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Abstract. Four-dimensional number systems are of great importance in physics,
robotics, and computer-aided engineering. The quaternions give a chance to make
examinations on 4-dimensional structures and also 3-dimensional calculations as spatial
quaternions. The major goal of this research is to extend the Frenet elements for the Frenet-
Serret n-vectors for spatial quaternionic and quaternionic curves constructed in H™ using
real variable quaternion-valued vector functions. For this, the mathematical formulations of
the Frenet elements in Hp are evaluated, and the results in H™ are presented by using them.
Finally, exemplifications of spatial quaternion and quaternion curves with n-vectors are
provided to support the conclusions.

Keywords: Frenet-Serret formulas; n-dimensional quaternionic space; quaternion-
valued functions.
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1. INTRODUCTION

Quaternions have a wide range of applications across several fields of research [1-4].
Resources can be utilised for the basics of quaternion calculus. Also, [5-8] resources should
be examined for more information in the fields of computer graphics and physics.

While traditional quaternionic Frenet-Serret frames are highly effective for modelling
the kinematics and spatial rotations of a single rigid body in 3 or 4-dimensional spaces,
extending these concepts to spaces where n > 4 presents a unique geometric advantage. In
physical and geometric contexts, the n-dimensional quaternionic space H™ provides a unified
mathematical framework for modeling complex, multi-agent systems, such as swarm robotics,
cooperative unmanned aerial vehicle trajectories, or robotic manipulators, [9]. In these
scenarios, the simultaneous orientation and position tracking of n distinct agents can be
elegantly represented and analyzed as a single curve in H". Furthermore, existing
generalizations of Frenet-Serret formulas in higher-dimensional spaces typically rely on
standard Euclidean or semi-Euclidean metrics (e.g., Aléssio, 2012 [10]). While such global
metrics are mathematically profound, they collapse all dimensions, reducing the geometric
properties of the entire space to a single scalar value. In contrast, the methodology proposed
in this paper utilizes a componentwise metric. This choice decouples the inner-product
operations across the n-subspaces, allowing for the independent yet simultaneous evaluation
of spatial transformations. Moreover, computing higher-order curvatures in R™ using standard

! Istanbul Gelisim University, Department of Management Information Systems, 34310 Istanbul, Turkey.
E-mail: daltun@gelisim.edu.tr.

2 Yildiz Technical University, Department of Mathematics, 34220 Istanbul, Turkey.

E-mail: sayuce@yildiz.edu.tr.

https://doi.org/10.46939/J.Sci.Arts-26.1-a12



mailto:daltun@gelisim.edu.tr
mailto:sayuce@yildiz.edu.tr

152 Frenet-Serret Formulas and Frenet Elements. .. Deniz Altun and Salim Yuce

metrics leads to significant computational complexity, often requiring large-scale matrix
operations as the dimension increases. Our componentwise quaternionic approach mitigates
this computational burden while preserving the distinct geometric characteristics of each
constituent curve.

The previously published paper [11] discusses the infrastructure of the operations to
be employed in this study. For this reason, the essential concepts in [11] and [12] for the
definitions and theorems that will be used while examining the curves on the n-dimensional
quaternionic space will be addressed, in addition to the preliminaries.

Remark 1. In this respect, basic definitions, the componentwise multiplication on R", and the
componentwise metric that are defined are significant.

Component to component multiplication Xzn: R™ X R™ — R™ for two quaternions n-
vectors is defined as,

A) &Rn § = (al, a2, ...,an) &Rn (bl’ bz, ...,bn) == (albl, azbz, ...,anbn) (1)

forall 4 = (a;),B = (b;) € R™.
On R™ (R™-module), the function ||. ||: R - R",

Al = |4 Ran & = (VZ NG, V@) = Qs ], .. 0] @)

forall 4 = (a;) € R™ defines a norm. With this norm function,

d(4,B) = |4 - B| 3)
defines a metric, called the componentwise metric for 4, B € R™. The proof of this metric can
be reviewed from Theorem 3.2 of [11].

2. PRELIMINARIES

In this section, the first part briefly defines quaternions and includes sources for more
information. Then, the module and ring structures of the n-dimensional quaternionic space
will be presented, and the module structure of the n-dimensional quaternionic space over the
n-dimensional real space will be reviewed, [11]. Finally, information about the Frenet-Serret
formulas is given.

