781189691105961600

From a computational viewpoint, the formula (1.12) is better than the formula (1.10).
The first aim of the present paper is to determine the constants A; and u; such that

1 3 1¢ A
G“E“‘(”*Z)”O*;Z 3 71 D (113)
J=1{n +7n+uj}

There are bounds of other types involved. For example, Alzer [4, Theorem 1] gave the
upper and lower bounds for the Landau constants in terms of the digamma function ¢ = I’/
I', namely

1 1
Co +El,b(n+a) <G, <cy +Elp(n+ﬁ), n € Ny,

with the best possible constants

5
a=7 and f =1.26621....

Based on the above result of Nemes [22], Chen [8] obtained the following full
asymptotic expansion:

1 5 o ()
Gn~00+;¢(n+z>+kﬂz;Iﬁﬁ, (1.14)
with the coefficients g, (h), k € N given by
5
Bz —h
ai(h) = (—1)k(,;“—ﬂ) - ge(h), keN, (L.15)
where B, (t) are the Bernoulli polynomials and g, (h) are given in (1.5).
Noting that [29, p. 804, (23.1.8)]
By(1—x) = (=1)"By(x), n €N,
we obtain
1
BZk—l <_> =0 ) k € N.
2
We find from (1.15) that
1
3y ~Bui(3) 3 (1.16)
a1 (3) = G —ym ~ 921 (3) =0 ke
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. <3> _ B )

3
1)~ 2kn _92"(2):0‘ keN.

Noting that [1, p. 805, (23.1.21)]

1
B, (E) ——(1-2"™B,, neN,,

the formula (1.16) can be written as

3\ —(1—21"20B,, 3
3\ _ _ (3 1.17
2k (4) 2kt G2k (4)’ keN. (L1.17)

The choice h = % in (1.14) yields

[oe)

Gn~1¢( >+co Z ZR, n — oo, (1.18)

T
k: _

Using (1.17), we give the first few coefficients g, ( ) as follows:

(3)_ 1 (3)_ 43 (3)_ 503
©2\3) " 6arr ©“\2)7 "819277  9\a) T 1310727

(3) 335891 (3) 5575883 (1.19)
s\ 67108864n"  1°\2) ~ 5368709127 '
<3> 2177397749 (3) 147454921819
AW 68719476736n°  14\a 10995116277767
Using the computer program MAPLE 11, we find, asn — oo,
1 5
Gn~;1/)(n+z)+co
1 2175
1 64 1048576
T 243 +£+ , . 3., 14161y’ (1.20)
mtant g {n?+gn+1i3g) |
1957143745
N 498216206336
{ 2,3 +23481771701867}5
N T M T 3076851646592

From a computational view point, the formula (1.20) is better than the formula (1.18).
The second aim of the present paper is to determine the constants r; and s; such that

1 5 1 7
et YrartS e
j=1 (n2 +5n+ sj)

We now define the sequence (v,),en DY
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1
v, =G, —Co— gln(n3 + an? + bn + ¢). (1.22)

We are interested in finding the values of the parameters a, b, and ¢ such that (v,,)en
is the fastest sequence that converges to zero. This provides the best approximations of the
form:

1
Gp ~ Co — gln(n3 +an®+bn+c), n- o, (1.23)

Our study is based on Lemma 1 below, which provides a method for measuring
convergence speed. Based on the approximation formula (1.23), we establish a sharp double
inequality. This is the last aim of the present paper.

The numerical values given in this paper have been calculated by using the computer
program MAPLE 11.

2. LEMMAS

Let R be the set of all real numbers.

Lemma 1 ([30,31]). If the sequence (A,),en CONverges to zero and if there exists the
following limit:

lim n*(1,, —1,,1) =l €ER, k>1, (2.1)
n—->oo
then
[
o k-1y _
Mm A =

Lemma 1 provides a method for measuring the speed of convergence.

Lemma 2 ([32]). The following continued fraction formula holds true:

2
F(n+%) B 4
= _ _
rn+1) 1+ 4n + 1 = (2.2)
2+8n+ >

28Nt g

In 1654, Lord William Brouncker found the remarkable continued fraction formula
(2.2). Formula (2.2) was not published by Brouncker himself, but first appeared in [32].
Formula (2.2) follows, for example, from Entry 25 in Chapter 12 of Ramanujan's notebook
[33], which gives a more general continued-fraction formula for quotients of gamma functions
and has several proofs published by different authors. Very recently, Granath [18] derived the
asymptotic expansions for the Landau constants and related inequalities by using Brouncker's
continued fraction formula.