2.1. REAL QUATERNION SPACE

The ring of real quaternions was discovered by W. R. Hamilton in 1843, [13]. The set
of all real quaternions can be represented as

]H[ = {q | q == aé)o + bé)l + Cé)z + d§3, a, b, C,d € R, é)o, é)l' é)z, §3 (S R4}.

This set is a vector space over R with the basis {1,i,j, k}, satisfying the equation
i?2 =j%=k?=ijk=-1.
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2.2. n-DIMENSIONAL QUATERNIONIC SPACE

The set of all real quaternions n-vectors H™ can be represented as,
H*=HXHX..xH={G=(q)=(q1,92-,9) 1 ¢ EH,1 < i <n}.

Each component of this set are quaternions q; = S,, +V,, € H, hence the components
can be written as,

(_j = (S(h’ qz’ ** S )+( qy’ QZ’ ...,an) = SEI + VEI'

That is, each quaternion n-vector can be written as the sum of the real part Sz and the
vector part Vz. As a matter of course, the set of spatial quaternions n-vectors are defined as,

Hp =Hp X Hp X .. x Hp ={G = (q:) = (91,92, qn) | ¢ EHp,1 <i<n}
Addition operation F: H" x H™ — H" of two quaternions n-vectors is defined as,
qEP = (9 D r.92 D P2 qn D Pn) (4)

and scalar multiplication ©:H" x H" - H™ of the quaternion n-vector and the scalar
quaternion is defined as,

GOA=(q) OA=(q:i XD =(q1 XA q2 XA ., qn X 1) ()
forall G = (q;) = (91,92, -, qn), P = (0) = (P1, P2, .., P) € H*, 2 € H.
Corollary 1. {H",H, H,,x,©} = H" is a right H-module with dim H" = n.

Inner product function (, )yn: H™ x H™ — H" for the quaternion n-vectors is defined
as,

n
(@ Phan = ) %y ©)
i=1

forall g = (q;),p = (p;) € H", q;,p; EH (1 <i <n).
Norm function ||. || ;»: H" — R is defined as,

n
gllmn = n = = .12
Nl = VG Den = qu X q; = ;nqlu -

= Vllaill? + llgzll? + - + llgnlI?

forall ¢ = (q;) € H™.
Multiplication operation [X: H" x H™ — H" of two quaternions n-vectors is defined
as,

GX P =(q1 X P1,92 X P2y -r Qn X D) (8)
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forall ¢ = (q;), p = (p;) € H", q;,p; € H (1 < i < n). This operation is called quaternion
n-vectors componentwise multiplication on H™. Here, the operation "Xx" is multiplication
between two quaternions on Hi.

Corollary 2. (H",[,X) is a unitary ring.
The conjugate of a quaternion n-vector is defined as,
G = (G1, G2 ) = (Sqy = Vi Sqy = Vayr o Say — Van) = Sz — Vz
forall g = (q;) € H™.

2.3. MODULE STRUCTURE OF n-DIMENSIONAL QUATERNIONIC SPACE OVER n-
DIMENSIONAL REAL SPACE

In this part, we first define a scalar multiplication operation that will allow us to
construct the module structure. Then, the inner product and norm functions of this module
will be characterized.

Multiplication []: H" x R™ — H"™ of quaternion n-vector with real n-vector is defined
by using (1) as,

G071 = (Aé +Bé +Cé,+Dé;) D41
= (/T &Rn Z)é)o + (E &Rn Z)é)l + (5 |Z[Rn j)éz + (5 &Rn Z)é)3

forall ¢ = A8, + Bé, + Cé, + Dé; € H" and 1 € R™.
Multiplication operation is also defined using (5) as

GEA=(01 O, 0 Oy G O 1)
forall g = (q)) € H", q; € H,and 1 = (1;) e R*(1 < i < n).

Corollary 3. {H",HH, R", +,XIgn,[]} is @ module with dim H"™ = 4, which means that H" is
4-dimensional over the space of real n-vectors. And the space of the quaternion n-vectors can
be denoted by H" = Sp{e,, é,, &,, &3}

Inner product from H™ x H" to R" is defined as,

n 1 = -
(G,Phn =5 [(GRp) B (FK )] (9)

forall g,p € H".
Norm function from H" to R™ is defined as,

IG5 = J@. @ = a8 = Qlarl gl .. gD (10)

for all g,p € H". Here, the norm in the components of the function is the norm operation
given in (7).
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2.4. FRENET-SERRET FRAME

This section presents Frenet-Serret formulations for the quaternionic curves examined
by [14]. Throughout the paper, we assume that all curves have an arc-length parameter.

Theorem 4. A spatial quaternionic curve y: I = [0,1] ¢ R — H parameterized by s € I ¢ R
arc-length. With {t(s),n(s), b(s)} being the Frenet frame field at the point y(s), the Frenet-
Serret Formulae of a spatial quaternionic curve are given by,

t'(s) = kn(s)
n'(s) = —kt(s) + tb(s)
b'(s) = —tn(s).
Here, k and t are the principal curvature and torsion of y, respectively.

Theorem 5. Let 8:1 < R — H be a unit speed quaternionic curve given in H. Suppose that
T = B’ is the tangent vector of 8. Now, if N, B, and D vectors are selected as N =t X T,
B=nXxT,and D = b x T, then the vector system {T, N, B, D} is obtained with the help of
the {t,n, b} frame. The Frenet-Serret Formulae of the quaternionic curve at the point g are
given by,

T'(s) = K(s)N(s)

N'(s) = —=K(s)T(s) + k(s)B(s)
B'(s) = —k(s)N(s) + (‘L’(S) - K(s))D(s)
D'(s) = —(T(S) — K(S))B(S).

Here, K is the curvature of g, [14].
3. FRENET-SERRET FORMULAS OF n-DIMENSIONAL QUATERNIONIC SPACE

While standard quaternionic Frenet-Serret formulas describe the motion of single rigid
bodies, this generalization to the H™" space allows for the formulation of synchronized
trajectory analyses of interacting multi-agent robotic systems or multi-joint mechanisms under
a single algebraic framework.

In this section, curves will be given more extensively on the quaternion n-vectors
space H™. First, the spatial quaternion n-vectors space Hp will be studied and generalized.
Then, the Frenet-Serret formulas for these curves will be obtained, and the results will be
derived by considering the componentwise metric defined in (3).

The length of an n-vector in the n-dimensional quaternionic space will be determined
by considering the componentwise metric. In addition, proofs will be made for quaternion n-
vectors with the help of the previously defined inner product and norm operations, the concept
of orthogonality, conjugate operation properties, and derivative properties.
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The n-vector systems {¢, 7, b} and {T, N, B, D} were obtained using [14].

3.1. SPATIAL QUATERNION CURVES IN Hp

Definition 1. Let
= =W0nye V) | Vit 7i=0, v =€ +Vi2€; +Vi3€3 € Hp}
be the spatial quaternion n-vectors space, where 1 < i < n. In this space, the function,

y:I c R - H}
s > 7(s) = (y1(5), ¥2(8), e, Yu(s))

3 3 3 3 "
= D 8D 12y 8 vy ©F | = D vy 95
j=1 j=1 j=1 j=1 -

is called n-dimensional spatial quaternionic curve for j = 1,2,3 where s € [ is an arc-length
parameter. Here, each function y; (1 < i < n) are spatial quaternionic curves in Hp.

Definition 2. Let y: I ¢ R — H} be n-dimensional spatial quaternionic curve with I c R unit
interval and arc-length parameter s € I in HE. Then, y is called n-dimensional unit speed

spatial quaternionic curve, if ||)7’(s)||§r;l = T where, 7'(s) is the n-vector at each point of 7.
In this case, by considering the equation y'(s) X ?(s) = 1 for unit speed curves,

(17 O] = 7/ ).7 (N8 = %[(Ws) g ﬂs)) & (7'(5) < ﬂs))] -7
is obtained.

Definition 3. If ||)7’(s)||%% =0 or )7(5) + 0 for each real parameter s and 0= (0,0, ...,0),
then y is called n-dimensional spatial quaternionic regular curve.

Definition 4. Let y:1 ¢ R —» HE be n-dimensional unit speed spatial quaternionic curve
given in HZ. The n-vector £(s) = 7'(s) = (Z?zly{j(s)éj)?_l is called the unit tangent n-
vector of y.

Theorem 6. Let y: 1 ¢ R — HE be n-dimensional unit speed spatial quaternionic curve given
in HZ. Then, £ and £’ are orthogonal, and also, ' [X £ is a spatial quaternion n-vector.

Proof: By taking the derivative of both sides of

n12 - nq2 - = -
(17 1E] = [[E@ll,] =i© R =T,
then the equation,

@=BL: (E < (?)) =3 (11)
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is obtained. Since £(s) = (Zj’-’ﬂy{j(s)éj)?:l is a spatial quaternion n-vector,
?(s) = —(Z;’leyi’j(s)éj)ll can be written in accordance with the properties of the conjugate
operation. By using the  equations 2(s) = —(Zf?zly{]’-(s)%)?_l and

() © =~ ©8)L .