By (2.2), we have the following inequality [18, p. 742]:

WWW.josa.ro Mathematics Section
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4 F(n+%)2
12 < rm+1)

1+4n+

2+8n+ £2

2+8n
< E , n EN,
1+4n+ 32
52

2+8n+ =2
2+8n+2+8n

2+8n+5—5—

2+ 8n+

that is

1 2
16(19 + 92n + 96n? + 128n%) r(n+3)
105 + 7041 + 192002 + 20481 + 2048n* | T(n+ 1) 2.3)

4(789 + 2912n + 6848n? + 4096n3 + 4096n*)

€ N.
945 + 6756n + 18880n2 + 32000n3 + 20480n* + 16384n>’ n
Lemma 3. For x > 1, the following double inequality holds:
3 3 4 3 4 3 1011 867 63681
x 4x?  32x3  128x* 1024%x5 8192x6 917504x7
R 24_119 L 141
<1 z* 64 256
n 9 119 141
— 3 il — 2 _
=13 +7zG -1+ (-1 +5e¢ (2.4)
3 3 3 3 1011 867 63681
<-——-—+ + — + —
x 4x? 32x3  128x* 10240x°> 8192x°® 917504x7
4 17049
524288x8’

Proof: The inequality (2.4) is obtained by considering the functions f(x) and g(x) defined,
forx > 1, by
9 , 119 141

f(x) _ x3 +4x + — ) +m
119 141
_ 3 _ 2
-1 +2 T2 (- 1) + oot
(3 3 s 3 s 3 1011 . 867 63681 )
x 4x2 ' 32x3 ' 128x* 10240x5 ' 8192x6 917504x7
9 119 141
3 2 —-
3 X +4x t%1 ¥t 755
g(x) =In Z 2 4 119 141
(x—-1) +Z(x—1) 4( 1)+256
<3 3 . 3 s 3 1011 | 867 63681
xﬂ(;iag; 32x3  128x* 10240x5 8192x°% 917504x7
+_524288x8>

Differentiation yields

ISSN: 1844 — 9581 Mathematics Section
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, 3Ps(x—1)
fr) == 131072x8(256x3 — 192x2 + 92x — 15)(256x3 + 576x2% + 476x + 141)
and
'(x) = 3Q0s(x — 1)
g 131072x°(256x3 — 192x2 + 92x — 15)(256x3 + 576x2 + 476x + 141)°
where

Ps(x) = 1712282791 + 7518123416x + 13267703152x% + 115721553923
+ 4810279936x* + 744882176x°,
and
Q°(x) = 609893303 + 2448840753x + 3817289816x2 + 2744059536x>
+ 773132288x* + 31454208x°.

Clearly, f'(x) < 0 and g'(x) > 0 hold for x = 1. Hence, the function f(x) is strictly
decreasing on [1, ), g(x) is strictly increasing on [1, ), and we have

flx) > tlim f(t)=0 and g(x) < tlim gt) =0, for x >1.

The proof of Lemma 3 is complete.o
3. MAIN RESULTS

Theorem 1. As n — oo, the Landau constants have the following asymptotic expansion:
G, — Tcy — ( ) Z
G 4) +b)

where a; and b; are given by a pair of recurrence relations

21 (3.1)

j—2

3 _ 2j—2

a] = —ﬂg4j_2 (4) Z ak+1b;{|_12k 2 (2] _]2k _ 2); (32)
k=0
1 3
_ 2j—1

o . 2j-2k-1 J

b= @2j—Da; |9 ( ) ;a"“b"“ (2j — 2k - 1) (3.3)
forj > 2, witha; = — and b; = & Here ng( ) can be calculated using (1.5) or (1.7).