7 =(7) © (12)

is obtained. Thus, with the help of (11) and (12),
n 1 S —
2> 20 R _ rd] - - —)I _
(t;t)lmg—z[(t &t)aa(t&t)] = 0.

That is, £ and £’ are orthogonal in H™. It can be easily seen that £ [X £ is a spatial
quaternion n-vector from the expression,

(E'x?)aa(fx(?)')=(E'g?)aa(?&?)=(E'®§)Ba(rz?)=6.

Definition 5. Let y:1 ¢ R —» HE be n-dimensional unit speed spatial quaternionic curve
given in Hp. The following n-vector,

n,—1
i(s) = #(s) Co [||E'(s)||§g] (13)

- - - - e _— - — Rn -

IS a unit n-vector and since t and t’ are orthogonal, it is clear that (t(s),n(s))Hn = (0 from the
P

choice made in (13).

Lemma 7. Selecting 5(5) = t(s) X 7i(s), now provides the following features:
() &) ®i(s) = b(s) = —7i(s) K (s)
(i) £(s) ®b(s) = —i(s) = —b(s) W £(s)
(ii}) 7i(s) ® b(s) = £(s) = —b(s) R 7i(s)

-

(iv) IRA=0
v) AiRt=h
(vi) {Kb=nandbRZ=7
(vii) ANDb=fandb X7 ="F

([ ANy = 5| (R7) @ (iR =5 [F@5] =0 (14
((s), E(s))i; = % (E = ?) B (h X ?)] = %[ﬁ Bl =0 (15)
(1), B(5)) gy = % (ixb)B (x| - %[? mE=0 (16)
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- - n 11r/- _ S - S - S N - > S

(b5 =5 |(FRE)B(PRB)| =bmb=-(5b) Bbngh=1 ()
P

So, the orthonormal n-vector system {Z(s), 7i(s), b(s)} is acquired using the

componentwise metric. The n-vectors £(s), 7(s), and E(s) are also called Frenet n-vectors of
the unit speed curve in Hp.
Definition 6. Curvature of y on H} is defined as,

7() = ) gy (18)

Theorem 8. Let £ be the unit tangent n-vector of the unit speed curve ¥ and ¥ be the
curvature on HZ2. Then the following equality is acquired,

t'(s) = i(s) Ep K(s). (19)

Theorem 9. Let for every s € I of #, {£(s), 7i(s), b(s)} be the system at the point #(s), and
%(s) and Z(s) be its curvatures. The relationship between the derivatives t'(s), 7'(s), b'(s)
of the n-vectors £(s), 7i(s), 5(5) and the curvatures are given by,

t'(s) =7(s) @p K(s)
¥'(s) = (£(s) p (—R(s)) ) B (B(s) T ()
b'(s) = 7i(s) [p (—2(5)).

Proof: Since, ¢’ (s), 7' (s), E’(s) forms an orthonormal system, the following equations can be
written:

E'(S) = (E(S) Clp ‘111) H (i(s) [p a12) H (E(S) L1p a13) (20)
n'(s) = (E(S) Llp a21) H (7(s) Llp azz) H (B(S) Clp a23) (21)
EI(S) = (f(s) C1p a31) B (7i(s) [p as;) H (B(S) Clp a33)- (22)

From these equations, the coefficients a;; € R™ (1 < i,j < 3) can be evaluated.

If the expression (20) is inner producted by £, 7, and b respectively, then with the help
of the equations (14), (15), and Theorem 6,

(@55 = (& By D 1) B ({7, By D 1) B ((B.8)y Do 15))

can be written. Similarly,

]RTL

= alz = 6
and by using (14), (16), and (19)

— n — - — n - — n - -
(E’,n)ﬁg =(n[lp K,n)ﬁg = (n,n)ﬁg Mg K =K = a4,
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is obtained. Also,

(E’; 5)52 = (E» E)i: Llpasq ) H (7_1), E)i: Llp aq, ) HH (E» B)i: Llp ass
P P P
= di3
can be written, then, by using (15), (16), and (19)
B = (70 R, B) = (A D) Rk =0=a
) ]].]]g - Py Hg - ) Hg R" - - Y13

is found. Finally, the expression (20) is obtained as,
t'(s) = 1(s) [p K(s). (23)
If the expression (21) is inner producted by £, 7, and b, respectively,

<<7_i" E)ﬁg = ((E» E)i; Clp a21) H ((ﬁ, E)Eg Clp azz) H ((B. E)ig Llp a23)>

=dap;

can be written. By differentiating equation (14),

e ie@)e@e)s(@@)-0

is found. Since £ and 7 are spatial quaternion n-vectors, and equation (12) is valid for £ and 7,
if the equality is rearranged,

(7 =) @ (= (7)) @3 [(fe (7)) @ (7 = E)| =0

is acquired, and this equation provides (f’,ﬁ)i: + (¢, ﬁ’)ﬁz = 0. Here, it yields to
P P

(£} gy = —(E')71) gy = —arz = —F. Also,

—; >\R"? > _\R" o W RT - R"™

(n Jl)%g = ((t, n)i’; Clp a21) H ((n,n)%g L1p azz) H ((b,n)Hg Llp a23>
can be found. Furthermore, the equation,

G, Y55 = (£ By Dp 21 ) B3 ({7 By G 022 8 ({5, B}y 0 )

) ]H]g ’ Hg P %21 ’ ]HI% P %22 4 ]HI? P %23
= dz3

can be written. Now, by differentiating equation (16),

11/, 3 N = S o =\ _ =
S|P eb)s (i (5) ) e (b ri) B (R (E))| =0
is obtained. Since 7 and b are spatial quaternion n-vectors and equality (12) is valid for 7 and

b, if the previous equality is rearranged,
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w7 @ Gu @) my{n @)a @ a)-

is acquired and this provides the equation, (77, B)i; + (%, l;’)i; =0. Here, since
(1", B)i; = ay; = —(7, 5’)i; and a,; = 7(s) is taken, the expression (21), becomes,
/() = (£(s) Ep— #(s)) B (b(s) Ep () ) (24)
The resulting expression,
ay3 = (1, I;)Rn = 7(s) (25)

is called second curvature or torsion of the unit speed curve y in HE.
If the expression (22) is inner producted by £, 7, and b, respectively,

Rn

(E’: E)]ﬁg = ((E, ) DP a31) H ( i ) C1p a32) H <<B’ z)Hg Clp a33>

= az, = —1(s)
(B, 55 = ({£,5)yy D as2 ) B (7 )y Do as2) 8 ({5, B) gy B )
) HE ] Hg P Y431 ) H'Hg P 432 ) Hg P %33
= a33 = O
can be written in the same manner. Thus, the expression (22) becomes,
b'(s) = 7i(s) Cp (=2(s)). (26)

Corollary 10. The curvature of y given by the equality (18) can also be written as,
K(s) = (r1(5), 162(S), e s o (5))
in HR. Here, each value of k;(s) (1 < i < n) is the curvature of quaternionic curves y; in H.
Corollary 11. The torsion of y given by (25) can also be written as,
T(s) = (12(5), 72(8), -, Tn(S))
in HR. Here, each value of 7;(s) (1 < i < n) is the torsion of quaternionic curves y; in H.

Example 1. Let the curve y: 1 ¢ R — H2 be given as,
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() = <L_£-> <S+£ ) V3
y(s) = w5 2\/Esms e+ 7 \/_sms e, — > —CoS S €3,

1 \/7 . - S—) ﬁ 1 . g
§coss—?sms el+§e2+ —?coss—gsms €3

for $(s) = (y1(s),y2(s)). Find the Frenet 2-vectors and Frenet formulas for this curve by
using the componentwise metric.

Solution. First, let us show that y is a unit speed curve. Here, for spatial quaternionic curves
Y1 Y2: 1 € R — Hp, we get,

7'(s) = (y1(s),72(5))

( 1 V3 > < 1 N V3 > +\/§ o
= —— — ——(C0SS |e ——C0SS |e —SIn s ey,
W2 242 Y\ovz 2v2 272 3
1 V7 L1, V7 1 R
—gsms—?coss el+§ez+ ?sms—gcoss €3
and by using (10),

(17 ©I%] = G776 = 7©) B ©) = (6. I3l

1 3 3 . 1 43 3 ., 3
=<§—Tcoss+§cos S+§+Tcoss+§cos s+Zsm S,
8 2\/7 8 1 2V7
§sm S+TSII’ISCOSS+§COS S+§—TSIDSCOSS>
=(1,1)=1

is acquired. So, ¥ is a unit speed curve.
The unit tangent spatial quaternion 2-vector of ¥ is written as,