Proof: In view of (1.12), we can let

3 - aj
nGn—nco—ln(n+—> ~Z
4 4 3 2
J=1 {(Tl + Z) + bj}

as n — oo, where a; and b; are real numbers to be determined. It follows from (1.10) and
(1.11) that

2j—-1

WWW.josa.ro Mathematics Section
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nG, — mcy — In (n + z) ~ i <—7rg21 (Z)) (n + %)—Zl, (3.4)
j=1

where g, (Z) can be calculated using (1.5) or (1.7). Direct computation yields

—-(2j-1)

=i a i( 1)k(k+2]—2)b+
7z K 2k
= (n + %) k=0 £n + %) (3.5)
R R () i
Jj=0 (n + %)4”2 k=0 ( ‘ ) (n + %)Zk
2 - . kY, j- 1
= JZORZO A, (—1)7F (] + k) bl]c"']l( ( . %)z(j+k+1)
- (171 1 3\ 2
= z Z ak+1(—1)l_1b]l¢:-21k_1 (l _ Z_k — 1) (TL + Z) .

=21
Equating coefficients of the term (n + %) , on the right sides of (3.4) and (3.5), we

obtain
Iz
_ANl—1pl-2k—1 [-1 _ (E) > (3.6)
kzoakﬂ( 1) by (l—2k—1) gz 1)’ =1
Setting l = 2j + 1 and l = 2j + 2 in (3.6), respectively, yields
J
i 2j 3\ .
Y ety L) =ronn () 120
k=0
and
j
- 2j+1 3 _
Z g1y (21' —]Zk + 1) = T9aj+a (Z) » J 20 (38)
k=0

For j = 0, from (3.7) and (3.8) we obtain

ISSN: 1844 — 9581 Mathematics Section
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(§) 1541
*\4 271920 1 al al 11 7040’
192
and for j > 1 we have
j-1 3
i—2k (2]
z ak+1bii12 (2]- _ 2k> t i1 = —TGsj42 (Z)
. k=0
< 2j +1 3
j—2k ] .
Z ak+1b£i12 i (2]- 2k + 1) + aj41bj41(2] + 1) = TTGsjra (Z)
k=0

We then obtain the recurrence relations (3.2) and (3.3).
The proof of Theorem 1 is complete. o

Here, we give explicit numerical values of some of the first terms of a; and b; by
using (3.2) and (3.3). This shows how easily we can determine the constants a; and b; in
(3.2).

_u 14
%= 19y’ 1"70403
~ <3> , 89684299 __ﬂgs(z)-albf__364000123403
@2 = 7196 \3) ~ “P1 T 18166579200° 2 3a, ~ 631377464960
~ (3) b g pz  30646942297456278196487
43 = 7910\ ; 4101 — 04202 = 3845170466901385543680000 °
G912 (Z) — a;b} — 10a,b3
b3 == 5
as

~9561493342327019166673322218488716639
~ 8804153875127221148781189691105961600°

Remark 1. The constants A; and y; in (1.13) are given by

9

The few constants A; and y; are

11 5501 89684299 719149947443

192’ M T7020° 72T 18166579200 "2 ~ 631377464960
30646942297456278196487

37 3845170466901385543680000°
14513829897086081062862741419735820039
Us

~ 8804153875127221148781189691105961600

11:

We note that the values of 4; and u; (for j = 1,2,3) above are equal to the constants
appearing in (1.12).

Following the same method as was used in the proof of Theorem 1, we can prove the
following Theorem 2. We here omit the proof.

WWW.josa.ro Mathematics Section
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Theorem 2. As n — oo, the Landau constants have the following asymptotic expansion:

o

1 5 aj
7iln — 1o — 10 (" " Z) ~ Z 3z I (3.9)
g {(" +g) + ﬁf}

where o; and f; are given by a pair of recurrence relations

Jj—2
3 2j-2k-2 2j—2
Ui =TGgsj—2 (Z) - kz=0 ak+1ﬁkil (2] — 2k — 2), (3.10)
1 3 =2
2k~ 2j—1
= — =) = 2j-2k-1 J
ﬁj - (2] _ 1)0@' TYG4j (4) kz_o ak+1.Bk+1 (2] — 2k — 1) (3_11)

forj =2, witha; = 6—14 and 3, = 1% . Here q,x G) can be calculated using (1.17).

Noting that (1.19), we here give explicit numerical values of some first terms of «;
and B; by using (3.10) and (3.11).