£(s) = 7'(s) = (ts(5), t2(s))

with the unit tangent vector t; of y; and the unit tangent vector t, of y, in Hp. From here,

£'(s) =7"(s) = (t1(5), t3())
<\/§ A

—SIinseée, ———
22 NG

V7 Lo\,
+ ?coss+§sms €3

[#@)li; = A @I Izs)ID

B 3 R 1 7 .\,
sinse, +7cosse3, —§coss+?sms e,

and

— 3 in2 +32 +3 2
= 851n S 8Sll’l S 4‘COS S,
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1 247 _ 7 7 2V/7 _ _
—Cc0S%2s ———cosssins +—=sin?s + —cos?s + ——cosssins + —sin? s
9 9 9 9 9
V3 22
“\2"3

na—1
is calculated. By the definition 7i(s) = £'(s) [p [||f’(s)||§n] ,
n

1 1 1 7
n(s) =(—sins€> ——sinsé, + cossé ,(——coss+—sins>§
1 \/E 2 3 2\/7 2\/7 1

V2
(b2
+ | —=coss + —=sins | e;

242 242
and
—)I() (1 d 1 = . - ( 1 . + \/7 )—>
n(s)=|—=cosse; ——=Ccosse, —sInsez,| —=Ssins ——C0SS |e
\/E 1 \/E 2 3 2\/5 2\/2 1
(- o))
——=SIns ——C0SS |e
2V2 2v2 ;
is obtained.
Finally, since b(s) = £(s) X 7(s),
0= G ares) s (o7’
S) = — ——C0SSs |e E— ——C0SSs |e
N AN 1oz 2 ?
+<1_>q<\/7 +1 >e+4#
——=Sinsjes, COS S ——sins |e —e
2 *\6v2 6v2 N, A
(e —ae) )
coss ———=sins |e
62 62 3
and

- 1 1 1
b'(s) = (——sins)é’ +(—sins>§ +<——coss)5,
——=SIns ——=C0SS |e ———=SINnS ———C0SSs |e
6v2 62 ! 6v2 6v2 ’
is evaluated. The curvature and torsion of this curve are obtained as,

w0 = ol = (557)

£ = (1.5 = (73)

As a result of these equations, the relationship between the Frenet 2-vectors of y
provides the equations given by Theorem 9, Corollary 10, and 11.
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3.2. QUATERNIONIC CURVES IN H"

In this section, first, the definition of a quaternionic curve in H™ will be given. Then,
regarding this definition, Frenet-Serret formulas will be obtained.

Definition 7. Let
H™ = {ﬁ = (ﬁpﬁz» ""ﬁn) | Bi = IBiOé)O + ﬁi1§1 + ,Bizéz + ﬁisgs € H}
be quaternion n-vectors space, where 1 < i < n. In this space, the function,

B:1 c R - H"
s - B(S) = (B1(s), B (S) - Ba(s))

Z B (93, Z Bay ()5, 2 By ()¢,
2 By ()3,
j=0

is called n-dimensional quaternionic curve for j = 0,1,2,3 where, s €1 is an arc-length
parameter. Here, each function B; (1 < i < n) are quaternionic curves in H.

i=1

Definition 8. Let E:I c R - H" be the n-dimensional quaternionic curve with I c R unit
interval and arc-length parameter s € I in H". If,

e U L L (Rt 1[f 5 = S =
(1G] = (BB = 5 Kﬁ’(s) < ﬁ’(s)) it (ﬁ’(s) = ﬁ’(s))l
= REE =T

then, E is called n-dimensional unit speed quaternionic curve where, E’(s) is the n-vector at
each point of ﬁ

Definition 9. Let E:I c R — H" be n-dimensional unit speed quaternionic curve in H"
- ]Rn — — -
(i. e.||,8’(s)|| = 0). The n-vector T(s) = B'(s) = (Zfzoﬁi’j(s)e})?_l is called the unit

-1
tangent n-vector and N(s) = T'(s) [ [||T (s)|| ] is called the unit normal n-vector of .

Theorem 12. Let E:I c R - H" be n-dimensional unit speed quaternionic curve in H". T
and T’ are orthogonal, and also, NXTisa quaternion n-vector.

Notation 1. Let ﬁ:] c R - H" be n-dimensional unit speed quaternionic curve given in H".
Since T and N are unit quaternion n-vectors, when £ = N [X] T is selected,

[||z(s)||§2]2 =R =(VRT)R(VRT)=NK ((? X 7T) R ﬁ) =N®N
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=1
is obtained. Hence £ is also a unit quaternion n-vector and from the equation,
IRT=(NRT)RT=(NRT)RT =N,
it is possible to take,
N=tXT. (27)

Definition 10. Let a quaternionic curve E’:I c R - H" be given, with unit interval I ¢ R and
arc-length parameter s € I. Let us define the unit quaternion n-vector,

nq—1
W) =76 BTl (28)

with the unit tangent quaternion n-vector of § being T(s) = 5'(s) = (Z?:oﬁi’j(s)éj)?zl-

— — — — R™ —
Here T and T’ are orthogonal, so it is clear that, (T(s),N(s))Hn =0.

Lemma 13. Now, if a choice of ﬁ(s) =1(s) X f(s) is made, the following are provided:
(i) B is the unit quaternion n-vector:

BBy ~BRE - GRT)E(FET) - (8D 8 (FrT)-in((fef)©i)

]H[‘n
=fiRi=1
- — ]Rn -
(ii) {T,N),n =0
- - R" —
(iii) (T, B) yn = 0
- - R" —
(iv) (N, B}, = 0

Hence, the quaternion n-vector system {T, N, B} is orthogonal. Similarly, if a choice
of D(s) = b(s) X T(s) is made, the following are provided:
M D is the unit quaternion n-vector:

(B,B)ﬁn=B®5=(B&?)x(ﬁx?):(ﬁx?)&(?x?)=Ex((?®?)x?>
—bRb=1

(i) (T, D)y, =0

.. - — R"? —

(iii) (N, D) ., = 0

. - —,R" —

(iv) (B,D), = 0

Thus, the quaternion n-vector system {T, N, B, B} is orthogonal. The T(s), ﬁ(s),
B(s), and D(s) n-vectors are also called Frenet n-vectors of the unit speed curve in H™.
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Definition 11. Curvature of E on H™ is defined as
— —-), ]Rn
K@) = [T (29)

Theorem 14. Let the unit tangent n-vector of the unit speed curve E be T, and the curvature
be K on H™. Then the following equality is achieved,

T'(s) = N(s) @ K (s). (30)

Theorem 15. Let for every s € I of §, the system {T'(s), N(s), B(s), D(s)} at the point £ (s)
and its curvatures &(s), K(s), and (f(s) - K (s)) are given. The derivatives of T'(s), N'(s),
§’(s), and D "(s) n-vectors and the relationship between the curvatures are given by,

T'(s) = N(s) D K(s)
N'(s) = (T(s) B K () B (B(s) B &(5))
5(s) = (o) B -#(») 8 (B B (i) - K(»))
D'(s) = B(s) [ — (f(s) —K()).
Proof: It has been shown that, f’(s) = ﬁ(s) ] f((s) by Theorem 14.
By taking the derivative of (27) and considering (19) and taking (30) into account,

N=FCRT)HB(FEXT)
and
N=(GE,HRT)@ (IR (NOK))

can be written. Using (27), t X N = —T can also be written, in this case,

N=(TE-K)®E((BOK) (31)
IS obtained.
Now, taking the derivative of B = 7 X T and by using (24) and (30),

B=RXRT)HGHXT)
and
B =(((m-0B0Eo?))RT) B (R EDK))
obtained. From here,
F=(((rHo-7)B(6rNE)) B (FRN)DF)
is acquired. By using (27) and n [X] N = —D, if the equality is arranged,

B=(Nm-%)B(ba(z-K)) (32)
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is obtained.
Finally, if the derivative of D =bXT is taken and (26) and (30) are used,

D'=FRT)EGRT)
and
b =(@E.-HRT)E (bR (VEK)
obtained. Thus,
b= (ART)E-7) 8 (GRF)DF)

!

— — -

can be written. Considering the equations, B=#XT and b X N = B, if the equality is
rearranged,

D'=Br-(7-K) (33)
is obtained.

Example 2. Let the curve §:1 c R — H? be given as

e()_ 1 _,+1. _>+\/§_,+1 1 L 1, 1 A
p(s) = 2\/Ecosseo 281n581 > se, 2\/Ecosse3,351nseo 35‘61 3cossez
V7 q>
+?se3

for E(s) = (,81 (s), B, (s)). Find the Frenet 2-vectors and Frenet formulas for this curve.