1 43
@ =gz =13
3 3
_ (3) , 2175 _ Tqs (3) + s 7897
@2 =M \3) ~ 4P = 1048576 P2 = 3a, ~ 11136
_ (3) s_g . 1957143745
¥ = ”3"10 ) ~ P~ 6@br = 16306336
T (3) + @ups + 100,83 _ 16126042650659
b = 5a; ~ 13076851646592
Remark 2. The constants rj and s; in (1.21) are given by
9
n=a;, S 1—6+ﬁj.
The first few constants Tj and sj are
1 115 2175 14161
=64 171282 T 1048576 2 11136
1957143745 _ 23481771701867
"3 = 498216206336 % 13076851646592

We note that the values of r; and s; (for j = 1,2,3) above are equal to the constants
appearing in (1.20).

Theorem 3. Let the sequence (v,),en b€ defined by 1.22). Suppose also that

9 119 141
a=— b =

119 _ 141 3.12
4’ 62’ ° T 256 (3.12)

Then

ISSN: 1844 — 9581 Mathematics Section
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L 39 o, 39
rlll—{l;lon (Vn — Vny1) = — 12807 and ,lll_{?on Un =7 51207

(3.13)

The speed of convergence of the sequence (vy)nen IS given by the order estimate
O(n™*) asn — oo.

Proof: Using the representation (see [18, p. 739], [2, p. 218])

2

1
1({I'(n+5
G = Gy = r{n+y) , (3.14)
m\ I'n+1)
we obtain
1 1\\ ?
1 (n+§)F(n+§) !, m+1D3+an+1)?+b(n+1)+c
Vn T Vi1 =70 n+Drn+1) 3 n3+an?+bn+c '
We write the difference v,, — v, as the following power series in n™*:
~9—4a N —115 + 32a — 64b + 32a?
Vn T Vntt = oz 96mn3
4 609 — 128a + 384b — 384c — 192a? + 384ab — 128a3
384mn*
+ {—60021 + 10240 40960b + 20480a? + 61440 (3.15)
30720mn° “ “ ¢

+20480a® — 61440ab + 40960ac + 20480b? + 10240a*
1

— 40960a2b} + 0 (—6>
n

According to Lemma 1, the three parameters a,b and c, which produce the fastest
convergence of the sequence (v,,),ey are given by (3.15)

—115+32a — 64b +32a* =0

{ 9—4a=0
609 — 128a + 384b — 384c — 192a* + 384ab — 128a> = 0,

that is, by (3.12). We thus find that
39 1
Un T Vnet = T ogomms T O (F) e

Finally, by using Lemma 1, we obtain the desired assertion (3.13).
The proof of Theorem 3 is complete. o

We then find that

n3+—-n?+

1
G, = cp+—1In 2 an+2—56

( 9 119 141
3w

), n— o (3.16)

Is the best approximation among all approximations given by (1.23).

WWW.josa.ro Mathematics Section
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The formula (3.16) has motivated us to propose the following question: What is the
largest number o, and what is the smallest number 8 such that the following inequality:

+11< +9 +119+><G< +11< +9 +119+)
Co 3 n|n 411 6411 a Co 3 n|n 4n 64n B

holds true for all n € N ? Theorem 4 answers this question.

Theorem 4. For all n € N, the following sharp bounds hold true:

1 9 119
co+—ln(n3+ n? + —n + e370- CO))<G

37 4 64
S ( 0,9, 119 141) (3.17)
cotgIn(n®+gn*+rntor)

where the constants

141
e3m(1=co) = 0.53545672 ... and e 0.55078125 ...

are the best possible, in the sense that the first (the second) constant cannot be replaced by a
larger (smaller) value, respectively.

Proof: The upper bound in (3.17) is obtained by considering the sequence (x;,),,eyn defined by

1
X, =G, —cy—=—1In

( 9 119 141
3

—n® 4+ — — € N,.
n +4n +64n+256>' n 0

Using (3.14), (2.3) and (2.4), we obtain that for n € N,

2
1
[t @) o el
Xp—Xp1=—| ————=| —=—1In

m| T(n+1) 31 .9, 1, 119 141
\ / (n-1) +4(n 1)2 + 64( 1)+256
S 1 16(19 +92n + 96n? + 128n3)

w105 + 704n + 192012 + 2048n3 + 2048n*

1 (3 3 N 3 N 3 1011 N 867 63681

3r\n  4n? 32n3 128n* 10240n°> 8192n® 917504n7

N 17049

524288718)

P7(n_1)

- 183500807rn8(105 + 704n + 1920n2 + 2048n3 + 2048n*)’
where

P,(n) = 778168475 + 7173768060n + 22843141568n” + 38304073984n3
+ 38122039296n* + 22870401024n> + 7729053696n°
+ 1145044992n’.

Clearly, x, > x,_; holds for n € N. Therefore, the sequence (x,)neniS strictly
increasing, and we have
X, < lim x,, =0, n€N.
m-—co

ISSN: 1844 — 9581 Mathematics Section



118 New Asymptotic Expansions and Inequalities. .. Shun Wei Xu et al.

This means that the right-hand side of (3.17) holds for n € N,
The right-hand side of (3.17) can be written as

1 _g2 3, 2001
e Tn(ur D) e | 2T
Using (1.10), we find
| ! 3
Jim 192n[6 B ( §)_C0]_” 2"
t7
- lim - —nt =

19271 - 1541, 1

A PPy (n+%) 122880 (n+%) (n+%)

— 1 5501+0<1> 5501
= e | 7040 n2) | = 7040

Hence, the right-hand side of (3.17) holds for n € Ny, the constant % is the best

possible.
The lower bound in (3.17) is obtained by considering the sequence (¥,)nen, defined
by
=G, ! 1 ( + i + 119 + )
YVn Co 3 nin 4n ) n+a
where
a = e37(1=¢) = 0.53545672 ...

Direct computation would yield

9 119
(n +n% +—"n+ 370~ CO))] =1, Gy=1.
n=0

1
[CO+—ln 2 =

3

Hence, for n = 0, the equal sign on the left-hand side of Theorem 4 holds.
Using (3.14), (2.3) and (2.4), and noting that a < 0.54, we obtain that for n > 3,
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1)\ ° 9 119

1({T(n+5 1 n+int+—n+a
1 ( 2) o ! 64
n\ '(n+1) 3 9 119

m-13+7(n-1)?+r(h-D+a
1
1 r(n+s) nl1e 3(64n? + 32n + 13)
IRAVECES) 37 "\~ T 64n® —48n? + 23n—39 + 64a) (318

1 4(789 + 2912n + 6848n? + 4096n3 + 4096n*)

< J—
T 945 + 6756n + 18880n2 + 3200013 + 20480n* + 16384n°
3(64n% + 32n + 13)

1
——In|1 =:—h(n),
3n“< +64n3—48n2+23n—39+64-0.54> )

Yn—Yn-17=

2

where
4(789 + 2912x + 6848x2 + 4096x3 + 4096x*)

945 4+ 6756x + 18880x2 4+ 32000x3 4+ 20480x* + 16384x5
1l <1 N 3(64x2% +32x + 13) >
— —In .

3 64x3 —48x%2 + 23x —39 + 64 - 0.54

Differentiation yields
B ) = 3P4 (x 3),
Pi6(x)
where
P;1(x) = 70417219569001425 + 1598504448371650200x
+ 4466664707687718048x* + 5913280509562446848x>
+ 4712671890810261504x* + 2485500067679272960x°
+904310091021287424x° + 229655127584145408x’
+40182004850884608x® + 4634937445580800x°
+ 318257076633600x° + 9878424780800x"",
P;(x) = (1600x3 + 3600x2 + 2975x + 864)(1600x3 — 1200x2 + 575x — 111)
X (945 + 6756x + 18880x% + 32000x® + 20480x* + 16384x°)>.

Clearly, h'(x) > 0 holds for x > 3. Hence, the function h(x) is strictly increasing for
x = 3, and we have
h(x) < gim h(t) =0 for x = 3.

We see from (3.18) that, y,, < y,_; holds for all n > 3. Direct computation would

yield
y, = 0.00008688 ... , y, =0.00003860 ....

Hence, the sequence (y,,)ey iS strictly decreasing for n € N, and we have
VY, > lim y,, =0 for n € N.
m—co
Therefore, the left-hand side of (3.17) holds for all n € Ny. Noting that the equal sign

on the left-hand side of (3.17) holds for n = 0, we see that the constant e3™(1=¢0) is the best
possible. The proof of Theorem 4 is complete. o
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