-

Solution. First, let us show that § has a unit speed. Here, for the quaternionic curves
B, P21 € R - H,

B'(s) = (B1(s), B3())

= 2\/Esmseo 2c05581 282 2\/ismse3,3cosseo 361 3smsez
+\/7*
3

is evaluated, and

1/ | = (565 e = B ) BES) = UBL I 18311
1, 1 1,01, 11, 7 -
=(§sm s+Zcos s+Z+§sm s,§cos s+§+§sm s+§)=(1,1)=1

is acquired. So, E IS a unit speed curve.
With the unit tangent vector of 8, being T;, and the unit tangent vector of f, being T,

the unit tangent quaternion 2-vector of ﬁ is,

T(s) = '(s) = (Ty(5), T(5)).
With this,

T'(s) = B"(s) = (T{(s), T5(s))

1 1 1

1 - . - - . - -
= cosseo——smse1——cosse3,—§smse0+§cossez

V2 2 2
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is found. Then, the curvature of ﬁ
N _ R?
K(s) = |T' ()|l e = UTL () m 1T5(5) 11w

sz s b Leinz ot teoszs Mains o Lege? _<11>
= 8COSS 4‘SIIIS 8COS S, 9SlIlS 9COSS = 2’3

ny—1
is calculated in H™. From the definition N(s) = T'(s) [ [||7'(S)||En] !

R s) ( 1 L1 1 L1 4+1 *)B (1 1)‘1
S)=|———=C0SS€y ——-SInseq ——=C0SSe3,—=SsInse —C0osse -,
2\/5 0 2 1 2\/5 3 3 0 3 2 P 2’3

1 1
=|——=cossey; —sinse; ———cosSez,—sinsey, +cosse )
( \/E 0 1 \/E 3 0 2
is obtained.
Also, since 7 and b are Frenet n-vectors of ¥ in Example 1, this provides = NXT
as a unit tangent quaternion n-vector and for E(s) =1(s) X 7(5) and 5(5) = B(s) X 7(5)
we get:

B(s) = 1i(s) K T(s)

<\/§, V3 +1 +\/§ _ 4 1 4
= |——=SInse, ———C0SSe —e ——=SINSé3,——=C0SSeéy ———e4 ——=SsInse
22 °© 2 Y27 om ¥ 342 O V2 ' 32 2
+\/7 >
—e
6vV2

and

- > - 1 1 V7 1
D(s)=b(s)XIT(s) = (—ﬁeo +ﬁe3,ﬁel +2—\/§e3>.

As a result, an orthogonal quaternion n-vector system {T, N, B, D} is obtained. Also,

if the curvatures K(s) = (‘/Z—g¥) and 7(s) = G%) of ¥ in Example 1 are used, the Frenet

formulas of E in Theorem 15 are provided.
4. CONCLUSIONS

Frenet-Serret formulas in quaternionic space have been studied in different sources.
One of them is the study [14], which uses a unique methodology. In light of this study, we
investigated the Frenet-Serret formulas for the n-dimensional quaternionic space. In order to
achieve this, we first needed to define a metric on R™, which we processed in our previous
study [11]. And thus, we have established the module structure of H" over R™. Also, we have
given real variable quaternion-valued vector functions for curve definition in n-dimensional
quaternion space.

Furthermore, with this work, we have structured the {Z, 7, b} and {T, N, B, D}
frameworks in both H} and H™ spaces, respectively, and obtained the curvature and the
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torsion formulations. We supported our work by giving examples of the spaces H} and H™".
As a result, we have successfully constituted the basis that will facilitate n-dimensional
quaternionic space and help us to obtain different formulas.

Geometrically, the derivation of the new curvature and torsion vectors, ¥ and 7, as
n-dimensional real vectors rather than real scalars is a direct and powerful consequence of
employing the componentwise metric. Physically, this implies that in a complex configuration
space representing a multi-agent system, the kinematic behavior, specifically the bending and
twisting of the trajectory, of each individual agent is preserved and can be monitored
independently. A standard global metric would compress this rich geometric data into a single
scalar, causing information loss regarding the individual components. Thus, the vector-valued
Frenet elements introduced in this study provide a decentralized yet unified mathematical tool
for analyzing simultaneous multi-trajectory tracking and multi-body kinematics. In
conclusion, the framework established in this study sheds light on future research regarding
the kinematics of curves in advanced generalized spaces, such as quaternionic curvature
theory, the geometric properties of quaternionic surfaces, and Minkowski space.
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